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PBEEACE 

In  the  first  volume  we  were  always  concerned  with  theorems  be. 
longing  to  the  projective  group,  and  these  theorems  were  classified 
according  as  they  were  consequences  of  the  groups  of  Assumptions 
A,  E ;  A,  E,  H0 ;  A,  E,  P ;  or  A,  E,  P,  HQ.  Among  the  spaces  satis- 
fying A,  E,  P  (the  properly  projective  spaces)  may  be  mentioned  the 
modular  spaces,  the  rational  nonmodular  space,  the  real  space,  and 
the  complex  space.  Any  one  of  these  may  be  specified  categorically 
by  adding  the  proper  assumptions  to  A,  E,  P.  The  passage  from  the 
point  of  view  of  general  projective  geometry  to  that  of  the  particular 
spaces  is  made  in  the  first  chapter  of  this  volume. 

Having  fixed  attention  on  any  particular  space,  we  have  a  set  of 
groups  of  transformations  to  each  of  which  belongs  its  geometry. 
For  example,  in  the  complex  projective  plane  we  find  among  others, 
(1)  the  group  of  all-continuous  one-to-one  reciprocal  transformations 
(analysis  situs),  (2)  the  group  of  birational  transformations  (algebraic 
geometry),  (3)  the  projective  group,  (4)  the  group  of  non-Euclidean 
geometry,  (5)  a  sequence  of  groups  connected  with  Euclidean  geometry 
(cf.  §  54).  The  groups  (2),  (3),  (4),  and  (5)  all  have  analogues  in  the 
other  spaces  mentioned  in  the  paragraphs  above,  and  consequently 
it  is  desirable  to  develop  the  theorems  of  the  corresponding  geometries 
in  such  a  way  that  the  assumptions  required  for  their  proofs-  are 
put  in  evidence  in  each  case.  This  will  be  found  illustrated  in 
the  chapters  on  affine  and  Euclidean  geometry. 

The  two  principles  of  classification,  (a)  and  (5),  give  rise  to  a 
double  sequence  of  geometries,  most  of  which  are  of  consequence  in 
present-day  mathematics.  It  is  the  purpose  of  this  book  to  give 
an  elementary  account  of  the  foundations  and  interrelations  of  the 
more  important  of  these  geometries  (with  the  notable  exception  of  (2)), 
May  I  venture  to  suggest  the  desirability  of  other  books  taking 
account  of  this  logical  structure,  but  dealing  with  particular  types 
of  geometric  figures  ? 

The  ideal  of  such  books  should  be  not  merely  to  prove  every 
theorem  rigorously  but  to  prove  it  in  such  a  fashion  as  to  show  in 
which  spaces  it  is  true  and  to  which  geometries  it  belongs.  Some 
idea  of  the  form  which  would  be  assumed  by  a  treatise  on  conic 
sections  written  in  this  fashion  can  be  obtained  from  §  83  below. 
Other  subjects  for  which  this  type  of  exposition  would  be  feasible 
at  the  present  time  are  quadric  surfaces,  cubic  and  quartic  curves, 
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rational   curves,   configurations,  linear   line   geometry,  coHineation 
groups,  vector  analysis. 

Books  of  this  type  could  take  for  granted  the  foundational  and 
coordinating  work  of  such  a  book  as  this  one,  and  thus  be  free  to 
use  all  the  different  points  of  view  right  from  the  beginning.  On  the 
other  hand,  a  general  work  like  this  one  could  be  much  abbreviated 
if  there  were  corresponding  treatises  on  particular  geometric  figures 
(for  example,  conic  sections)  to  which  cross  references  could  be  made. 

OSWALD  YEBLEE" 
BBOOKLIX,  MAINE 
AUGUST,  1917 
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CHAPTER  I 

FOUNDATIONS 

1.  Plan  of  the  chapter.    In  the  first  volume  of  this  book  we  have 
been  concerned  with  general  projective  geometry,  that  is  to  say,  with 
those  theorems  which  are  consequences  of  Assumptions  A,  E,  P.   In 
many  cases  we  also  made  use  of  Assumption  H0,  but  most  of  the 
theorems  which  we  proved  by  the  aid  of  this  assumption  remain  true 
(though  trivial)  when  this  assumption  is  false.    The  class  of  spaces 
to  which  the  geometry  of  Vol.  I  applies  is  very  large,  and  the  set  of 
assumptions  used  is  therefore  far  from  categorical. 

The  main  purpose  of  geometry  is,  of  course,  to  serve  as  a  theory 
of  that  space  in  which  we  envisage  ourselves  and  external  nature. 
This  purpose  can  be  accomplished  only  partially  by  a  geometry  based 
on  a  set  of  assumptions  which  is  not  categorical.  We  therefore  pro- 
ceed to  add  the  assumptions  which  are  necessary  in  order  to  limit 
attention  to  the  geometry  of  reals,  the  geometry  in  which  the  number 
system  is  the  real  number  system  of  analysis. 

These  assumptions  are  stated  in  two  ways,  the  one  (§  3)  dependent 
on  the  theory  of  the  real  number  system  and  the  other  (§§  7—13) 
independent  of  it.  We  also  state  the  assumptions  (§§  5,  14,  15,  16) 
necessary  for  certain  other  geometries  which  are  of  importance 
because  of  their  relations  to  the  real  geometry  and  to  other  branches 
of  mathematics.  At  the  end  of  the  chapter  we  give  a  summary  of 
the  assumptions  for  the  various  projective  geometries  which  we  are 
considering. 

2.  List  of  Assumptions  A,  E,  P,  and  H0.    For  the  sake  of  having 
all  the  assumptions  before  us  in  the  present  chapter,  we  reprint  A,  E, 
P,  and  HQ.    The  assumptions  serve  to  determine  a  class  S  of  elements 
called  points,  and  a  class  of  subclasses  of  S  called  lines.    The  phrase 
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"  a  point  Is  on  a  line"  or  "  a  line  is  on  a  point "  means  that  the  point 
belongs  to  the  line  (ef.  p.  16,  Vol.  I). 

ASSUMPTIONS  OF  ALIGNMENT: 

A  1.  If  A  and  B  are  distinct  points,  there  is  at  least  one  line  on 
loth  A  and  B. 

A  2.  If  A  and  B  are  distinct  points,  there  is  not  more  than  one 
line  on  loth  A  and  B. 

A3.  If  A,  B,  C  are  points 
-not  all  on  the  same  line, 
and  D  and  M  (D  ^  E)  are 
points  such  that  B,  C,  D  are 
on  a  line  and  C,  A,  E  are 
on  a  line,  there  is  a  point 
F  such  that  A,  B,  F  are  on 
a  lirie  and  also  D,  M,  F  are 
on  a  line. 

ASSUMPTIONS  OF  EXTENSION  : 

E  0.  There  are  at  least  three  points  on  every  line. 

E  1.  There  exists  at  least  one  line. 

E  2.  All  points  are  not  on  the  same  line. 

E  3.  All  points  are  not  on  the  same  plane* 

E  37.  If  Sg  is  a  three-space^  every  point  is  on  S8. 

ASSUMPTION  OF  PEOJECTIVITY  : 

P.  If  &  projectimty  leaves  each  of  three  distinct  points  of  a  line 
invariant,  it  leaves  every  point  of  the  line  invariant^- 

ASSUMPTION  H0: 

H0.  The  diagonal  points  of  a  complete  quadrangle  are  noncollinear.§ 

As  was  explained  when  Assumption  P  was  first  introduced,  this 
assumption  does  not  appear  in  the  complete  list  of  assumptions  for 
the  geometry  of  reals,  but  is  replaced  by  certain  other  assumptions 
from  which  it  (as  well  as  H0)  can  be  derived  as  a  theorem.  The  list 
of  assumptions  for  this  geometry  will  consist  of  Assumptions  A,  E, 
and  the  new  assumptions. 


*  Cf .  §  7,  Vol.  I. 
t  Cf .  §  9,  Vol.  I. 


J  Cf .  §  35,  Vol.  I. 
§  Cf .  §  18,  Vol.  I. 


§§2,3]  ASSUMPTION  K  3 

3.  Assumption  K.  The  most  summary  way  of  completing  the  list 
of  assumptions  for  the  geometry  of  reals  is  to  introduce  the  following : 

K.  A  geometric  number  system  (Chap.  VI,  Vol.  I)  is  isomorphic* 
with,  the  real  number  system  of  analysis. 

Thus  a  complete  list  of  assumptions  for  the  geometry  of  reals  is 

A,  E,  K. 

The  use  of  Assumption  K  implies  a  previous  knowledge  of  the  real  number 
system. f  Its  apparent  simplicity  therefore  masks  certain  real  difficulties. 
What  these  difficulties  are  from  a  geometric  point  of  view  will  be  found  on 
reading  §§  7~13,  where  K  is  analyzed  into  independent  statements  H,  C,  R. 
These  sections,  however,  may  be  omitted,  if  desired,  on  a  first  reading. 

Since  a  geometric  number  system  in  one  one-dimensional  form  is 
isomorphic  with  any  geometric  number  system  in  any  one-dimensional 
form  in  the  same  space,  it  is  evident  that  the  principle  of  duality  is 
valid  for  all  theorems  deducible  from  Assumptions  A,  E,  K. 

In  order  that  tile  results  of  Vol.  T  be  applicable  to  the  geometry 
of  reals,  it  must  be  shown  that  Assumption  P  is  a  logical  conse- 
quence of  Assumptions  A,  E,  EL  Since  multiplication  is  commuta- 
tive in  the  real  number  system,  this  result  would  follow  directly 
from  Theorem  7,  Chap,  VI,  Vol.  I.  The  proof  there  given  is,  how- 
ever, incomplete.  It  is  shown  (Theorem  6,  loc.  cit.)  that  if  P  holds, 
multiplication  is  commutative;  but  it  is  not  there  proved  that  if 
multiplication  is  commutative,  P  is  satisfied.  The  needed  proof  may 
be  made  as  follows: 

THEOREM  1.  Assumption  P  is  valid  in  any  space  satisfying 
Assumptions.  A  and  E  and  such  that  multiplication  is  commutative 
in  a  geometric  number  system  (Chap.  VI,  Vol.  I). 

Proof.  It  is  obvious  that  the  number  systems  determined  by  any 
two  choices  of  the  fundamental  points  HJff^H^  are  isomorphic  (cf. 
Theorems  1  and  3,  Chap,  VI,  Vol.  I),  so  that  we  may  base  our  argument 
on  an  arbitrary  choice  of  these  points.  We  are  assuming  that  multi- 
plication is  commutative,  and  are  to  prove  that  any  projectivity  fl 

*  This  term  is  defined  in  §  52,  Vol.  I. 

t  The  real  number  system  is  to  be  thought  of  either  as  defined  im.terms  which 
rest  ultimately  on. the  positive  integers  (cf.  Pierpont,  Theory  of  Functions  of  Heal 
Variables,  pp.  1-94 ;  or  Fine,  College  Algebra,  pp.  1-70)  or  by  means  of  a  set  of 
postulates  (cf.  E.  V.  Huntington,  Transactions  of  the  American  Mathematical 
Society,  Vol.  VI  (1905),  p.  17). 
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which  leaves  three  distinct  points  of  a  line  fixed  is  the  identity.    By 
definition,  II  is  the  resultant  of  a  sequence  of  perspectivities 


where  [H]  denotes  the  points  of  the  given  line.  By  Theorem  5, 
Chap.  Ill,  Vol.  I,  this  chain  of  perspectivities  may  be  replaced  by 
three  perspectivities 


Moreover,  by  Theorem  4,  Chap.  Ill,  Vol.  I,  the  pencils  [P]  and  [Q] 
may  be  chosen  so  that  their  respective  axes  pass  through  two  of  the 
given  fixed  points  of  II.  Let  us  denote  these  points  by  ffx  and  H9 

iQ 


FIG.  2 


respectively  and  let  JET*  he  the  third  fixed  point.  By  another  applica- 
tion of  Theorem  4  the  pencils  [P]  and  [Q]  may  be  chosen  so  that 
their  common  point  M  is  on  the  line  SH*  (fig.  2). 

Now,  since  JET*  is  transformed  into  itself,  89  HV>,  and  U  must  be 
collinear.  Since  Hx  is  fixed,  T,  1IX,  and  U  must  be  collinear.  Since 
Hv  is  fixed,  S,  T,  and  Hy  are  collinear.  If  H  is  any  point  of  the  line 
HxHy,  it  is  transformed  by  the  perspectivity  with  S  as  center  to  a 
point  P  of  the  line  HJEL ;  the  perspectivity  with  T  as  center  trans^ 
forms  P  to  a  point  Q  of  the  line  MHy ;  the  perspectivity  with  U  as 
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center  transforms  Q  back  to  a  point  Hl  of  the  line  HxHr   We  have 
to  show  that  H1  =  H. 

Let  JT0  be  the  trace  on  the  line  HxIIy  of  PT\  let  H^  be  the  trace 
of  RT]  and  H'  is  the  trace  of  UQ. 

The  complete  quadrangle  T.BSP  determines  Q  (HQHyHl} 
and  hence  (Theorem  3,  Chap.  VI,  Vol.  I)  in  the  scale 


The  complete  quadrangle  TRQU  determines  Q 
and  hence  in  the  scale 


Since  multiplication  is  commutative,  jET=  Hf,  which  proves  the  theorem 

The  reader  will  find  no  difficulty  in  using  the  construction  above  to  prove 
that  the  validity  of  the  theorem  of  Pappus  (§  36,  Vol.  I)  is  necessary  and 
sufficient  for  the  commutative  law  of  multiplication  and  for  Assumption  P. 

4,  Double  points  of  projectivities.  DEFINITION.  A  projective  trans- 
formation of  a  real  line  into  itself  is  said  to  be  hyperbolic,  parabolic, 
or  elliptic,*  according  as  it  has  two,  one,  or  no  double  points. 

It  was  proved  in  §  58,  Vol.  I,  that  the  determination  of  the  double 
points  of  a  projective  transformation  t 

P#o 
px[ 

depends  on  the  solution  of  the  equation 
(2)  p*-~(a 


where  A  =  ad  —  "be.   This  equation  has  two  real  roots  if  and  only  if 

its  discriminant  ,     ,    7,2      ,  A 

(a  +  tff—  4  A 

is  positive.   Hence  we  have 

If  A  <  0,  the  transformation  (1)  is  hyperbolic.  For  an  elliptic  or 
parabolic  projectivity  A  is  always  positive. 

*  These  terms  are  derived  from  the  corresponding  types  of  conic  sections 
(see  §  37).  In  a  complex  one-dimensional  form  a  somewhat  different  terminology 
is  used  (cf.  §  98). 

t  In  this  volume  we  shall  generally  write  homogeneous  coSrdinates  in  the  form 
(a/a,  Xj),  whereas  in  Vol.  I  we  used  (x^  xffi). 
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In  case  the  projectivity  (1)  is  an  involution,  a  =  —  d(§  54,  Vol.  I), 
and  hence  —  4  A  is  the  discriminant  of  (2).  Hence 

An  involution  is  elliptic  or  hyperbolic  according  as  A  is  positive 
<)r  negative. 

The  intimate  connection  of  these  theorems  with  the  theory  of  linear 
order  is  evident  on  comparison  with  the  first  sections  of  Chap.  II. 
A  deduction  of  the  corresponding  theorems  from  the  intuitive  concep- 
tions of  order  is  to  be  found  in  Chap.  IV  of  the  Geometria  Projet- 
tiva  of  Enriques. 

EXERCISE 

A  projectivity  for  which  A  >  0  is  a  product  of  two  hyperbolic  involutions. 
A  projectivity  for  which  A  CO  is  a  product  of  three  hyperbolic  involutions. 

5.  Complex  geometry.  Assumption  K  provides  for  the  solution 
of  many  problems  of  construction  which  could  not  be  solved  in 
a  net  of  rationality.  But  even  in  the  real  space  the  fundamental 
problem  of  finding  the  double  points  of  an  involution  has  no  general 
solution. 

To  see  this  it  is  only  necessary  to  set  up  an  involution  for  which 
A  >  0.  Take  any  involution  of  which  two  pairs  of  conjugate  points 
AAf  and  BBr  form  a  harmonic  set  \\(AAr,  BBf).  If  the  scale 
2J,  P19  H  is  chosen  so  that  A  =  J£,  A'  =  P*>  B  =  2J,  then  B1  ==  JP  x  and 
the  involution  is  represented  by  the  bilinear  equation  (§  54,  Vol.  I) 


The  double  points  of  this  involution,  if  existent,  would  satisfy  the 

equation  2         , 

x  --  1, 

which  has  no  real  roots. 

An  effect  of  Assumption  K  is  thus  to  deny  the  possibility  of 
solving  this  problem.  If,  however,  we  negate  Assumption  K  and 
replace  it  by  properly  chosen  other  assumptions,  we  are  led  to  a 
geometry  in  which  this  problem  is  always  soluble,  namely,  the 
geometry  of  the  space  in  which  the  geometric  number  system  is 
isomorphic  with  the  complex  number  system  of  analysis.  Although 
this  geometry  does  not  have  the  same  relation  to  the  space  of  external 
nature  as  the  real  geometry,  it  is  extremely  important  because  of  its 
relation  to  other  branches  of  mathematics. 


§§5,ts]  IMAGINARY  ELEMENTS  7 

One  way  of  founding  this  geometry  is  to  replace  Assumption  K 
by  another  assumption  of  an  equally  summary  character,  namely, 

J.  A  geometric  number  system  is  isomorpJiic  with  the  complex  num- 
ber system  of  analysis. 

Since  this  number  system  obeys  the  commutative  law  of  multi- 
plication, the  corresponding  geometry  satisfies  Assumption  P,  and  all 
the  theorems  of  Vol.  I  apply.  Thus,  a  set  of  postulates  for  the  com- 
plex geometry  is  A,  E,  J. 

The  problem  of  finding  the  double  points  of  a  one-dimensional 
projectivity  is  completely  solvable  in  the  complex  geometry ;  for 
any  such  projectivity  may  be  represented  by  the  bilinear  equation 

(S  54,  Vol.  I)  ,  f    ,  ,  ,      A 

X5  '  cxxf  +  dxf  —  #$  —  S  =  0, 

and  therefore  its  double  points  are  given  by  the  roots  of 
ex2  4-  (d  —  a)  x  —  6  =  0, 

which  exist  in  the  complex  number  system. 

The  analogous  result  holds  good  for  an  ^-dimensional  projectivity, 
In  this  case  the  problem  reduces  to  that  of  finding  the  roots  of  an 
algebraic  equation  of  the  nth  degree. 

6.  Imaginary  elements  adjoined  to  a  real  space*  In  this  connection 
it  is  desirable  to  think  of  another  point  of  view  which  we  may  adopt 
toward  the  complex  space.  Suppose  we  are  working  in  a  real  geometry 
on  the  basis  of  A,  E,  K  (or  of  A,  E,  H,  C,  E ;  see  below).  It  is  a 
theorem  about  the  real  number  system*  that  it  is  contained  in  a 
number  system  (the  complex  number  system)  all  of  whose  elements 
are  of  the  form  ai  +  "b  where  a  and  "b  are  real  and  i  satisfies  the 
equation  i'2+l=0. 

Hence  it  is  a  theorem  about  the  real  space  that  it  is  contained  in 
another  space  which  contains  the  double  points  of  any  given  involution. 
This  may  be  seen  in  detail  as  follows :  By  the  theory  of  homo- 
geneous coordinates  the  points  of  a  real  projective  space  S  are  in  a 
correspondence  with  the  ordered  tetrads  of  real  numbers  (#0,  xv  #Q,  #8), 
except  (0,  0,  0,  0),  such  that  to  each  tetrad  corresponds  one  point,  and 
to  each  point  a  set  of  tetrads,  given  by  the  expression  (mo?0,  mx^ 

*  Tins  same  question  is  discussed  from  the  point  of  view  of  a  general  space  and 
a  general  field  in  Chap.  IX,  Vol.  I. 
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mx^  r/ixs)  where  XQ,  x^  #2,  x^  are  fixed  and  m  takes  on  all  real  num- 
ber values  except  zero.  By  the  property  of  the  real  number  system 
mentioned  above,  the  set  of  all  ordered  tetrads  of  real  numbers  is 
contained  in  the  set  of  all  ordered  tetrads  (ZQ>  zl9  z2,  z^  where 
ZQ,  zl9  «2,  #3  are  complex  numbers. 

Let  us  define  a  complex  point  as  the  class  of  all  ordered  tetrads  of 
complex  numbers  of  the  form 

(fo0,  Jczlf  fefa,  fag 

where  for  a  given  class  20,  zlt  «2,  zs  are  fixed  and  not  aE  zero  and  k 
takes  on  aE  complex  values  different  from  zero.  Let  the  set  of  these 
classes  satisfying  two  independent  linear  equations 


be  caEed  a  complex  line.  With  these  conventions  it  is  easy  to  see 
that  the  set  of  aE  complex  points  and  complex  lines  satisfies  the 
assumptions  A,  E,  P,  and  thus  the  complex  points  constitute  a  proper 
projective  space.  Let  us  caE  this  space  Sc. 

The  space  Sc  contains  the  set  of  aE  complex  points  of  the  form 

(fa;0,  fa^,  &»2,  fag 

where  XQ,  %19  x2,  xs  are  aE  real.  Let  us  call  this  subset  of  complex 
points  Sr.  If  any  set  of  complex  points  of  Sr  which  satisfy  two  equa- 
tions of  the  form  (3)  with  real  coefficients  be  caEed  a  "  real  line,"  we 
have,  by  reference  to  the  homogeneous  coordinate  system  in  S,  that 
the  complex  points  of  Sr  are  in  such  a  one-to-one  correspondence 
with  the  points  of  S  that  to  every  line  in  S  corresponds  a  "  real  line" 
in  Sr,  and  conversely. 

Thus,  Sr  is  a  real  projective  space  and  is  contained  in  the  complex 
projective  space  Sc.  Obviously  S  may  also  be  regarded  as  contained 
in  a  complex  projective  space  Sf  where  Sf  consists  of  the  points  of  S 
together  with  the  points  of  Sc  which  are  not  in  Sr,  and  where  each 
line  of  S'  consists  of  the  complex  points  of  Sf  which  satisfy  two 
equations  of  the  form  (3)  together  with  the  points  of  S  whose  coordi- 
nates satisfy  the  same  two  equations. 

DEFINITION.  Points  of  the  real  space  S  are  called  real  points,  and 
points  of  the  extended  space  S',  complex  points.  Points  in  Sf  but  not 
in  S  are  called  imaginary  points. 


§§6,7]  IMAGINARY  ELEMENTS  9 

This  discussion  of  imaginary  elements  does  not  require  a  detailed 
knowledge  or  study  of  the  complex  number  system  as  such.  It  is,  in 
fact,  a  special  case  of  the  more  general  theory  in  Chap.  IX,  Vol.  I 
(cf.  particularly  §92),  which  applies  to  a  general  projective  space. 
It  serves  in  a  large  variety  of  cases  where  it  is  sufficient  to  know 
merely  the  existence  of  the  complex  space  S'  containing  S  and  satis- 
fying Assumptions  A,  E,  P.  It  is  a  logically  exact  way  of  stating  the 
point  of  view  of  the  geometers  who  used  imaginary  points  before  the 
advent  of  the  modern  function  theory. 

There  are  problems,  however,  which  require  a  detailed  study  of  the 
complex  space,  and  this  implies,  of  course,  a  study  of  the  complex 
number  system  and  such  geometrical  subjects  as  the  theory  of  chains 
(see  §§11,  12,  below,  and  later  chapters). 

There  is  a  very  elegant  and  historically  important  method  of  intro- 
ducing imaginaries  in  geometry  without  the  use  of  coordinates, 
namely,  that  due  to  von  Staudt.*  It  depends  essentially  on  the 
properties  of  involutions  which  are  developed  in  Chap.  VIII,  Vol.  I, 
and  §§  74-75  of  this  volume.  The  reader  will  find  it  an  excellent 
exercise  to  generalize  the  Von  Staudt  theory  so  as  to  obtain  the  result 
stated  in  Proposition  K2,  Chap.  IX,  Vol.  I. 

7.  Harmonic  sequence.  We  shall  now  take  up  a  more  searching 
study  of  the  assumptions  of  the  geometry  of  reals.  In  Chap.  IV,  Vol.  I, 
it  was  proved  that  every  space  satisfying  Assumptions  A,  E  contains 
a  net  of  rationality  R8,  and  that  this  net  is  itself  a  three-space  which 
satisfies  not  only  Assumptions  A  and  E  but  also  Assumption  P 
(Theorem  20).  To  this  rational  subspace,  therefore,  apply  all  the 
theorems  in  Vol.  I  which  do  not  depend  essentially  on  Assumption  H0. 
For  example,  every  line  of  R3  is  a  linear  net  of  rationality  and  may 
be  regarded  (with  the  exception  of  one  point  chosen  as  oo)  as  a  com- 
mutative number  system  all  of  whose  numbers  are  expressible  as 
rational  combinations  of  0  and  1. 

Throughout  VoL  I  we  left  the  character  of  this  net  indeterminate. 
It  might  contain  only  a  finite  number  of  points  or  it  might  contain 
an  infinite  number.  We  propose  now  to  introduce  a  new  assumption 
which  will  fix  definitely  the  structure  of  a  net  of  rationality. 

*  Cf .  K.  G.  C.  von  Staudt,  Beitrage  zur  Geometrie  der  Lage,  Niirnberg  (1856  and 
1857).  J.  Liiroth,  Matbematische  Annalen,  Vol. VIII  (1874),  p.  145.  Segre,  Memorit 
della  K.  Accademia  delle  scienze  di  Torino  (2),  Vol.  XXXVIII  (1886). 
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DEFINITION.  Let  1T0,  HI}  H*  be  any  three  distinct  points  of  a  line  h ; 
let  S  and  T  be  two  distinct  points  eollinear  with  H*  but  not  on  h ; 
and  let  JT0  be  a  point  of  intersection  of  SffQ  and  TH^  Denote  the 

T 


8 


Ht        Hs     H3 

riG.  3 


points  of  the  line  h  by  \H]  and  those  of  the  line  KJEf*  by  [JT],  and 
let  II  be  a  projectivity  defined  by  perspectivities  as  follows : 


The  set  of  points 


such  that  n(JSi)=  Ji+1,  together  with  the  set 


such  that  n(jy_4._1)  =  JF_£,  is  called  a  harmonic  sequence.   The  point 
JET*,  is  not  in  the  sequence  but  is  called  its  limit  point 

The  projectivity  II  is  evi- 
dently parabolic  and  carries 
Hn  to  J51. 


THEOREM  2.  jPAe  middle  one 
of  any  three  consecutive*  points 
of  a  harmonic  sequence  is  the 
harmonic  conjugate  of  the  Iwiit 
point  of  the  sequence  with  re- 
gard to  the  other  two. 

Proof.  By  construction  -we  have 


PIG.  4 


*  This  term  refers  to  the  subscripts  in  the  notation  JET). 
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COKOLLABY.  All  points  of  a  harmonic  sequence  "belong  to  the  same 
net  of  rationality. 

THEOREM  3.  Two  harmonic  sequences  determined  "by  H^  Hv  Nm  and 
"by  1T0,  M^  lf«  are  protective  in  any  projectivity  II  ly  which 


Proof.  By  Theorem  3,  Chap.  I  Y,  Vol.  I,  the  projeetivity  II  transforms 
harmonic  sets  of  points  into  harmonic  sets. 

8.  Assumption  H.  By  reference  to  fig.  3  it  is  intuitively  evident 
to  most  observers  that  in  any  picture  which  can  be  drawn  representing 
points  by  dots,  and  lines  by  marks  drawn  with  the  aid  of  a  straight- 
edge, no  point  H{  which  can  be  accurately  marked  will  ever  coincide 
with  Hj(i  =£,/).  On  the  other  hand,  there  is  nothing  in  Assumptions 
A  and  E  to  prove  that  Ht  ^  Hp  because  (Introduction,  §  2,  VoL  I) 
these  assumptions  are  all  satisfied  by  the  miniature  spaces  discussed 
in  §  72,  Chap.  VII,  VoL  I,  and  if  the  number  of  points  on  a  line  is 
finite,  the  sequence  must  surely  repeat  itself.  Thus  we  are  led  to 
make  a  Jurther  assumption. 

ASSUMPTION  H.*  If  any  harmonic  sequence  exists,  not  every  one 
contains  only  a  finite  number  of  points. 

The  existence  of  a  harmonic  sequence  determined  by  any  three 
points  follows  directly  from  Assumptions  A  and  E.  That  any  two 
sequences  are  projective  follows  from  Theorem  3.  Hence  Assumption 
H  gives  at  once 

THEOEEM  4.  Any  three  distinct  collinear  points  HQ,  H^  H*  deter- 
mine a  harmonic  sequence  containing  an  infinite  number  of  points  and 
having  HQ  and  H^  as  consecutive  points  and  H*  as  the  limit  point. 

THEOBEM  5.  The  principle  of  duality  is  valid  for  all  theorems 
deducible  from  Assumptions  A,  E,  H. 

Proof.  This  principle  has  been  proved  in  Chap.  I,  Vol.  I,  for  all 
theorems  deducible  from  A  and  E.  If  ?70,  77^  ??«,  are  any  three  planes 
on  a  line  Z,  let  a  line  V  meet  them  in  JF/0,  Mv  IT*  respectively.  The 
projection  by  I  of  the  harmonic  sequence  determined  on  V  by  H^  H^ 
ITM  is  the  space  dual  of  a  harmonic  sequence  of  points.  Since  the 

*  Cf  .  Gino  Fano,  Giornale  di  Matematiche,  VoL  XXX  (1892),  p.  106.  Obviously 
Assumption  H0  (Vol.  I,  p.  45)  is  a  consequence  of  H.  Hence,  after  introducing 
Assumption  H,  we  have  that  a  net  of  rationality  satisfies  not  only  A,  E,  P  but  also 
H0,  and  thus  every  theorem  in  VoL  I  can  be  applied  to  a  net  of  rationality. 
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sequence  of  points  is  infinite,  so  is  the  sequence  of  planes.  Hence  the 
space  dual  of  Assumption  H  is  true.  The  principle  of  duality  in  a 
plane  or  a  bundle  follows  as  in  §11,  Chap.  I,  Vol.  I. 

By  reference  to  the  definition  of  addition  in  Chap.  VI,  VoL  I,  it  is 
evident  on  the  basis  of  Assumptions  A  and  E  alone  that  the  trans- 
formation xr  =  x  +  a  is  a  parabolic  projectivity.  Denoting  it  by  a,  it 
is  clear  that  if  there  is  any  integer  n  such  that  an  is  the  identity, 
then  ank*m  =  am,  k  and  m  being  any  integers.  Hence,  if  a  has  a  finite 
period,  there  is  only  a  finite  number  of  points  in  a  harmonic  sequence, 
contrary  to  Assumption  H.  Hence 

THEOREM  6.  A  parabolic  projectivity  never  has  a  finite  period.  In 
other  words,  if  of  three  points  determining  a  harmonic  sequence  the 
limit  point  is  taken  as  oo  in  a  scale  and  two  consecutive  points  as  0 
and  1,  then  the  sequence  consists  of 

0 

1  -1 

1  +  1=32  -l-l=~-2 

2  +  1  =  3  _2-l:=-3 

3  +  1  =  4  ^s^i^^.^ 


that  is,  of  zero  and  all  positive  and  negative  integers. 

COROLLARY  1.  The  net  of  rationality  determined  "by  0, 1,  oo  consists 

of  zero  and  all  numbers  of  the  form  —  where  m  and  n  are  positive  or 

•  *  n 

negative  integers. 

Proof.  By  Theorem  14,  Chap.  VI,  VoL  I,  the  net  of  rationality 
determined  by  0,  1,  oo  consists  of  all  numbers  obtainable  from  0 
and  1  by  the  operations  of  addition,  multiplication,  subtraction,  and 
divisioD  (excluding  division  by  zero). 

COROLLARY  2.  The  homogeneous  coordinates  of  any  point  in  a  linear 
planar  or  spatial  net  of  rationality  may  le  taken  as  integers. 

Proof.  If  a?0,  x^  #2,  #3  are  the  homogeneous  coordinates  of  a  point 
in  the  net,  they  are  defined,  according  to  Chap.  VII,  Vol.  I,  in  terms 

of  the  coordinates  in  certain  linear  nets.   Hence  they  may  be  taken 

m 
in  the  form  0  or  — J  where  m1  and  n:  are  integers.   If  m  is  the  product 

of  their  denominators,  m%0,  mx^t  mx^  mxB  are  integers. 
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The  first  of  these  corollaries  enables  us  to  obtain  the  following 
simple  result  with  regard  to  the  construction  of  any  point  in  a  net  of 
rationality.  Let  Hl  be  the  harmonic  conjugate  of  Hn  with  regard  to 

n 

H^  and  H_  r    The  sequence 

•  •  •,  fi-£,  &-i>  -BLis  fi"«»  fii»  fi$»  fij»  ••• 

is  protective  (fig.  5)  with 


and  therefore  must  be  harmonic.    The  points  JT0,  .Hi,  JET,  determine 
a  harmonic  sequence  * 


By  Cor.  1,  any  point  of  the  net  of  rationality  is  contained  in  a 
sequence  of  the  last  variety  for  some  value  of  n. 

9.  Order  in  a  net  of  rationality.  DEFINITION.  If  A  and  B  are  points 
of  R(//0ZT1//»)  different  from  H*,  A  is  said  to  precede  B  with  respect 
to  the  scale  HQ,  Hlt  ffm  if  and  only  if  the  nonhomogeneous  coordi- 
nate (cf.  §  53,  Vol.  I)  of  A  is  less  than  the  nonhomogeneous  coordinate 
of  B.  If  A  precedes  B,  B  is  said  to  follow  A. 

From  the  corresponding  properties  of  the  rational  numbers  there 
follow  at  once  the  fundamental  propositions  :  With  respect  to  the 
scale  J70,  H^  ff«>,  (1)  if  A  precedes  B,  B  does  not  precede  A\  (2)  if  A 
precedes  B  and  B  precedes  C,  then  A  precedes  (7;  (3)  if  A  and  B  are 
distinct  points  of  R  (H^HJff^),  then  either  A  precedes  BoxB  precedes  A 
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The  use  of  the  properties  of  numbers  in  the  argument  above  and  in 
analogous  cases  does  not  imply  that  our  treatment  of  geometry  is  dependent 
on  analytical  foundations.  Every  theorem  which  we  employ  here  is  a  logical 
consequence  of  the  assumptions  A,  E,  H  alone. 

The  argument  which  is  involved  in  the  present  case  may  be  stated  as 
follows :  The  coordinates  relative  to  a  scale  H&  Hv  Hm  of  the  points 

•  •-,  jy_3»  fi"_i>  HW  HV  H%,  ••• 

of  a  harmonic  sequence,  when  combined  according  to  the  rules  for  addition 
and  multiplication  given  in  Chap.  VI,  Vol.  I,  satisfy  the  conditions  which  are 
known  to  characterize  the  system  of  positive  and  negative  integers  (including 
zero).  From  these  conditions  (the  axioms  of  the  system  of  positive  and  nega- 
tive integers)  follow  theorems  which  state  the  order  relations  among  these 
integers,  and  also  theorems  which  state  the  order  relations  among  the  rational 
numbers,  the  latter  being  defined  in  terms  of  the  integers.  But  by  Theorem  6, 
Cor.  1,  the  rational  numbers  are  the  coordinates  of  points  in  R(£TOJHr1Hfio). 
Hence  the  points  of  R  ( #0#i#<»)  satisf7  the  conditions  given  above. 

It  would  of  course  be  entirely  feasible  to  make  the  discussion  of  order  in  a 
net  of  rationality  without  the  use  of  coordinates. 

*10.  Cuts  in  a  net  of  rationality.  DEFINITION.  Two  subsets,  [A] 
and  [/; ,  of  a  net  of  rationality  R  (H^H*,)  constitute  a  cut  (A,  B) 
with  rtspect  to  the  scale  HQ>  H^  If*  if  and  only  if  they  satisfy  the 
following  conditions :  (1)  Every  point  of  the  net  except  ffm  is  in  [A] 
or  [B] ;  (2)  with  respect  to  the  scale  H^  H^  Hm  every  point  of  [A]  pre- 
cedes every  point  of  [B].  If  there  is  a  point  0  in  [A]  or  in  \E\  such 
that  every  point  of  [A]  distinct  from  O  precedes  it  and  every  point  of 
[2?]  distinct  from  0  follows  it,  the  cut  is  said  to  be  closed  and  to  have 
0  as  its  cut-point;  otherwise  the  cut  is  said  to  be  open.  The  class 
[A]  is  said  to  be  the  lower  side  and  [B]  to  be  the  upper  side  of  the  cut 

With  respect  to  the  scale  //0,  H^  H*  any  point  0(O^HW)  of  a  net 
R(HH^Hn)  determines  two  sets  of  points  [A]  and  [B]  such  that  every 
A  precedes  or  is  identical  with  0  and  0  precedes  every  B.  These  sets 
of  points  are  therefore  a  closed  cut  having  0  as  cut-point.  Not  every 
cut,  however,  is  closed,  for  consider  the  set  [A],  including  all  points 
whose  coordinates  in  a  system  of  nonhomogeneous  coordinates  hav- 
ing HM  as  the  point  co  are  negative  or,  if  positive,  such  that  their 
squares  are  less  than  2 ;  and  the  set  [J?],  including  all  points  whose 

*  An  asterisk  at  the  left  of  a  section  number  indicates  that  the  section  may  be 
omitted  on  a  first  reading.  We  have  marked  in  this  manner  most  of  the  sections 
which  are  not  essential  to  an  understanding  of  the  discussion  of  metric  geometry 
in  Chaps.  Ill  and  IV. 
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coordinates  are  positive  and  have  their  squares  greater  than  2.    Since 
no  rational  number  can  satisfy  the  equation 


this  equation  is  not  satisfied  by  the  coordinates  of  any  point  in  the 
net.  The  sets  [A]  and  [B]  constitute  an  open  cut. 

DEFINITION.  With  respect  to  the  scale  HQ)  H^  !/"„,  an  open  cut 
precedes  all  the  points  of  its  upper  side  and  is  preceded  by  all  points 
of  its  lower  side.  A  closed  cut  precedes  all  the  points  which  its  cut- 
point  precedes  and  is  preceded  ly  all  points  by  which  its  cut-point  is 
preceded.  A  cut  (A,  B)  precedes  a  cut  (C,  D)  if  and  only  if  there  is  a 
point  &  preceding  a  point  C. 

THEOREM  7.  (1)  If  a  cut  (A,  B)  precedes  a  cut  (C,  D),  then  (C,  D) 
does  not  precede  (A,  B]. 

(2)  If  it  cut  (A,  B)  is  not  the  same  as  the  cut  (C,  D),  then  either 
(A,  B)  precedes  (C,  D)  or  ((7,  D)  precedes  (A}  B),  or  loth  cuts  are  closed 
and  have  the  same  cut-point. 

(3)  If  a  cut  (A,  B)  precedes  a  cut  (C,  D)  and  (C,  D)  precedes  a  cut 
(E,  jF),  then  (A,  B)  precedes  (JS,  I1). 

Proof.  These  propositions  are  direct  consequences  of  the  definition 
above  and  of  the  corresponding  properties  of  the  relation  of  precedence 
between  points. 

DEFINITION.  With  respect  to  the  scale  HQ,  Hlf  ffm,  a  cut  (Av  A2)  is 
said  to  be  between  two  cuts  (B^  jB2)  and  (C19  <72)  in  case  (B19  J52)  pre- 
cedes (A^  A^  and  (A^A^)  precedes  (Cv  CJ  or  in  case  (Glf  C2)  precedes 
(AX  A2)  and  (Ax  -42)  precedes  (^  J?2).  If  any  one  of  these  cuts  is 
closed,  it  may  be  replaced  by  its  corresponding  cut-point  in  this  defi- 
nition. (Thus,  for  example,  any  open  cut  is  between  any  point  of  its 
upper  side  and  any  point  of  its  lower  side.) 

An  open  cut  (^4,  B)  is  said  to  be  algebraic  if  there  exists  an  equation, 
aQxn  +  a^"-1  +  •  •  *  +  an  =  0, 

with  integral  coefficients,  and  two  points  AQ,  B^  such  that  the  coordinates  of 
all  points  of  [J.]  between  A0  and  J30  make  the  left-hand  member  of  this 
equation  greater  than  zero  and  all  points  of  [_£"]  between  A  0  and  J50  make  it 
less  than  zero.*  If  it  is  assumed  that  this  equation  has  a  root  between  A0  and 
B0,  this  is  equivalent  to  assuming  that  there  exists  a  point  corresponding  to 
the  cut  (A,  J5)  on  the  line  A0B0  but  not  in  the  given  net. 

*  It  is  perhaps  needless  to  remark  that  not  every  algebraic  equation  with  integral 
coefficients  can  be  associated  in  this  way  with  a  cut.  Tor  example,  £2  +  1  =  0. 
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For  the  purposes  of  geometric  constructions  it  would  be  sufficient  to  assume 
the  existence  of  cut-points  for  all  algebraic  open  cuts  (see  Chap.  IX,  Vol.  I). 
For  many  purposes,  indeed,  it  would  be  desirable  to  make  the  assumption 
referred  to  on  p.  97,  Chap.  IV,  Vol.  I,  and  which  we  here  put  down  for  refer- 
ence as  Assumption  Q. 

ASSUMPTION  Q.   There  is  not  more  than  one  net  of  rationality  on  a  line. 

But  it  is  customary  in  analysis  to  assume  the  existence  of  an  irrational 
number  corresponding  to  every  open  cut  in  the  system  of  rationals,  and  it  is 
convenient  in  geometry  to  have  a  one-to-one  correspondence  between  the  points 
of  a  line  and  the  system  of  real  numbers.  Hence  we  make  the  assumption 
which  follows  in  the  next  section. 

It  must  not  be  supposed  that  in  the  assumption  which  follows  we  are 
introducing  new  points  in  any  respect  different  from  those  already  considered. 
What  we  are  doing  is  to  postulate  that  a  space  is  a  class  of  points  having 
certain  additional  properties.  The  assumption  limits  the  type  of  space  which 
we  consider  ;  it  does  not  extend  the  class  of  points.  In  this  respect  our  pro- 
cedure is  not  parallel  to  the  genetic  method  of  developing  the  theory  of 
irrational  numbers. 

EXERCISE 


The  points  of  R  (H^H^H^)^  together  with  the  open  cuts  with  respect  to  the 
scale  U0»  Hlt  II  ^  constitute  a  set  [J£]  of  things  having  the  following  property: 
If  [*S]  and  [T1]  are  any  two  subclasses  of  [-5T]  including  all  X9  s  and  such  that 
every  S  precedes  every  T,  then  there  is  either  an  S  or  a  T  which  precedes  all 
other  T"s  and  is  preceded  by  all  other  S's. 

*  11.  Assumption,  of  continuity.  We  shall  denote  the  cut-point  of  a 
closed  cut  (If,  N)  by  J^  y).  In  the  following  assumption  it  is  not  stated 
whether  the  cuts  (Av  Az),  (B19  I?J,  and  (D^  D2)  are  open  or  closed.  If 
one  of  them  is  closed,  therefore,  the  corresponding  one  of  the  symbols 
J^,^),  -^B^y  aild  ^D^DO)  must  be  understood  in  the  sense  just  defined. 

ASSUMPTION  C.  If  every  net  of  rationality  contains  an  infinity  of 
points  j  then  on  one  line  I  in  one  net  ^(H^H^r^)  there  is  associated 
with  every  open  cut  (A,  B),  with  respect  to  the  scale  ITQ,  H^  JTM,  a  point 
-?4,.B)  which  is  °n  I  and  such  that  the  following  conditions  are  satisfied: 

(1)  If  two  open  cuts  (A,  B)  and  (C3  D)  are  distinct,  the  points 
•^,-B)  and  -^cc,  z>)  are  distinct; 

(2)  If  (Al9  A2)  and  (Blt  B^  are  any  two  cuts  and  (£7,  (72)  any  open 
cut  between  two  points  A  and  B  of  R(JffQHlH<;o))  and  if  T  is  a  projec- 
tivity  such  that 


then  T(^Ci>C2))  is  a  point  associated  with  some  cut  (D^  D2)  between 
(Av  A2)  and  (B^  B2). 
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DEFINITION.  The  set  of  all  points  of  R  (H^H*),  together  with  all 
points  associated  with  cuts  in  ^(H^H^^),  with  respect  to  the  scale 
HQ9  HI}  Jf*,  is  called  the  chain  C(H^H^).  The  points  of  R  (H^U*) 
are  called  rational,  and  any  other  point  of  the  chain  Is  called  irrational 
with  respect  to  R  (H^H^H^).  A  point  associated  with  a  cut  which  fol- 
lows Ja^  is  called  positive,  and  one  associated  with  a  cut  which  precedes 
HQ  is  called  negative. 

THEOREM  8.  The  point  ^>-B),  associated,  l>y  Assumption  C,  with  an 
open  cut  (A,  B}  of  R  (H^H^),  is  not  a  point  of  R  (H^H^). 

'Proof.  The  associated  point  could  not  be  !£„,  because  there  are 
projectivities  of  ^(H^H^H^)  which  leave  Hw  invariant  and  change 
the  given  cut  into  different  cuts,  and  therefore,  by  Assumption  C, 
change  the  associated  point.  Now  suppose  a  point  D,  distinct  from 
Hn  but  in  R(HQJfflffn)i  to  be  associated  with  some  open  cut.  Since 
the  given  cut  is  open,  there  must  be  a  point  A  between  D  and  the 
cut.  If  B  is  a  point  011  the  opposite  side  of  the  cut  from  D,  A  and  B 
both  precede  or  both  follow  D  with  respect  to  the  scale  HQ}  H^  Hn. 
The  transformation  which  changes  every  point  of  I  into  its  harmonic 
conjugate  with  regard  to  Hm  and  D  has,  when  regarded  as  a  trans- 
formation of  the  points  of  ^(H^H^H^)  with  respect  to  the  scale 
JJ0,  H^  H^,  the  equation 

x'=2d—xt 

where  d  is  the  coordinate  of  D.  It  therefore  transforms  rational  points 
which  follow  D  into  rational  points  which  precede  it,  and  vice  versa. 
Hence  A  and  B  are  transformed  into  two  points,  Af  and  £f,  which 
precede  D  if  A  and  B  follow  D,  or  which  follow  D  if  A  and  B  pre- 
cede D.  By  Assumption  C  (2),  the  point  D  which  is  associated  with 
an  open  cut  between  A  and  B  is  transformed  into  a  point  D!  associated 
with  a  cut  between  Ar  and  Bf.  By  Assumption  C  (1),  D!  is  distinct 
from  D,  contrary  to  the  hypothesis  that  D  is  a  fixed  point  of  the 
tran  s  formation. 


THEOREM  9.  The  points  of  (^(ff^H^H^),  excluding  H^,  form,  with 
reference  to  the  scale  in  which  HQ=  0,  H^  1,  -Hr00=  <x>,  a-  number  sys- 
tem isomorphic  with  the  real  number  system  of  analysis. 

Proof.  The  definitions  of  Chap.  VI,  Vol.  I,  give  a  meaning  to  the 
operations  of  addition  and  multiplication  for  all  points  of  the  line  I. 
In  that  place  we  derived  all  the  fundamental  laws  of  operation,  except 
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the  commutative  law  of  multiplication,  on  the  basis  of  Assumptions 
A  aiid  E.  We  have  also  seen  in  the  present  chapter  (Theorem  6,  Cor.  1) 
that  the  coordinates  of  points  in  R  (H^H^H^)  are  the  ordinary  rational 
numbers.  Hence  it  remains  to  show  that  the  geometric  laws  of  com- 
bination as  applied  to  the  irrational  points  oiC(H^H^H9)  are  the  same 
as  for  the  ordinary  irrational  numbers. 

The  analytic  definition  of  addition  of  irrational  numbers*  may 
be  stated  as  follows:  If  a  and  I  are  two  numbers  defined  by  cuts 
(x  ,  y)  and  («£2,  ya),  then  a+b  is  the  number  defined  by  the  cut 


To  show  that  our  geometric  number  system  satisfies  this  condition 
in.  C(HQH1H90)y  suppose  first  that  a  is  a  rational  point  of  C,  (H^H^H^} 
and  b  an  irrational  point.  The  projective  transformation 

(4)  y/^x  +  a 

changes  the  set  of  points  [#J  into  the  set  [#0+  a],  which  is  the  same 
as  [#2-(-  ojj.  Similarly,  it  changes  [yj  into  [ya+  #J.  Hence,  it  changes 
the  cut  (#a,  ya)  into  (2^  +  #a,  yx+  y2)>  and  hence,  by  Assumption  C  (2), 
changes  b  into  a  point  determined  by  a  cut  which  lies  between  every 
pair  ^+#2  and  y^+y^  Therefore  b  is  changed  into  the  point  asso- 
ciated with  the  cut  (x^+x^  y^+  ya).  But  the  transform  of  6  is  a  +  h 
Hence  the  geometric  sum  0,  +  b  is  the  number  defined  by  the  -cut 


Next,  suppose  both  a  and  b  irrationaL  The  transformation  (4) 
changes  [#J  into  the  set  of  irrational  points  [#a+#],  &  into  b  +  a, 
and  [yj  into  [ya+  a]-  By  the  paragraph  above,  the  cut  which  defines 
any  x2-\-a  precedes  the  cut  which  defines  any  y^\-a.  Hence,  by 
Assumption  0(2),  the  cut  which  defines  any  point  xz+a  precedes 
the  cut  which  defines  6  +  a,  and  this  precedes  the  cut  which  defines 
y2-h  a.  Any  point  ^4-  #2  of  the  lower  side  of  the  cut  (^4-  #2,  yx+  y2) 
precedes  the  cut  defining  one  of  the  points  #2+  a,  by  the  paragraph 
above,  and  hence  precedes  the  cut  defining  6  +  a.  Similarly,  any  point 
of  the  upper,  side  of  this  cut  follows  the  cut  defining  b  +  a.  Hence 
(xl  +  #2,  yl  +  y^)  is  the  cut  defining  b  +  a.  Thus  we  have  identified 
geometric  addition  of  points  in  C  (J^JT^jH^)  with  the  addition,  of 
ordinary  real  numbers. 

*  Cf  .  Fine,  College  Algebra,  p.  60  j  or  Yeblen  and  Lennes,  Infinitesimal  Analysis, 
Chap.  I. 
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The  analytic  definition  of  multiplication  of  irrational  numbers  may 
be  stated  as  follows :  If  a  and  b  are  positive  numbers  defined  by  the 
cuts  (xv  yj  and  (x^  y^9  let  [:c[]  be  the  set  of  positive  values  of  #r 
Then  ab  is  the  number  defined  by  the  cut  (X^2,  y^*  If  ®>  is  nega- 
tive and  I  positive,  ab  =  —  (—#)&.  If  a  is  positive  and  b  negative, 
a&  =  — (a  (—&)).  If  both  a  and  5  are  negative,  ab  =  (—  a)  (— •  5).  If 
a  =  0  or  6=0,  a&  =  0. 

Consider  the  transformation 


If  a  is  positive  and  rational  while  b  is  positive  and  irrational,  this 
transforms  [«>:0]  into  [##„],  which  is  the  same  as  [#i#2]-  -^  also  trans- 
forms b  into  ab  and  [3/3]  into  [#yj,  which  is  the  same  as  [yayj. 
Hence,  by  Assumption  0(2),  aJ  is  the  number  associated  with. 


If  both  a  and  b  are  irrational  and  positive,  we  again  have  [#J, 
6,  and  [yj  transformed  into  [aa?J,  ab,  and  [ayj,  where,  as  in  the 
analogous  case  of  addition,  the  cut  defining  ax^  precedes  the  cut 
defining  a  b,  which  in  turn  precedes  the  cut  defining  ay^  Moreover, 
any  x[xs  precedes  some  ax2,  and  any  y^yz  follows  some  ay2.  Hence, 
by  the  same  argument  as  in  the  case  of  addition,  (x[x2,  y^)  is  the 
cut  with  which  ab  is  associated. 

The  transformation  ;     /     i  \ 

x  —  (  —  J.  )  x 

changes  the  cut  (xiy  x^  defining  the  irrational  number  a  into  the  open 
cut  (—  #2,  —  x^,  which  therefore  defines  an  irrational  a/.  But  since 
a?1—  «#2  may  be  any  negative  rational  and  #2—  xl  may  be  any  positive 
rational,  the  sum  of  a  and  ar,  which  has  been  proved  to  be  determined 
by  the  cut  (x^—  x^  x^—  x^)9  must  be  zero.  Hence  we  have  that  (—!)<& 
is  the  irrational  —  a  such  that  —  a  +  a  =  0. 

The  transformation  ,        ,     -  x 

xf=x(—l) 

is  the  same  as  xf=  (—  1)  x  for  all  rational  points.  Hence,  by  Assumption 
C  (2),  these  transformations  are  the  same  for  all  points  of  C(HQH1H<K). 
Hence,  for  points  of  C(ff^H^),  (-  l)x  =  x(-  1). 

By  the  associative  law  of  multiplication  (which,  it  is  to  be  remem- 
bered, depends  only  on  Assumptions  A  and  E)  we  have,  if  a  is  nega- 

tive and  6  positive,  ,          /       v  * 

*  '  ab  =  —  (—  a)  6, 
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where  (—  a)  b  is  determined  by  the  analytic  (cut)  rule.  If  a  is  positive 
and  &  is  negative,  it  follows  similarly,  with  the  aid  of  the  relation 
(_1)  a  =  &(—!),  that 

and  if  both  a  and  J  are  negative, 


COROLLAEY.  F%&  respect  to  a  scale  in  which  JET^oo,  -fiT0=0,  1^=1, 
we  Aa^e  a&  =  6<x  whenever  a  and  6  are  m  C  (HJS^H^. 

THEOEEM  10.  Any  projectivity  which  transforms  If0,  H^  and  H^ 
into  points  of  the  chain  C  (If^J^)  transforms  any  point  of  the  chain 
into  ci  point  of  the  chain. 

Proof.  We  have  seen  that  xf=ax  and  x'—x+a,  for  rational  or 
irrational  values  of  a,  are  projectivities  which  change  H*  into  itself 
and  all  other  points  of  C(SJSlHto)  into  points  of  the  chain.  The 
transformation  #'=  I/a?  is  a  projectivity  which  interchanges  H^  and  2T0 
(see  §  54,  Chap.  VI,  Vol.  I),  and  by  Theorem  9  it  changes  every  point 
of  C^JEy?.),  except  Hm  and  JH"0,  into  a  point  of  C(HQH^fn). 

As  in  the  proof  of  Theorem  11,  Chap.  VI,  Vol.  I,  it  follows  that 
JT ,  JET ,  51*  can  be  transformed  into  any  three  points  of  the  chain  by 
a  product  of  transformations  of  these  three  types.  Moreover,  any 
projeetivity  is  fully  determined  as  a  transformation  of  ^(H^HJS^) 
by  the  three  points  J?0,  Sv  B<»  into  which  it  transforms  HQ)  S^  Hn. 
For,  suppose  there  were  two  such  projectivities,  li  and  II',  the  prod- 
uct II"1!!'  would  transform  HQ,  Hv  H^  into  themselves.  Hence,  by 
Theorem  16,  Chap.  IV,  Vol.  I,  it  would  leave  invariant  every  point 
of  R  (S^H^^.  Hence,  by  Assumption  C  (2),  it  would  leave  invariant 
every  point  of  C^JET^).  Hence  n^IF  would  be  the  identity  for 
all  points  of  the  chain,  and  II  would  be  the  same  as  II'  for  all  points 
of  the  chain.  Hence  every  projectivity  changing  ITQ,  HI}  H^  into 
points  of  the  chain  is  expressible  as  a  product  of  projectivities  of  the 
forms  %f=  ax,  xf=  x+  a,  x* '=  1/x.  As  all  these  transform  the  chain 
into  itself,  the  theorem  follows. 

COROLLARY  1.  Any  projectivity  leaving  invariant  three  points  of 
the  chain  C  (ff^ff^H^)  leaves  every  point  of  the  chain  invariant. 

Proof.  Let  H  be  the  given  projectivity  leaving  the  given  points,  say 
#0,  B19  ^00,  invariant.   Let  P  be  the  projectivity  such  that  f(BJSJB^) 
Then  PHP"1  leaves  ff0,  J5Ta,  ff9  invariant  and  hence 
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leaves  all  points  of  the  chain  invariant,  as  shown  in  the  proof  of  the 

theorem.   Hence  II  leaves  all  points  of  the  chain  invariant. 

COROLLARY  2.  Any  projectivity  of  the  chain  ^(H^H^S^)  into  itself 
is  of  the  form  f 


a  6: 
c 


where  the  coefficients  are  real  numbers. 


*12.  Chains  in  general.  DEFINITION.  If  (A,  B)  is  an  open  cut  in 
any  net  of  rationality  R  (K^^K^)  with  respect  to  the  scale  KQ,  K^  _£"«, 
let  II  be  a  projectivity  transforming  R  (A^A^A^)  into  R  (H^H^H^}  and 
A^  into  H^.  This  projectivity  transforms  (A,  B)  into  a  cut  (0,  D)  in 
R(jyo^rijyco)  with  respect  to  the  scale  HQ,  H^  Ifm.  If  X  is  the  point 
associated  by  Assumption  C  with  (C,  D),  the  point  n~1(X)  =  X/  is 
called  the  irrational  cut-point  associated  with  (A,  B). 

The  point  X*  is  independent  of  the  particular  projectivity  II.  For  let 
Hf  be  any  projectivity  changing  (A,  B)  into  a  cut  (E,  F}  in  R  (H^H^H^ 
with  respect  to  the  scale  JET0,  H19  H^,  and  let  Y  be  the  point  associated 
with  (E,F)  and  r'^II'-^F).  Then  II  *  II'-1  changes  (M,F)  into 
(C,  D)  and  hence,  by  Assumption  C  (2),  must  change  Y  into  X  This 
can  take  place  only  if  Y!  =  XJ,  that  is,  only  if  the  cut-point  X1  asso- 
ciated with  (A9  B)  is  unique. 

By  projecting  any  net  of  rationality  into  R  (HJff^H^)  it  is  shown 
that  the  cut-points  associated  with  it  satisfy  the  conditions  stated  for 
the  points  associated  with  the  cuts  of  R  (H^H^H^)  in  Assumption  C. 
Hence  the  theorems  of  the  last  section  also  apply  to  any  chain  what- 
ever, a  chain  being  defined  as  follows  : 

DEFINITION.  The  totality  of  points  of  a  net  of  rationality  R(ABC), 
together  with  all  the  irrational  cut-points  defined  by  open  cuts  with 
respect  to  the  scale  A}  B,  C  in  R(ABC)>  is  called  the  chain  defined 
by  At  B,  C  and  is  denoted  by  C(ABC).  The  irrational  cut-points  are 
said  to  be  irrational  with  respect  to  R(ABC). 

Thus  we  have 

THEOREM  11.  (1)  The  projectile  transform  of  a  chain  is  a  chain. 

(2)  Every  open  cut  in  any  net  of  rationality  defines  a  unique 
irrational  cut-point  collinear  with,  but  not  in,  the  net. 

(3)  If  two  such  cuts  with  respect  to  the  same  scale  and  in  the  same 
net  are  distinct^  their  cut-points  are  distinct. 
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(4)  If  two  open  cuts  are  homologous  in  a  projectivity,  their  cut-points 
are  homologous  in  the  same  projectivity. 

(5)  Any  projectivity  which  transforms  three  points  A,  B,  C  into 
three  points  of  the  chain  C(ABC)  transforms  any  point  of  the  chain 
iffito  a  point  of  the  chain. 

THEOREM  12.  There  is  one  and  only  one  chain  containing  three  dis- 
tinct points  of  a  line. 

Proof.  Let  A,  B,  0  be  the  given  points.  They  belong  to  the  chain 
C(ABC)  into  which  C  (H^ff^)  is  transformed  by  a  projectivity 
such  that  H^H^ABC.  By  Theorem  11  (5)  any  projectivity  such 
that  ABCj^BAC  transforms  all  points  of  C(ABC)  into  points  of 
C(ABC).  But  by  definition  such  a  projectivity  transforms  C(ABC) 
into  C(BAC);  hence  C(BAC)  is  contained  in  C(ABC).  In  like  man- 
ner C(ABC)  is  contained  in  C(BAC}.  Hence  C(ABC)=*C(BAC)=z 
C  (BOA),  etc. 

Now  suppose  A,  B,  C  to  be  points  of  some  other  chain  C  (PQB).  By 
Theorem  11(5)  a  projectivity  such  that*  PQEA-j^QPAR  changes 
all  points  of  C(PQJS)  into  points  of  C(P$#).  But  by  definition  it 
changes  C(PQE)  into  C(QPA).  Hence  C(QPA)  is  contained  in 
£(PQR}.  But  the  same  projectivity  changes  C(QPA)  into  C(PQM). 
Hence  C(PQH)  =  C(QPA).  In  like  manner  C(QPA)  =*  C(PBA)  = 


COROLLARY.  A  chain  contains  the  irrational  cut-point  of  every  open 
cut  in  any  net  of  rationality  in  the  chain. 

THEOREM  13.  THE  FUNDAMENTAL  THEOREM  OF  PROJECTIVITY  FOK 
A  CHAIN".  If  A,  B,  C>  D  are  distinct  points  of  a  chain  and  Af,  B!,  Cf 
any  three  distinct  points  of  a  line,  then  for  any  projectwities  giving 
(A,  B,  C>  D)  ^  (A!,  BJ,  Cf,  Df)  and  (A,  B,  C,  D)  ^  (A1,  BJ,  Cf,  D[)  we 
have  DJ~D[. 

Proof.  Let  II,  II1  be  the  two  projectivities  mentioned  in  the  theorem. 
II^1!!  then  leaves  every  point  of  0>(ABG)  fixed;  for  it  leaves  every 
point  of  R(ABC)  fixed,  and  hence,  by  Theorem  11  (4),  must  leave 
every  irrational  cut-point  of  an  open  cut  in  R(ABC)  fixed.  But 
II^1!!  is  then  the  identical  transformation  as  far  as  the  points  of 
C(ABC)  are  concerned.  Hence  £>f  =  Dfr 

*  Cf  .  Theorem  2,  Chap.  Ill,  Vol.  I. 
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This  theorem  may  also  be  stated  as  follows  : 

Any  projectile  correspondence  between  the  points  of  two  chains  is 
uniquely  determined  by  three  pairs  of  homologous  points. 

Our  list  of  assumptions  for  the  geometry  of  reals  may  now  be  com- 
pleted by  the  following  assumption  of  closure. 

ASSUMPTION  E.  On  at  least  one  line,  if  there  is  one  there  is  not 
more  than  one  chain. 

It  follows  at  once,  by  Theorem  12,  that  every  line  is  a  chain.  It  also 
follows,  by  an  argument  strictly  analogous  to  the  proof  of  Theorem  5, 
that  the  dual  propositions  of  Assumptions  C  and  E  are  true.  Hence 
we  have 

THEOREM  14,  The  principle  of  duality  is  valid  for  all  theorems 
dedudble  from  Assumptions  A,  E,  H,  C,  E. 

*13.  Consistency  ,  categoricalness,  and  independence  of  tlie  assump- 

tions.   Let  us  now  apply  the  logical  canons  explained  in  the  Intro- 
duction (Vol.  I)  to  the  foregoing  set  of  assumptions. 

THEOEEM  15.  Assumptions  A,  E,  H,  C,  R  are  consistent  if  the  real 
number  system  of  analysis  is  existent. 

Proof.  Consider  the  class  of  all  ordered  tetrads  of  real  numbers 
(XQ)  x^  x0>  #8),  with  the  exception  of  (0,  0,  0,  0).  Any  class  of  these 
ordered  tetrads  such  that  if  one  of  its  members  is  (aQ)  a^  az,  a9)  all 
its  other  members  are  given  by  the  formula  (maQ,  ma^  ma2>  mag), 
where  m  is  any  real  number  not  zero,  shall  be  called  a  point.  Any 
class  consisting  of  all  points  whose  component  tetrads  satisfy  two 
independent  linear  homogeneous  equations 

=  0, 


shall  be  called  a  line.    The  class  of  all  points  and  lines  so  defined 
satisfy  the  assumptions  A,  E,  H,  C,  E  (cf.  §  4,  Vol.  I). 

THEOKEM  16.  Assumptions  A,  E,  H,  0,  "Reform  a  categorical  set. 

Proof.  In  Chap.  VII,  Vol.  I,  it  has  been  proved  that  the  points  of  a 
space  satisfying  Assumptions  A,  E,  P  can  be  denoted  by  homogeneous 
coordinates  which  are  numbers  of  the  geometric  number  system  of 
Chap.  VI,  VoL  I.  Since  P  is  a  logical  consequence  of  A,  E,  H,  C,  E 
(cf.  Theorem  13),  this  result  applies  here,  and  by  Theorem  9  the 
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number  system  in  question  is  isomorphic  with  the  real  number 
system  of  analysis. 

Now  if  two  spaces  Sl  and  S2  satisfy  A,  B,  H,  C,  R,  consider  a  homo- 
geneous coordinate  system  in  each  space  and  let  each  point  of  Sx 
correspond  to  that  point  of  S2  which  has  the  same  coordinates.  This 
correspondence  is  evidently  such  that  if  three  points  of  Sx  are  collinear, 
their  correspondents  in  S2  are  collinear. 

It  i?  worthy  of  remark  that  the  above  correspondence  may  be  set 
up  in  as  many  ways  as  there  are  collineations  of  Sx  into  itself. 

THEOREM  17.  Assumptions  A 1,  A  2,  A  3,  E  0,  E  1,  E  2,  E  3,  E  3', 
H,  C,  E  are  an  independent  set. 

Proof.  The  method  of  proving  that  a  given  assumption  is  not  a 
logical  consequence  of  the  other  assumptions  was  explained  in  the 
Introduction,  p.  6,  Vol.  I.  Suppose  there  is  given  a  class  of  objects 
[a:]  and  a  class  of  subclasses  of  [#].  If  we  call  each  x  a  point  and 
each  element  of  the  class  of  subclasses  a  line,  then  each  of  our 
assumptions,  when  thus  interpreted,  will  be  either  true  or  false  *  with 
respect  to  this  interpretation.  If  all  the  assumptions  but  one  are  true 
and  the  one  is  false,  it  cannot  be  a  logical  consequence  of  the  others ; 
for  a  logical  consequence  of  true  statements  must  be  true.  In  the 
sequel  we  shall  call  the  objects,  x,  pseudo-points,  and  the  subclasses 
of  [x]  which  play  the  r61e  of  lines,  pseudo-lines. 

A  1.  The  pseudo-points  shall  be  the  points  of  a  real  projective 
plane  TT  together  with  one  other  point  0.  The  pseudo-lines  shall  be 
the  lines  of  TT.  A 1  is  false  because  there  is  no  pseudo-line  contain- 
ing 0.  A  2  is  true  because  it  is  satisfied  by  the  ordinary  projective 
plane.  A  3  is  true  because  the  only  sets  of  points  A,  B,  (7,  D,  E  which 
satisfy  its  hypothesis  are  in  TT.  The  only  pseudo-plane  is  TT,  and  there 
is  no  pseudo-space.  Hence  it  is  evident  that  E  0,  E  1,  E  2,  E  3  are  true 
and  E  3;  is  vacuously  true.  Assumptions  H,  C,  E.  are  evidently  true. 

*If  the  hypothesis  of  a  statement  is  not  verified,  we  regard  the  statement  as 
true.  Following  the  terminology  of  E.  H.  Moore  (Transactions  of  the  American 
Mathematical  Society,  Vol.  Ill,  p.  489),  we  shall  describe  statements  which  are 
true  in  this  sense  as  "vacuously  true"  or  "vacuous." 

It  is  possible  to  put  any  or  all  of  the  assumptions  into  a  form  such  that  they  are 
vacuous  for  the  ordinary  real  space.  For  example,  Professor  Moore  has  pointed 
out  that  A 1  could  be  replaced  by  the  following  proposition,  which  is  vacuous  for 
ordinary  space. 

A 1.  Let  A  be  a  point  and  J5  be  a  point.  If  there  is  no  line  which  is  on  A  and 
on  5,  then  A  =,  4 
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A  2.  The  pseudo-points  shall  be  the  points  of  a  real  projective 
three-space  Sg  together  with  one  other  pseudo-point  0.  The  pseudo- 
lines  shall  be  the  lines  of  Sg,  each  pseudo-line,  however,  containing  (9. 
Thus  any  two  pseudo-points  are  collinear  with  0 ;  a  pseudo-plane  is 
an  ordinary  plane  together  with  0;  a  pseudo-space  is  S8  together 
with  0.  Hence  it  is  evident  that  A  2  is  false  and  A  1,  A  3,  E  0,  E 1, 
E  2,  E  3,  E  3;  are  true.  There  exist  harmonic  sequences  of  pseudo- 
points,  some  of  which  are  ordinary  harmonic  sequences.  Hence 
Assumption  H  is  true.  By  reference  to  the  definition  of  a  quad- 
rangular set  and  harmonic  conjugate  it  is  clear  (because  every  line 
contains  0)  that  any  pseudo-point  P  is  harmonically  conjugate  to  0 
with  regard  to  any  two  pseudo-points  which  are  collinear  with  P. 
Hence  a  linear  net  of  rationality  contains  all  the  pseudo-points  of  a 
pseudo-line.  The  operations  of  addition  and  multiplication  are  not 
unique,  however,  and  hence  the  definition  of  order  does  not  apply; 
there  are  no  open  cuts,  and  Assumptions  C  and  E  are  vacuously 
true. 

A3.  The  pseudo-points  shall  be  the  points  of  a  real  projective 
space  Ss,  with  the  exception  of  a  single  point  0.  The  pseudo-lines 
shall  be  the  lines  of  Sg,  except  that  in  case  of  those  lines  which  pass 
through  0  the  pseudo-lines  do  not  contain  0.  Clearly  A  3  is  false 
whenever  the  pvseudo-points  A,  B3  C,  £>,  JS  are  chosen  so  that  the 
lines  AB  and  DE  meet  in  0.  A  1,  A  2,  E  0,  E  1,  E  2,  E  3,  E  3'  are 
obviously  true.  A  harmonic  sequence  and  a  net  of  rationality  of 
pseudo-points  can  be  found  identical  with  an  ordinary  harmonic 
sequence  and  net  of  rationality  on  any  line  not  passing  through  0. 
Hence  H,  C,  and  E  are  also  true. 

E  0.  The  pseudo-points  shall  be  the  vertices  of  a  tetrahedron,  and 
the  pseudo-lines  the  six  pairs  of  pseudo-points.  Thus  the  pseudo- 
planes  are  the  trios  of  pseudo-points,  and  a  pseudo-space  consists  of 
all  four  pseudo-points.  A  1  and  A  2  are  obviously  true.  A  3  is  true 
because  we  may  have  E=A  and  D=B.  E  1,  E  2,  E  3,  E  3f  are  true. 
H,  C,  E  are  vacuously  true. 

E 1.  There  shall  be  one  pseudo-point  and  no  pseudo-line.  E  1  is 
false  and  all  the  other  assumptions  are  vacuously  true. 

E  2.  There  shall  be  three  pseudo-points  and  one  pseudo-line  con- 
taining all  three  pseudo-points.  A 1,  A  2,  E  0,  E  1  are  true.  A  3,  E  3, 
E  3',  H,  C,  E  are  vacuously  true. 
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E3.  The  pseudo-points  and  pseudo-lines  shall  be  the  points  and 
lines  of  a  real  protective  plane.  A  1,  A  2,  A  3,  E  0,  E  1,  E  2,  H,  C,  R 
are  true  and  E  3f  is  vacuous. 

E  3f.  The  pseudo-points  and  pseudo-lines  shall  be  the  points  and 
lines  of  a  real  four-dimensional  projective  space.  E  3f  is  false  and  all 
the  other  assumptions  are  true. 

BL  The  pseudo-points  and  pseudo-lines  shall  be  the  points  and 
lines  of  any  modular  projective  three-space  (cf.  §  72,  Vol.  I,  and  §  16, 
below).  All  the  assumptions  A  and  E  are  true,  H  is  false,  and  C  and 
E  are  vacuously  true, 

C.  The  pseudo-points  and  pseudo-lines  shall  be  the  points  and 
linear  nets  of  rationality  of  a  three-dimensional  net  of  rationality  in 
an  ordinary  real  projective  space.  All  the  assumptions  are  true  except 
C,  which  is  false.  E  is  vacuously  true. 

E.  The  pseudo-points  and  pseudo-lines  shall  be  defined  as  the 
points  and  lines  in  Theorem  15,  the  coordinates,  however,  being  ele- 
ments of  the  system  of  ordinary  complex  numbers.  All  the  assump- 
tions are  true  except  E,  which  is  falsa 

Assumption  C,  which  is  more  complicated  in  its  statement  than 
the  others,  is,  however,  such  that  neither  of  the  two  statements  into 
which  it  is  separated  may  be  omitted.  This  result  is  established  in 
the  following  theorem : 

THEOREM  18.  Assumption  0(1)  is  not  a  consequence  of  Assump- 
tion 0(2)  and  all  the  other  assumptions.  Assumption  0(2)  is  not  a 
consequence  of  0(1)  and  of  the  other  assumptions  even  if  we  add  to 
0(1)  the  following :  If  a  pro/ectivity  transforms  H^  into  itself  and 
HQ  and  Hl  into  points  of  R^^H^H^},  and  transforms  an  open  cut 
(A,  B)  into  an  open  cut  (C,  D}}  it  transforms  the  point  associated  with 
(A}  B)  into  the  point  associated  with  (C,  D). 

Proof*  (1)  Any  real  number  x  determines  a  class  Kx  of  numbers 
of  the  form  ax  +  b  where  a  and  ~b  are  any  rationals.  Kx  is  the  same 
as  -Saaj+6  for  all  rational  values  of  a  and  J.  Hence,  if  x  and  y  are  two 
irrationals,  Kx  and  JTy  are  either  identical  or  mutually  exclusive.  Thus 
the  class  of  all  real  numbers  falls  into  a  set  of  mutually  exclusive 

*  This  argument  makes  use  of  portions  of  the  theory  of  classes  which  could  not 
"be  treated  adequately  without  a  long  digression.  Hence  we  assume  knowledge  of 
the  methods  and  terminology  of  this  branch  of  mathematics  without  furthes 
explanation. 
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classes  [-£"].  "With  each,  class  K  we  associate  a  particular  one  of  its 
numbers,*  k,  and  thus  obtain  a  set  of  numbers  [&]  such,  that  every 
real  number  can  be  written  uniquely  in  the  form  ak  +  6. 

Now  consider  the  number  system  whose  elements  are  the  complex 
numbers  of  the  form  ai  +  5,  where  <x  and  5  are  rational  and  i  =  V— 1. 
If  we  take  as  pseudo-points  and  pseudo-lines  the  points  and  lines  of 
a  three-space  based  (as  in  the  proof  of  Theorem  15)  on  this  number 
system,  it  is  clear  that  all  the  assumptions  except  C  are  satisfied. 
If  we  also  take  as  the  pseudo-points  HQ>  H^  ffm  those  having  the 
coordinates  (0,  1,  0,  0),  (1,  1,  0,  0),  (1,  0,  0,  0),  the  net  of  rationality 
R  (H^H^H^)  consists  of  Hm  and  the  points  whose  coordinates  are 
(«&,  1,  0,  0),  where  x  is  rational.  Suppose  now  that  we  associate  the 
pseudo-point  (ai  +  6,  1,  0,  0)  with  every  cut  in  this  net  which  in  the 
ordinary  geometry  would  determine  an  irrational  point  (ak  +  6, 1,  0,  0). 
Every  point  is  thus  associated  with  an  infinity  of  cuts,  contrary  to 
Assumption  0(1).  Moreover,  the  cuts  with  which  any  point  is  asso- 
ciated occur  between  every  two  pseudo-points  and  hence  between  every 
two  cuts  of  R(ITQHlir9i).  Therefore  Assumption  0(2)  remains  true 
in  this  space. 

(2)  For  the  second  half  of  the  theorem  the  pseudo-points  and 
pseudo-lines  shall  be  the  points  and  lines  of  a  three-space  based  on  a 
commutative  number  system  whose  elements  are  the  ordinary  rational 
numbers  and  all  open  cuts  in  the  rational  numbers.  The  laws  of 
combination  shall  be  such  that  addition  is  precisely  the  same  as  for 
the  ordinary  number  system  and  multiplication  is  the  same  between 
rationals  and  rationals  or  rationals  and  irrationals,  but  different 
between  irrationals  and  irrationals.  Thus  the  product  of  the  num- 
bers associated  with  two  open  cuts  will  not,  in  general,  be  the  number 
associated  with  the  cut  given  by  the  usual  rule.  Hence  the  pro- 
jective  transformation  x'=  ax  will  not  preserve  order  relations,  and 
Assumption  C  (2)  must  be  false.  On  the  other  hand,  C  (1)  and  the 
other  assumptions  are  obviously  true. 

*  We  do  not  show  how  to  set  up  the  correspondence.  The  assumption  that  this 
correspondence  exists  is  a  weaker  form  of  the  assumption  used  by  Zermelo 
(Mathematische  Annalen,  Vol.  LIX,  p.  514)  in  his  proof  that  any  class  can  be  well 
ordered.  Our  proof  of  the  second  part  of  the  theorem  is  dependent  on  the  validity 
of  Zermelo's  result  that  the  continuum  can  be  well  ordered.  The  whole  theorem 
is  therefore  subject  to  the  doubts  that  attach  to  the  Zermelo  process  because  of  the 
lack  of  explicit  methods  of  setting  up  the  correspondences  in  question. 
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The  existence  of  the  required  new  number  system  can  be  inferred 
from  Hamel's  theorem*  that  there  exists  a  well-ordered  set  of  real 
numbers 

(5)  fcj,  aa,  az,  •  •  *>  «w> 

such  that  every  real  number  can  be  given  uniquely  by  an  expression 
of  the  form 

(6)  *Q+  fl^-f  a^  +  -  •  •  +  tfAv 

containing  only  a  fmifce  number  of  terms,  the  a's  all  being  rational. 
The  ordinary  rules  of  combination  for  cuts  determine  a  multiplication 
table  for  the  a's  ;  that  is,  a  set  of  rules  of  the  form 

(7)  aflj  =  /3Q  +  0^+0^+  '  •  •  +  #Am, 

where  the  yS's  are  rational  The  laws  of  combination  for  the  number 
system  in  general  may  now  be  stated  as  follows:  Express  the  two 
numbers  to  be  added  or  multiplied  in  the  form  (6)  ;  add  or  multiply 
by  the  rules  for  addition  and  multiplication  of  polynomials,  reducing 
the  result  in  the  case  of  multiplication  by  means  of  the  multiplication 
table  for  the  «'s. 

Now  suppose  we  denote  by 

(8)  <  <  *•-,<,— 

the  same  set  of  numbers  [a]  arranged  in  a  different  order  of  the  same 
type  as  (5).  Such  an  order  would  be  obtained,  for  example,  by  inter- 
changing al  and  a^  and  leaving  the  other  a's  unaltered.  There  is 
therefore  a  one-to-one  correspondence  in  which  every  a{  corresponds 
to  the  d(  having  the  same  subscript.  Moreover,  since  the  set  of  all  a's 
includes  the  same  elements  as  the  set  of  all  af)s,  every  real  number 
is  expressible  in  the  form 

(9)  aQ  +  a^(+  a2a(+  •  •  •  +  ana(. 

A  new  law  of  multiplication,  which  we  shall  denote  by  x  ,  is  now 
defined  by  setting  up  a  multiplication  table  for  the  ar's  according  to 
the  rule  that 

(10)  af.  x  aj  =  aQ 
whenever 

(11)  a,a.  =  ao 


*  Mathematische  Annalen,  Vol.  LX,  p.  459. 
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The  product,  according  to  the  new  law  of  combination,  of  two  real 
numbers  is  obtained  by  expressing  each  in  the  form  (9),  multiplying 
according  to  the  rule  for  polynomials,  and  reducing  by  the  multipli- 
cation table  for  the  a"s. 

Since  the  set  of  all  expressions  of  the  form 

a0+a1ali+aafl^+.-. 

forms  a  number  system,  the  set  of  all  expressions  of  the  form 

a,+  a1a(+a*a(^'- 

forms  a  number  system  isomorphic  with  the  first.  For  if  we  let  each 
ai  correspond  to  the  a{  with  the  same  subscript,  the  sum  of  any  two 
elements  of  the  first  number  system  corresponds,  by  definition,  to 
the  sum  of  the  corresponding  two  elements  in  the  second  number 
system.  Similarly  for  the  product  of  a  rational  by  a  rational  or  of 
a  rational  by  an  irrational.  The  product  of  two  irrationals  in  the  first 
system  corresponds  to  the  product  of  two  irrationals  in  the  second, 
because  the  two  polynomials  in  the  a's  are  multiplied  by  the  same 
rules  as  the  two  in  the  ar's,  and  are  also  reduced  by  corresponding 
entries  in  the  respective  multiplication  tables. 

We  may  insure  that  the  two  number  systems  shall  be  distinct  by 
selecting  the  a's,  in  the  first  place,  so  that  #x= V2  and  &2= V3,  and 
then  choosing  the  a"s  so  that  a(  =  ay 

*  14.  Foundations  of  the  complex  geometry*  Let  us  add  to  Assump- 
tions A,  E,  H,  C  the  following  assumption : 

ASSUMPTION  E.  On  some  line,  I,  not  all  points  belong  to  the  same 
chain. 

Let  j?J,  I>9  JP  be  three  points  of  Z.  The  geometric  number  system 
determined  by  the  method  of  Chap.  VI,  Vol.  I,  by  the  scale  JJ,  JFJ,  jg  is 
commutative  for  all  the  points  in  the  chain  C(^JFJJ2)  but  not  neces- 
sarily for  other  points.  However,  it  is  clear,  without  assuming  the 
commutativity  of  multiplication,  that 

xf  =  or1,  x!  =  x  4-  a,  xf  =  ax,  xj  =  xa     (a  =  constant) 

define  projectivities.  For  xf  =  x~~l  this  follows  from  §  54,  Vol.  I;  for 
x1  =  x  +  a  it  reduces  to  Theorem  2,  Chap.  VI,  Vol.  I ;  and  for  the  other 
two  cases,  to  Theorem  4,  Chap.  VI,  Vol.  I. 

Let  J  be  any  point  of  I  not  in  C(JJJ?£),  and  let  [JT]  be  the  set  of 
all  points  in  C(2J2J.£).  Then,  by  Theorem  11  (1),  the  set  of  points 
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[X-f-  J]  is  a  chain.  This  chain  has  no  point  except  jg  in  common 
with  C(^J?J2),  because,  if  X+J=  X'  *  Z»  it  would  follow  that 
X;-X=  J,  and  thus  J  would  be  a  point  of  C(PQPlPa>).  Let  us  denote 
thechairx  [X+J]  by  C;. 

In  order  to  continue  this  argument  we  need  the  following  assump- 
tion of  closure  : 

ASSUMPTION  I.  Through  a  point  P  of  any  chain  C  of  the  line  19 
and  any  point  J  on  I  but  not  in  C,  there  is  not  more  than  one  chain 
of  I  which  has  no  other  point  than  P  in  common  with  C. 

Now  let  P  be  any  point  of  I  not  in  C(P^P1P^)  or  C'.  Such  points 
exist,  because,  for  example,  the  chain  Cffil^J)  does  not  coincide  with 
C(PQPl^)  or  C'.  The  chain  C(PJ%)  has,  by  Assumption  I,  a  point 
different  from  Jg  in  common  with  C(^JS).  Let  -^  be  this  point. 
In  case  X^  PQ,  the  projectivity 

(12)  X'  =  JT+«7(JJ---Zrl.-Z) 

transforms  J?  into  J,  Xl  into  itself,  and  -g  into  itself.  Hence  it  trans- 
forms C(P^P^}=C(P^X1PW}  into  C(«73T1-e).  Hence  every  point  of 
C(«73^jB),  and  in  particular  P,  is  of  the  form  X+  J2T",  where  JTand 
X"  are  in  [X].  If  X:  =  PQ,  the  projectivity 

(13)  X'=JX 


transforms  C(7J,  ^  -£)  into  C(J^J"^),  which  contains  P.   Hence,  in 
this  case  P  is  of  the  form  JX.    Thus  we  have 

LEMMA  1.  Every  point  of  the  line  I  is  expressible  in  the  form  A  +  JB, 
where  A  and  B  are  in  C(^JJJ£). 

LEMMA  2.  Two  points  A  +  JB  and  Af  +  J£f>  where  A,  B,  Af,  B{  are 
in  C^J^-g),  are  identical  if  and  only  if  A=Ar  and  B  =  B1. 


For  if  B^B!9A  +  JB=Af+  JBr  implies  </=  (Af  -A}(B  —  J3f)~\ 
and  thus  J  would  be  in  C^J^jg)  ;  and  if  B  =  £f,  it  implies  directly 
that  A  =  A. 

Each  of  the  projectivities  X'=JX  and  Xf  =  XJ  transforms  the 
chain  C(^J?jg)  into  C(J£7"_%).  Hence,  if  A  be  any  point  of 


where  Af  is  also  in 
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Each  of  the  projectivities  X1  =  (JfJ  —  J)  X  and  X1  =  X(P^  —  J)  trans- 
forms C(PQPlPm)  into  C(JJ(JJ  —  e7).£).    Hence,  if  -4  be  any  point  of 


where  ^/;  is  also  in  C(PQP1I^)).    By  the  distributive  law  (Theorem  5, 
Chap.  VI,  Vol.  I)  it  follows  that 


By  (14),  this  reduces  to 

A-JA'=*A"-JA". 

By  Lemma  2,  it  follows  that  A=A"  =  A'.   Hence  AJ=*  JA.   From 
this  we  can  deduce,  by  the  elementary  laws  of  operation, 

(A  +  JB)(C  +  JD)=A(C+JD)+JB(C  +  JD) 


CJB  +  JDA  +  JDJB 
=  C(A  +  JB)  +  JD(A  +  JB) 


Hence  the  geometric  number  system  determined  by  any  scale  on  I 
is  commutative.  Since  chains  are  transformed  into  chains  by  any 
projective  transformation,  it  follows  that  the  geometric  number  sys- 
tem determined  by  any  scale  on  any  line  in  a  space  satisfying  A,  E, 
H,  C,  E,  I  satisfies  the  commutative  law  of  multiplication.  Hence, 
by  Theorem  1, 

THEOREM  19.  Assumption  P  is  satisfied  in  any  space  satisfying 
Assumptions  A,  E,  H,  C,  E,  I. 

Since  every  point  in  the  geometric  number  system  is  expressible 
in  the  form  A  +  JB,  we  have 

(15)  J*  =  A9+JBf 

where  AQ  and  J?0  are  in  C  (J?-?^).   Thus  J  is  one  of  the  double  points 
of  the  involution 

(16)  2nr-jJ0(x+-ro-^0=o, 

which  transforms  C(Pf)PlPm)  into  itself.  Any  two  points  of  C  (1JJJJ2) 
which  are  conjugate  in  this  involution  may  be  transformed  projec- 
tively  into  JJ  and  jg  by  a  transformation  which  carries 
itself.  This  reduces  the  involution  to 


32  FOUNDATIONS  [CHAP.  I 

where  A  must  "be  negative  relatively  to  the  scale  PF^,  since  the 
double  points  are  not  in  C(PQP1P^).  The  transformation  A'=  V-  JX; 
now  reduces  (17)  to 


and  thus  transforms  J~  to  a  point  satisfying  the  equation 

J*  =  -P. 

Hence  we  have 

THEOREM  20.  The  geometric  number  system  in  any  space  satisfying 
Assumptions  A,  E,  EL,  C,  K>  I  is  isomorphic  with  the  complex  number 
system  of  analysis,  i.e.  with,  the  system  of  numbers  a  -f  ib,  where 
i2=  —  1  and  a  and  I  are  real. 

*15.  Ordered  projective  spaces.  There  is  an  important  class  of 
projective  spaces  which  may  be  referred  to  as  the  ordered  projective 
spaces  and  which  are  characterized  by  the  Assumptions  S  given  below. 
This  class  of  spaces  includes  the  rational  and  real  projective  spaces 
and  many  others.  The  set  of  assumptions,  A,  E,  S,  is  not  categorical, 
but  it  may  be  made  so  by  adding  a  suitable  continuity  assumption  or 
by  some  other  assumption  of  closure. 

These  assumptions  introduce  a  new  class  of  undefined  elements, 
called  senses*  in  addition  to  the  points  and  lines  which  are  the 
undefined  elements  of  Assumptions  A  and  E.  The  senses  are  denoted 
by  symbols  of  the  form  S(ABC)9  where  A,  E,  C  denote  points.  t 

S  1,  For  any  three  distinct  collinear  points  A}  B,  C  there  is  a  sense 
S(ABC). 

S  2.  For  any  three  distinct  collinear  points  there  is  not  more  than 
one  sense  S(ABC). 

S3.  S(ABC)  =  S(BCA). 

S4  S(ABC)^S(ACB). 

S5.  If  S(ABC)^S(A!B'Cf}    and    S(A'BfCf)  =  S(A"B"C"),    then 


S6.  If  S(ABO)  =  S(BCO),  then 

S  7.  If  OA  and  OB  are  distinct  lines,  and  S(OAA^)  =  8(OAA^  and 

then 


*  Sets  of  assumptions  more  or  less  related  to  these  have  been  given  by  A.  R. 
Schweitzer,  American  Journal  of  Mathematics,  Vol.  XXXI,  p.  365,  and  A.  N.  White- 
head,  The  Axioms  of  Projective  Geometry,  Cambridge  Tracts,  Cambridge,  1906. 

t  With  respect  to  the  intuitional  basis  of  these  assumptions,  cf  ,  figs.  6~12. 
Chap.  II. 
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If  ti(ABC)  be  Identified  with  the  sense-class  which  is  discussed 
below  In  §  19,  Chap.  II,  it  will  be  seen  that  S  1  and  S  2  are  immedi- 
ately verified  and  S  3,  •  •  • ,  S  7  reduce  to  Theorems  2-6,  Chap.  II.  This 
shows  that  the  assumptions  S  are  satisfied  by  a  rational  or  a  real 
protective  space. 

These  assumptions  are  capable,  as  is  shown  In  Chap.  II,  of  serving 
as  a  basis  for  a  very  complete  discussion  of  geometric  order  relations. 
Assumption  P  is  not  a  consequence  of  A,  E,  S  alone. 

EXERCISES 

1.  Prove  that  Assumption  H  is  a  consequence  of  A,  E,  and  S. 

2.  Prove  that  with  a  proper  definition  of  the  symbol  <  (less  than)  the 
geometric  number  system  in  an  ordered  projective  space  satisfies  the  following 
conditions : 

(1)  If  a  and  b  are  distinct  numbers,  a  <  b  or  b  <  a. 

(2)  lfa<b,  then  a  &  b. 

(3)  If  a  <  b  and  b<c,  then  a  <  c. 

(4)  If  a  <  b,  there  exists  a  number,  x,  such  that  a  <  x  and  x  <  b. 

(5)  If  0  <  a,  then  b  <  a  +  b  for  every  b. 

(6)  If  0  <  a  and  0  <  5,  then  0  <  a  •  I. 

(Cf.  E.  V.  Huntington,  Transactions  of  the  American  Mathematical  Society, 
Vol.  VI  (1905),  p.  17.) 

3.  Introduce  an  assumption  of  continuity  and  with  this  assumption  and 
A,  E,  S  prove  Assumption  P. 

4.  Prove  that  P  is  not  a  consequence  of  A,  E,  S  alone. 

*  16.  Modular  projective  spaces.  We  have  seen  (§  7)  that,  in  any 
space  satisfying  Assumptions  A  and  E,  any  two  harmonic  sequences 
are  projective.  Hence,  if  one  harmonic  sequence  contains  an  infinity 
of  points,  every  such  sequence  contains  an  infinity  of  points,  and 
by  §  8  these  points  are  in  one-to-one  reciprocal  correspondence  with 
the  ordinary  rational  numbers.  On  the  other  hand,  if  one  harmonic 
sequence  contains  a  finite  number  of  points,  every  other  harmonic 
sequence  in  the  same  space  contains  the  same  finite  number  of 
points.  Hence  the  spaces  satisfying  Assumptions  A  and  E  fall  into 
two  classes  —  those  satisfying  Assumption  H  and  those  satisfying 
the  following: 

ASSUMPTION"  H.  If  any  harmonic  sequence  exists,  at  least  one  con- 
tains only  a  Jlnite  number  of  points. 
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The  spaces  satisfying  H  may  be  called  modular,  and  those  satisfy- 
ing H  nonmodular. 

It  follows,  just  as  in  Theorem  5,  that  the  principle  of  duality  is 
true  for  any  modular  space. 

Let  II  be  any  parabolic  projectivity  on  a  line,  and  let  H^  be  its 
in  variant  point.  If  NQ  be  any  other  point  of  the  line,  the  points 


form  a  harmonic  sequence,  by  definition.  If  this  is  to  contain  only 
a  finite  number  of  points,  there  must  be  some  positive  integer  n  such 
that  IP  (-2^)  =  nm(-ET0),  where  m  is  zero  or  a  positive  integer  less 
than  n.  If  %  —  m  =  kf  we  have 


and  hence  H*  =  1. 

Hence  all  the  points  of  the  harmonic  sequence  are  contained  in  the  set 

JTO,  n(ir0),  ....  n* 


In  case  Jc  is  not  a  prime  number,  that  is,  if  there  exist  two  positive 
integers,  \,  Jc#  different  from  unity  such  that  Tc  =  \  -  &2,  let  us  con- 
sider the  parabolic  projectivity  II*2.  The  points 


satisfy  the  definition  of  a  harmonic  sequence.  Since  any  two  harmonic 
sequences  contain  the  same  number  of  points,  it  follows  that  the  given 
sequence  could  not  have  contained  more  than  Jc:  points.  In  case  ^ 
breaks  up  into  two  factors,  the  same  argument  shows  that  the  given 
harmonic  sequence  could  not  contain  a  number  of  points  larger  than 
either  factor.  This  process  can  be  repeated  only  a  finite  number  of 
times  and  can  stop  only  when  we  arrive  at  a  prime  number.  Hence 
we  have 

THEOREM  2  1.  The  number  of  points  in  a  harmonic  sequence  is  prime. 
The  points  of  a  harmonic  sequence  may  le  denoted  ly 


where  II  is  a  parabolic  projectivity*    The  period,  p,  of  any  parabolic 
projectimty  is  a  prime  number. 
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With  reference  to  a  scale  in  which  NQ  =  0,  II  (J2"0)  =  1,  and  the  limit 
point  of  the  harmonic  sequence  is  co?  II  has  the  equation 


Hence  the  coordinates  of  the  points  in  the  harmonic  sequence  are 

0,  1,  2,  •.-,  i>-l, 

respectively,  where  2  represents  1  +  1,3  represents  2  +  1,  etc.  Since 
IP  =  13  we  must  have  that  p  =  0,  p  +  1  =  1,  np  +  &  =  k,  etc.  In  other 
words,  the  coordinates  of  the  points  in  a  harmonic  sequence  are  ele- 
ments of  the  field  obtained  by  reducing  the  integers  modulo  p3  as 
explained  in  §  72,  Yol.  I. 

By  Theorem  14,  Chap.  "VI,  Vol.  I,  the  net  of  rationality  determined 
by  the  points  whose  coordinates  are  0,  1,  oo  consists  of  the  point  oo 
and  all  points  whose  coordinates  are  obtainable  from  0  and  1  by 
the  operations  of  addition,  subtraction,  multiplication,  and  division 
(except  division  by  zero).  Since  all  numbers  of  this  sort  are  con- 

tained in  the  set 

0,  1,  ••-,  .p-1, 
we  have 

THEOREM  22.  The  number  of  points  in  a  net  of  rationality  in  a 
modular  space  is  p  +  1,  p  being  a  prime  number  constant  for  the 
space  in  question. 

Obviously,  if  Assumption  Q  (§10)  be  added  to  the  set  A,  E,  H, 
the  number  of  points  on  any  line  must  be  £»  +  !,  p  being  prime. 
A  space  satisfying  A,  E,  H  shall  be  called  a  rational  modular  space. 
The  problem  of  finding  the  double  points  of  a  projectivity  in  a  rational 
modular  space  of  one  or  more  dimensions  leads  to  the  consideration 
of  modular  spaces  bearing  a  relation  to  the  rational  ones  analogous 
to  the  relation  which  the  complex  geometry  bears  to  the  real  geometry. 
The  existence  of  such  spaces  follows  from  the  considerations  in  Chap. 
IX,  Vol.  I  (Propositions  K2  and  Kn).  The  geometric  number  systems 
for  such  spaces  may  be  finite*  (Galois  fields)  or  infinite,  t 

*E.  H.  Moore,  The  Subgroups  of  the  Generalized  Finite  Modular  Group, 
Decennial  publications  of  The  University  of  Chicago,  VoL  IX  (1903),  pp.  141-190  ; 
L.  E.  Dickson,  Linear  Groups,  Chap.  I. 

t  L.  E.  Dickson,  Transactions  of  the  American  Mathematical  Society,  Vol.  VIII 
(1907),  p.  389.  See  also  the  article  by  E.  Steinitz  referred  to  in  §  92,  Vol.  J 
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17*  Recapitulation.  The  various  groupings  of  assumptions  which 
we  have  considered  thus  far  may  be  resumed  as  follows :  A  space 
satisfying  Assumptions 

A,  E  is  a  general  projective  space ; 

A,  E,  P  is  a  proper  projective  space ; 

A,  E,  H  is  a  noninodular  projective  space ; 

A,  E,  H  is  a  modular  projective  space  ; 

A,  E,  S  is  an  ordered  projective  space ; 

A,  E,  H,  Q  is  a  rational  modular  projective  space ; 

A,  E,  H,  Q  is  a  rational  nonmodular  projective  space ; 

'    *     '    '    *"  [      is  a  real  projective  space ; 

A,  E,  H,  0, 1,  I\  .  ,  .    . . 

*       T  f  is  a  complex  projective  space, 

or  A,  E,  J  J 

The  first  six  sets  of  assumptions  are  not,  and  the  remaining  ones 
are,  categorical  The  set  of  theorems  deducible  from  any  one  of  these 
sets  of  assumptions  is  called  a  projective  geometry,  and  the  various 
geometries  may  be  distinguished  by  the  adjectives  applied  above  to 
the  corresponding  spaces. 


CHAPTER  II 

ELEMENTARY  THEOREMS  ON  ORDER 

18.  Direct  and  opposite  projectivities  on  a  lime.  In  §  9  a  point  A 
was  said  to  precede  a  point  B  relative  to  a  scale  JjJ,  JJ,  J£  if  the  coordi- 
nate of  A  in  this  scale  was  less  than  the  coordinate  of  B.  Supposing 
the  coordinate  of  A  to  be  a  and  that  of  B  to  be  b,  the  projectivity 
changing  PQ  to  A  and  JJ  to  B  and  leaving  J^  fixed  has  the  equation 

(1)  x{  =  (b  —  a)x  +  a. 

In  this  transformation  the  coefficient  of  x  is  positive  if  and  only  if 
A  precedes  B.  But  the  transformations  of  the  form 

(2)  a/=ax  +  j3, 

where  a  is  positive,  evidently  form  a  group.  This  group  is  a  subgroup 
of  the  group  of  all  projectivities  leaving  J^  invariant,  for  the  latter 
group  contains  all  transformations  (2)  for  which  a  ¥=  0. 

The  group  of  transformations  (2)  for  which  a  is  positive  is,  by  what 
we  have  just  seen,  such  that  whenever  a  pair  of  points  A  and  B  are 
transformed  to  A!  and  B*  respectively,  A  precedes  B  if  and  only  if  A1 
precedes  Bf.  The  discussion  of  order  relative  to  a  scale  could  therefore 
be  based  on  the  theory  of  this  group. 

The  order  relations  defined  by  means  of  this  group  have  all,  how- 
ever, a  special  relation  to  the  point  J£,  and  they  can  all  be  derived  by 
specialization  from  a  more  general  relation  defined  by  means  of  a  more 
extensive  group.  We  shall  therefore  enter  first  into  the  discussion  of 
this  larger  group,  and  afterwards  (§23)  show  how  to  derive  the  rela- 
tions of  "precede"  and  "follow"  from  the  general  notion  of  "sense." 
The  definitions  for  the  general  case,  like  those  for  the  special  one,  will 
be  seen  to  depend  simply  on  the  distinction  between  positive  and 
negative  numbers. 

A  projective  transformation  of  a  line  may  be  written  in  the  form 


where  the  a^s  are  numbers  of  the  geometric  number  system,, 
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Under  Assumptions  A,  E,  H,  C,  E  (or  A,  E,  K)  the  a#'s  are  real 
If  attention  be  restricted  to  a  single  net  of  rationality  satisfying  As- 
sumption H,  the  a</s  may  be  taken  (Theorem  6,  Cor.  2,  Chap.  I)  as 
integers.  The  discussion  which  follows  is  valid  on  either  hypothesis.* 

DEFINITION.  The  projectivities  of  the  form  (3)  for  which  A  >  0 
are  called  direct,  and  those  for  which  A  <  0  are  called  opposite. 

Since  the  determinant  of  the  product  of  two  transformations  (3) 
is  the  product  of  the  determinants,  the  direct  projectivities  form  a 
subgroup  of  the  projective  group.  The  same  transformation  (3)  cannot 
be  both  direct  and  opposite,  for  two  transformations  (3)  are  identical 
only  if  the  coefficients  of  one  are  obtainable  from  those  of  the  other 
by  multiplying  them  all  by  the  same  constant  p ;  but  this  merely 
changes  A  into  p2A. 

In  form,  the  definition  is  dependent  on  the  choice  of  the  coordinate 
system  which  is  used  in  equations  (3).  Actually,  however,  the  defi- 
nition is  independent  of  the  coordinate  system,  for  if  a  given  projec- 
tivity has  a  positive  A  with  respect  to  one  scale,  it  has  a  positive  A 
with  respect  to  every  scale.  This  may  be  proved  as  follows : 

Let  the  fundamental  points  of  the  scale  to  which  the  coordinates 
in  (3)  refer  be  J?J,  JJ,  J^,  and  let  QQ,  Qlf  QM  be  the  fundamental  points  of 
any  other  scale.  By  §  56,  Vol.  I,  the  coordinates  y0,  yl  of  any  point  It 
with  respect  to  any  scale  QQ,  Q#  Qm  are  such  that  yJyQ  =  R  (QXQ^  QJ&). 
Suppose  that,  relative  to  the  scale  JJ>  J^y  R,  the  projectivity  which 
transforms  Q^  $ ,  Q^  to  JjJ,  J?,  H  respectively  has  the  equations 


(4) 


oo 


0. 


Thus  any  point  H  whose  coordinates  relative  to  the  scale  JJ,  JJ,  J2 
are  (#0,  ^)  is  transformed  by  this  projectivity  to  a  point  Rr  whose 
coordinates  relative  to  the  scale  PQ,  P^  J&  are  (y0,  yj. 

Since  cross  ratios  are  unaltered  by  projective  transformations, 


&Q 

Hence  it  follows  that  if  %Q  and  xl  are  the  coordinates  of  any  point  R 
relative  to  the  scale  J*9  Ply  jg,  the  corresponding  values  of  y^  and  y^gvoen 

*It  is,  in  fact,  valid  in  any  space  satisfying  Assumptions  A,  E,  S,  P.  The  purely 
ordinal  theorems  are  indeed  valid  in  any  ordered  projective  space  (§  15),  but  those 
regarding  involutions,  conic  sections,  etc.  necessarily  involve  Assumption  P  also. 
Cf  .  the  fine  print  at  the  end  of  §  19. 
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by  (4)  are  the  coordinates  of  It  relative  to  the  scale  QQ,  Q  9  Q^.    Let  us 
Indicate  (4)  by  (y0,  yj  =  T(zQ,  x^9  and  (3)  by  «  of)  =  S(a?0,  ^). 

Now  a  direct  transformation  (3)  carries  a  point  whose  coordinates 
relative  to  the  scale  JjJ,  P^  J2  are  (XQ,  x^  into  one  whose  coordinates  rela- 
tive to  the  same  scale  are  (x'Q}  x(),  where  (#£,  x()  =  S(xQ,  x^.  The  coordi- 
nates of  these  two  points  relative  to  the  scale  QQ9  Q13  Qx  are  (y  ,  y  )  = 
jP(#0,  ojj)  and  (yj,  y{)  =  T(x'Q,  x[)  respectively.  Hence,  by  substitution, 

(yj,  y[]  =  T(S(xQ,  xj)  = 
or  M,yb 


where  T~l  indicates,  as  usual,  the  inverse  of  T.   The  determinant  of 
the  transformation  TST~l  is 


where  K  is  real  (or  rational),  and  A'  therefore  has  the  same  sign  as  A. 
Thus  the  definition  of  a  direct  projectivity  is  independent  of  the 
choice  of  the  coordinate  system. 

This  result  can  be  put  in  another  form  which  is  important  in 
the  sequel: 

DEFINITION.  Two  figures  are  said  to  be  conjugate  under  or  equiva- 
lent with  respect  to  a  group  of  transformations  if  and  only  if  there 
exists  a  transformation  of  the  group  carrying  one  of  the  figures  into 
the  other. 

THEOREM  1.  If  two  sets  of  points  are  conjugate  under  the  group  of 
direct  projectimties  on  a  line,  so  are  also  the  two  sets  of  points  into 
which  they  are  transformed  "by  any  projectivity  of  the  line. 

Proof.  Let  3  be  a  direct  projectivity  changing  a  set  of  points  [A] 
into  a  set  of  points  \B]9  and  let  T  be  any  other  projectivity  on  the 
line,  and  let  T(A)  =  A1  and  T(S)  =  B!.  Since  T~l  (Af)  =  A,  S(A)=B, 
and  T(B)=Bf,  it  follows  that  TST"1(Af)  =Bf.  But  the  discussion 
above  shows  that  TST~l  is  a  direct  projectivity.  Hence  [A!]  and 
[Br]  are  conjugate  under  the  group  of  direct  projectivities,  as  was 
to  be  proved. 

According  to  the  definition  in  §  75,  Vol.  I  (see  also  §  39,  below),  the  group 
of  direct  projectivities  is  a  self-conjugate  subgroup  of  the  group  of  all  projec- 
tivities on  a  line.  Since  this  is  the  only  relation  between  the  two  groups 
which  we  have  employed  in  the  proof  of  the  theorem  above,  this  theorem 
can  be  generalized  to  any  case  in  which  we  have  one  group  of  transformations 
appearing  as  a  self-conjugate  subgroup  of  another, 
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EXERCISES 

1.  Within  the  field  of  all  real  numbers  the  positive  numbers  may  be  defined 
as  those  numbers  different  from  zero  which  possess  square  roots.    Generalize 
this  definition  to  other  fields,  and  thus  generalize  the  definitions  of  direct 
projectivities.    In  each  case  determine  how  far  the  theorems  on  sense  and 
order  in  the  following  sections  can  be  generalized  (cf.  §  72,  Vol.  I). 

2.  The  group  of  projectivities  which  transform  a  net  of  rationality  into 
itself  has  a  self-conjugate  subgroup  consisting  of  those  transformations  which 
are  products  of  pairs  of  involutions  having  their  double  points  in  the  net  of 
rationality.   This  group  contains  all  projectivities  for  which  the  determinant 
is  the  square  of  a  rational  number. 

*3.  Work  out  a  definition  and  theory  of  the  group  of  direct  projectivities 
independent  of  the  use  of  coSrdinates.  This  may  be  done  by  the  aid  of 
theorems  in  Chap.  VIII,  Vol  I  (cf.  §§  69  and  70,  below). 

19.  Tke  two  sense-classes  on  a  line.  DEFINITION.  Let  AQ,  BQ,  C0  be 
any  three  distinct  points  of  a  line.  The  class  of  all  ordered  *  triads 
of  points  ABC  on  the  line,  such  that  the  projectivities 


are  direct,  is  called  a  sense-class  and  is  denoted  by  S(AQBQ0Q).  Two 
ordered  triads  in  the  same  sense-class  are  said  to  have  the  same  sense 
or  to  le  in  the  same  sense.  Two  collinear  ordered  triads  not  in  the  same 
sense-class  are  said  to  have  opposite  senses  or  to  be  in  opposite  senses. 

(  >ne  sense-class  chosen  arbitrarily  may  be  referred  to  by  a  particular  name, 
as  right-handed,  clockwise,  positive,  etc.f 

The  term  "  sense/'  standing  by  itself,  might  have  been  denned  as  follows  : 
••  The  senses  are  any  set  of  objects  in  one-to-one  and  reciprocal  correspondence 
with  the  sense  classes."  This  is  analogous  to  the  definition  of  a  vector  given 
in  §  42.  When  there  is  question  only  of  one  line,  any  two  objects  whatever 
may  serve  as  the  two  senses  —  for  example,  the  signs  +  and  —  •  .  This  agrees 
with  the  definition  of  sense  as  "the  sign  of  a  certain  determinant."  When 
dealing  with  more  than  one  line,  it  is  no  longer  correct  to  say  that  there  arb 
two  senses  ;  there  are,  in  fact,  two  senses  for  each  line, 

*  "  Order,"  here,  is  a  logical  rather  than  a  geometrical  term,  just  as  in  the  defi- 
nition of  "  throw"  (§  23,  Vol.  I).  It  is  a  device  for  distinguishing  the  elements  of 
a  set.  For  example,  when  we  say  that  ABC  cannot  be  transformed  into  ACB  by 
any  transformation  of  a  given  group,  it  is  a  way  of  saying  that  the  group  contains 
no  transformation  changing  A  into  A,  B  into  C,  and  0  into  B. 

t  A  partial  list  of  references  on  the  notion  of  sense  in  one  and  more  dimensions 
would  include  :  MSbius,  Baryeentrische  Calcul,  note  in  §  140  ;  Gauss,  Werke,  Vol. 
VIII,  p.  248  ;  von  Staudt,  Beitrage  zur  Geometrie  der  Lage,  §§  3,  14  ;  Study,  Archiv 
der  Mathernatik  und  Physik,  Vol.  XXI  (1913),  p.  193  ;  Encyclop&die  der  Math. 
Wiss.  Ill  AB  7,  p.  618. 
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When  one  adopts,  as  we  do,  the  symbol  S(ABC)  to  stand  for  a  sense-class, 
there  is  no  occasion  for  attaching  a  separate  meaning  to  the  word  "  sense."  It 

may  be  regarded  as  an  incomplete  symbol,*  like  the  —  in  the  —  of  the  calculus. 

dx  dx 

THEOHEM  2.  If  the  ordered  triad  ABC  is  in  the  sense-class  8(AGBQCQ), 
then  S(ABt')=X(A^CQ).    If  S(ABC)=S(A'B'Cr)  and  S(ArBrff) 
!!C11),  then  S(ABC)  =S(A"B"C"). 


A1      Bf 


Proof.  Both  statements  are  consequences  of  the  fact  that  the  direct 
projeetivities  form  a  group. 

THEOREM  3.  If  S(ABC)  =£  S(A!BJC!}  and  S(AfBfCf)  ^  S(AnBnC"), 
then  S(ABC)  =  S(A"B" C"). 

C"          C1     Br  ABC  A"      B°         Af 

FIG.  7 

Proof.  If  S(ABC]^S(A!B'CJ)}  the  projectivity  ABCj-A'B!C!  is 
opposite.  Hence  the  theorem  follows  from  the  fact  that  the  product 
of  two  opposite  projeetivities  is  direct. 

COROLLARY.  TJiere  are  two  and  only  two  sense-classes  on  a  line. 

THEOREM  4  If  A,  By  C  are  distinct  collinear  points,  S(ABC) 
=  S(BCA)  and  8 (ABC)  ¥=  8(ACB).'\ 

Proof.  Let  A,  B,  C  be  taken  as  (1,  1),  (1,  0),  (0,  1)  respectively. 
Then  ,  __  M 


is  an  opposite  projectivity  interchanging  B  and  C  and  leaving  A 
invariant.  Hence  fi(ABC)  =£  S(ACB).  In  like  manner,  we  can  prove 
that  S(ACB)^K(BCA).  It  follows,  by  Theorem  3,  that  S(ABC} 
=  S(BCA). 

*  The  term  -'  incomplete  symbol "  appears  in  Whitehead  and  Russell's  Principia 
Mathematica,  Vol.  I,  Chap.  Ill,  of  the  Introduction,  together  with  a  discussion  of 
its  logical  significance. 

t  This  may  be  expressed  by  the  phrase  "Sense  is  preserved  by  even  and  altered 
by  odd  permutations.71  A  transposition  is  a  permutation  in  which  two  and  only  two 
elements  are  interchanged,  and  an  even  (odd)  permutation  is  the  resultant  of  an 
even  (odd)  number  of  transpositions.  Of.  Burnside,  Theory  of  Groups  of  Finite 
Order,  Chap.  I. 
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THEOEEM  5.  If  S(ABD)^S(BCD),  then 

Proof.  Choose  the  coordinates  so  that  D  =  (0,  1),  A  =  (1,  0), 
g-  (1,  1).  The  transformation  of  ABD  to  BCD  may  be  written  in 
the  form 


#:  =  #A 


B  0 

FIG.  8 


D 


because  (0,  1)  is  invariant  and  (1,  0)  goes  to  (1,  1).  This  transforma- 
tion will  be  direct  if  and  only  if  a  >  0.  The  point  C>  being  the  trans- 
form of  (1,  1),  is  (1,  1  +  a).  The  transformation  carrying  ABD  to 


which  is  direct  because  (1  +  a)  >  0. 

As  an  immediate  consequence  of  Theorem  1  we  have 

THEOEEM  a  IfS(ABC)=^(AlBlOl)  andABCAiBlCl7;Af$fCfAflBr1Cf1, 

then 


FIG.  9 

Theorems  2-6  contain  the  propositions  given  in  §  15,  Chap.  T,  as  Assump- 
tions S.  Theorem.  6  is  slightly  more  general  than  S  7  but  is  directly  deducible 
from  it.  The  developments  of  the  following  sections  will  be  based  entirely  on 
these  propositions,  and  hence  belong  to  the  theory  of  any  ordered  projective 
space,  except  where  reference  is  made  to  figures  whose  existence  depends 
on  Assumption  P  Theorems  of  the  latter  sort  hold  in  any  space  satisfying 
A,  E,  P,  S. 

These  propositions  have  the  advantage,  as  assumptions,  of  corresponding  to 
some  of  our  simplest  intuitions  with  regard  to  the  linear  order  relations.  The 
reader  may  verify  this  by  constructing  the  figures  to  which  they  correspond 
(cf.  figs.  6-9).  Each  proposition  will  be  found  to  correspond  to  a  number  of 
visually  distinct  figures. 
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20.  Sense  in  any  one-dimensional  form.   DEFINITION.  If  1,  25  3, 
I1,  y,  3f  are  elements  of  the  same  one-dimensional  form,  and  A,  B>  C, 

A*}  B1,  C!  are  collinear  points  such  that 


then  the  ordered  triad  123  is  said  to  have  the  same  sense  as  1f2f3f  if 
and  only  if  S(ABC)  =  S(Ar2i'Cf).  The  set  of  all  ordered  triads  having 
the  same  sense  as  123  is  called  a  sense-class  and  denoted  by  $(123). 

In  view  of  Theorem  6  this  definition  is  independent  of  the  choice 
of  the  points  A,  B,  C,  Ar,  B!,  C1.  It  is  an  immediate  corollary  of  the 
definition  that  the  plane  and  space  duals  of  Theorems  2-6  all  hold 
good  (cf.  figs.  10  and  13). 

By  the  definition  of  a  point  conic  there  is  a  one-to-one  correspond- 
ence between  the  points  [P]  of  the  conic  and  the  lines  joining  them 
to  a  fixed  point  JJ  of  the  conic.  We  now  define  any  statement  in 

Po 


terms  of  order  relations  among  the  points  of  the  conic  [P]  to  mean 
that  the  same  statement  holds  for  the  corresponding  lines  [J?P].  By 
Theorem  6,  above,  together  with  Theorem  2,  Chap.  V,  Vol.  I,  it  follows 
that  this  definition  is  independent  of  the  choice  of  the  point  JJ.  The 
definitions  of  the  order  relations  in  the  line  conic,  the  cone  of  lines, 
and  the  cone  of  planes  are  made  dually.* 

The  propositions  with  regard  to  sense  are  perhaps  even  more  evident  intu- 
itionally  when  stated  with  regard  to  a  conic  or  a  flat  pencil  than  with  regard 
to  the  points  of  a  line  (cf.  figs.  10  and  11). 

*  These  definitions  are  in  reality  special  cases  of  the  definition  given  above  for 
any  one-dimensional  form,  since  the  cones  and  conic  sections  are  one-dimensional 
forms  of  the  second  degree  (§  41,  "Vol.  I)  and  since  the  notion  of  projectivity 
between  one-dimensional  forms  of  the  first  and  second  degrees  has  been  defined 
in  §  76,  Vol.  I.  However,  at  present  we  do  not  need  to  avail  ourselves  of  the 
theorems  in  Chap.  VIII,  Vol.  I,  on  which  the  latter  definition  is  based. 
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21.  Separation  of  point  pairs.  DEFINITION.  Two  points  A  and  B  of 
a  line  are  said  to  separate  two  points  C  and  D  of  the  same  line  if  and 
only  if  S(ABC)  =£  S(ABD).  This  is  indicated  by  the  symbol  AB  II  CD. 

THEOREM  7.  (I)  The  relation  AB  II  CD  implies  the  relations  CD  \\AB 
and  ABM  DC,  and  excludes  the  relation  AC\\BD.  (2)  Given  any 
four  distinct  points  of  a  line,  we  have  either  AB  \\  CD  or  AC  II  BD 
or  ADllBC.  (3)  From  the  relations  AB\\CD  and  AD  II  BE  follows 
the  relation  AD  11  CE.  (4)  If  AB  \\  CD  and  ABCD^AfBfCfDf,  then 
A!B!  II  C'Df* 

Proof.  (1)I£AB  II  CD,  we  have 

(5)  S(ABC)  *  S(ABD}, 

which,  by  the  definition  of  separation,  implies  AB  II  DC.   By  Theorems 
2-6  we  obtain  successively,  from  (5), 


8(ACB)  =  S(DCB), 

C 


B 

S(CDA)  *  S(CDB),  FIG.  11 

the  last  of  which  implies  CD  \\AB.  The  relation  AC  11  BD  is  excluded 
because  it  means  S(ACB)  ¥=  8(ACD))  which  contradicts  the  second  of 
the  equations  above. 

(2)  By  the  corollary  of  Theorem  3  we  have  either  S(ABC)^ 
S(ABD)   (in  which  case  AB\\CD)  or  S(ABC)^=S(ABD}.    In  the 
latter  case  either  S(ABC)^  S(ADC)  or  8  (ABC)  =  S  (ADC).    The 
first  of  these  alternatives  is  equivalent  to  S(ACB)  3s  S(ACD)  and 
yields  AC\\BD\  the  second  implies  S(ADC)  =  S(ABC)~S(ABD) 
¥=  S(ADB),  and  thus  yields  AD\\BC. 

(3)  The  hypotheses  give  S(ABC)  *  S(ABD)  and  3(ADB)  ¥=  S(ADJEJ). 
The  first  of  these  gives  S(BCA)  =  S(DBA),  which,  by  Theorem  5, 
implies  S(DBA)  =  S(DCA),  and  thus  S(ADB)  =  S(ADC).   Hence,  by 
the  second  hypothesis,  S(ADC)  ¥=  S(ADE),  and  therefore  ^tD  II  CK 

(4)  This  is  a  direct  consequence  of  Theorem  6. 

*  The  properties  expressed  in  this  theorem  are  sufficient  to  define  abstractly  the 
relation  of  separation.  Cf .  Vailati,  Bevue  de  Mathe'matiques,  Vol.  Vr  pp.  76,  183 ; 
also  Padoa,  Revue  de  Mathe'matiques,  Vol.  VI,  p.  36. 
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THEOREM  8.  If  A  and  B  are  harmonically  conjugate  with  regard 
to  C  and  D>  they  separate  €  and  D. 

Proof.  By  Theorem  7  (2)  we  have  either  AB  \\  CD  or  AC  \\BD  or 
AD'.BC.  We  also  have  ABCD-^BACD.  Hence  ACIBD  would 
imply  BC  \\  AD,  contrary  to  Theorem  7  (1)  ;  and  AD  11  BC  would  imply 
BD  I!  A  C,  contrary  to  Theorem  7  (1).  Hence  we  must  have  AB  \\  CD. 

THEOEEM  9.  An  involution  in  which  two  pairs  separate  one  another 
has  no  double  points. 

Proof.  Suppose  that  the  given  involution  had  the  double  points 
M3  .A"  and  that  the  two  pairs  which  separate  one  another  are  A,  A! 
and  B,  B!  respectively.  Since  the  involution  would  be  determined 
by  the  projectivity  MNA 

in  which,  by  Theorem  8, 

S(MNA)  =£ 

it  would  follow,  by  Theorem  6,  that  every  ordered  triad  was  carried 
into  an  ordered  triad  in  the  opposite  sense.  Since  the  involution 
carries  AArB  to  AfABf,  we  should  have 


and  hence  S(AAIB)  =  S(AA'B')9 

contrary  to  hypothesis. 

This  theorem  can  also  be  stated  in  the  following  form  : 

COROLLARY  1.  An  involution  with  double  points  is  such  that  no  two 
pairs  separate  one  another. 

COROLLARY  2.  If  an  involution  is  direct  t  each  pair  separates  every 
other  pair.  If  an  involution  is  opposite,  no  pair  separates  any  other 
pair. 

22.  Segments  and  intervals.  DEFINITION.  Let  -4,  B,  (7  be  any  three 
distinct  points  of  a  line.  The  set  of  all  points  X  such  that 


is  called  a  segment  and  is  denoted  by  ABC.  The  points  A  and  C  are 
called  the  ends  of  the  segment.  The  segment  ABC,  together  with  its 
ends,  is  called  the  interval  ABC.  The  points  of  ABC  are  said  to  be 
interior  to  the  interval  ABC,  and  A  and  C  are  called  its  ends. 

COROLLARY  1.  A  segment  does  not  contain  its  ends. 

COROLLARY  2.  If  D  is  in  ABC,  then 


ABC '  =  ADC. 
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COROLLARY  3.  If  D  is  in  ABC,  then  B  and  D  are  not  separated  ly 
A  and  C. 

THEOREM  10.  If  A  and  B  are  any  two  distinct  points  of  a  line,  there 
are  two  and  only  two  segments,  and  also  two  and  only  two  intervals, 
of  which  A  and  B  are  ends. 

Proof.  Let  C  and  D  be  two  points  which  separate  A  and  B  har- 
monically. If  X  is  any  point  of  the  line  distinct  from  A  and  B,  either 


or  S(AZB)  =  S(ADB). 

In  one  case  X  is  in  A  CB,  and  in  the  other  case  in  ADB. 

DEFINITION.  Either  of  the  two  segments  (or  of  the  two  intervals) 
whose  ends  are  two  points  A,  B  may  be  referred  to  as  a  segment  AB 
(or  an  interval  AB}.  The  two  segments  or  intervals  AB  are  said  to 
be  complementary  to  one  another. 

COROLLARY.  If  A,  B,  C  are  any  three  distinct  points  of  a  line,  the 
line  consists  of  the  three  segments  complementary  to  ABC,  BCA3  CAB, 
together  with  the  points  A,  B,  and  C. 

Proof.  Any  point  X  distinct  from  A,  B,  C  satisfies  one  of  the  rela- 
tions AC  \\ BX  or  AB  \\  CX  or  AX\\BC. 

THEOREM  11.  If  A^  A2,  •  •  •,  An  is  any  set  ofn(n>  1)  distinct  points 
of  a  line,  the  remaining  points  of  the  line  constitute  %  segments,  each 
of  which  has  two  of  the  points  A^  A^  •  —,  An  as  end  points  and  no 
two  of  which  have  a  point  in  common.  An 

Proof.  The  theorem  is  true  for  n  =  2, 
by  Theorem  10.  Suppose  it  true  for  n~k. 
If  k  4- 1  points  are  given,  the  point  Ak  +  1 
is,  by  the  theorem  for  the  case  n  —  k,  on 
one  of  the  Jc  segments  determined  by  the 
other  k  points,  say  on  the  segment  whose 
ends  are  Ai  and  Ar  By  the  corollary  to 
Theorem  10,  this  segment  consists  of  Ak+v 
together  with  two  segments  whose  ends  IG" 

are  respectively  -4i+1,  Ai  and  Ak+l,  Ar  Hence  the  theorem  is  valid 
for  n  =  Jr,  +  l  if  valid  for  n~Jc.  Hence  the  theorem  is  established  by 
mathematical  induction. 

DEFINITION.   A  finite  set  of  collinear  points,  ^(^  =  1,  •  •  •,  n),  is  in 
the  geometrical  order  {A^^A^A^  -  •  •  An}  if  no  two  of  its  points  are 
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separated  by  any  of  the  pairs  A^9  A^A^  •  •  •,  A^A^    As  an  obvions 

consequence  of  Tlieorem  11  we  now  have 

THEOREM  12.  To  any  set  [A]  of  n  points  of  a  line  the  notation  A, 

J2,  —  -9  An  ruay  le  assigned  so  that  they  are  in  the  order  {A^  •  •  •  J[J. 

A  set  of  points  in  the  order  {A^  -  -  •  A£  is  also  in   the  orders 

At   •  •  •  AA     and    AA       -  - 


EXERCISES 

1.  If  AB  \\  CD  and  A  C\\ BE,  then  CD  \\BE. 

2.  The  relations  AB  \\  CD,  AB\\  CE,  AB  \\DE  are  not  possible  simultaneously. 

3.  Any  two  points  A,  B  are  in  the  orders  {AB}  and  {BA}.   Any  three 
collinear  points  are  in  the  orders  {ABC},  {ACB},  {CAB}. 

23.  Linear  regions.  The  set  of  all  points  on  a  line,  the  set  of  all 
points  on  a  line  with  the  exception  of  a  single  one,  and  the  segment 
are  examples  (cf.  Ex.  1  below)  of  what  we  shall  define  as  linear  regions 
on  account  of  their  analogy  with  the  planar  and  spatial  regions  con- 
sidered later. 

DEFINITION.  A  region  on  a  line  is  a  set  of  collinear  points  such 
that  (1)  any  two  points  of  the  set  are  joined  by  an  interval  consisting 
entirely  of  points  of  the  set  and  (2)  every  point  is  interior  to  at  least 
one  segment  consisting  entirely  of  points  of  the  set.  A  region  is  said 
to  be  convex  if  it  satisfies  also  the  condition  that  (3)  there  is  at  least 
one  point  of  the  line  which  is  not  in  the  set. 

DEFINITION.  An  ordered  pair  of  distinct  points  AB  of  a  convex 
region  R  is  said  to  le  in  the  same  sense  as  an  ordered  pair  A'ff  of  R 
if  and  only  if  S(ABA^)  =  S(A'BrAtX)),  where  A*  is  a  point  of  the  line 
not  in  R.  The  set  of  all  ordered  pairs  of  R  in  the  same  sense  as  AB 
is  denoted  by  $(AI>)  and  is  called  a  sense-class.  The  segment  comple- 
mentary to  AA*B  is  called  the  segment  AB.  The  corresponding  inter- 
val is  called  the  interval  AB.  A  set  of  points  of  R  is  said  to  be  in 
the  order  {A^  •  •  -  AJ-  if  they  are  in  the  order  {A^2  -  •  •  AnA*}.  If  C 
is  separated  from  AM  by  A  and  B,  C  is  "between  A  and  B  with  respect 
to  R.  If  8(AB)  =  S(CD),  then  C  is  said  to  precede  D,  and  D  to  follow 
C,  in  the  sense  AB. 

If  there  is  a  point  .#«»  other  than  A*,  which  is  not  in  the  convex 
region  R,  the  sense  S(ABAM)  is  the  same  as  the  sense  S(ABB^\  and 
the  segment  AA*B  is  the  same  as  the  segment  AB^B.  Hence 
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THEOREM  13.  For  a  given  convex  region  R  the  above  definition  has 
file  same  meaning  if  any  other  point  collinear  with  R  but  not  in  R  be 
substituted  for  Av. 

COEOLLABY  1.  If  S(AB)=S(A'ff)  and  S(A!B!)^  S(A"Bn},  then 


COROLLARY  2.  If  8  (AS)  *  S(A!Bf)  and  8(A!B})  ¥=  S(AffBn),  then 


COEOLLAKY  3.    S(AB)  1*  S(BA). 

COROLLARY  4.  If  3  (AS)  =  S(BC),  then  S(AB)  =  S(AC). 

These  corollaries  are  direct  translations  of  Theorems  2-5  into  our 
present  terminology.  Theorem  7  translates  into  the  foRowing  state- 
ments in  terms  of  betweenness  ; 

THEOREM  14.  (1)  If  C  is  between  A  and  B,  then  B  is  not  between  A 
and  C.  (2)  If  three  points  A,  B,  C  are  distinct,  0  is  between  A  and  B 
or  B  is  between  A  and  C  or  A  is  between  0  and  B.  (3)  If  C  is  between 
A  and  B  and  A  is  between  B  and  E9  then  C  is  between  B  and  K 

Theorem  7  translates  into  the  following  statements  in  terms  of 
"  precede  "  and  "  follows." 

THEOREM  15.  (1)  If  C  precedes  B  in  the  sense  AC,  then  B  does  not 
precede  C  in  this  sense.  (2)  In  the  sense  AC,  either  B  precedes  C  or  C 
precedes  B.  (3)  If,  in  the  sense  AB,  A  precedes  C  and  JS  precedes  A9 
then  E  precedes  C. 

DEFINITION.  If  A  and  B  are  any  two  points  of  a  convex  region  R, 
the  set  consisting  of  all  points  which  follow  A  in  the  sense  AB  is 
called  the  ray  AB.  The  point  A  is  called  the  origin  of  the  ray.  The 
ray  consisting  of  all  points  which  precede  A  in  the  sense  AB  is 
said  to  be  opposite  to  the  ray  AS.  The  set  of  all  points  which 
precede  A  in  the  sense  AB  is  sometimes  called  the  prolongation  of 
the  segment  AB  beyond  A. 

EXERCISES 

1.  A  convex  region  on  a  line  Is  either  a  segment  or  the  set  of  all  points  on 
the  line  with  the  exception  of  one  point.* 

2.  If  three  points  of  a  convex  region  are  in  the  order  {ABC}f  they  are  in 
the  order  {CBA}  but  not  in  the  order  {ACB}  or  {CAB}. 

3.  Tn  a  convex  region,  if  A  is  between  B  and  C,  it  is  between  C  and  B. 

4.  Between  any  two  points  there  is  an  infinity  of  points. 

*  This  exercise  requires  the  use  of  an  assumption  of  continuity  (C  and  J£,  or  JEt). 
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5.  If  B  is  on  A  C  and  C  is  on  BD,  then  C  is  on  AD  and  B  is  on  AD. 

6.  The  relations  £  is  on  A  C,  B  is  on  A  D,  B  is  on  CD  are  not  possible 
simultaneously. 

7.  If  5  and  C  are  on  ^4D5  then  B  is  on  Z~C  or  on  55. 

8.  Choosing  a  system  of  nonhomogeneous  coordinates  in  which  A*  is  oo, 
show  that  the  sense  AB  is  the  same  as  the  sense  A'B'  if  and  only  if  B  —  A 
is  of  the  same  sign  as  Bf  —  A.'\  also  that  two  point  pairs  have  the  same  sense 
if  and  only  if  they  are  conjugate  under  the  group 

yf  =  ax  +  5, 
where  a  >  0. 

24.  Algebraic  criteria  of  sense.  If  A  =  (aQ,  a^y  J?=(60,  6t),  and 
(7=  (eQj  c1)  are  any  three  distinct  points  of  the  line,  the  transformation 


jn\  0  *     0       0 

(6)  ^  = 

changes  (1,  0),  (0,  1),  and  (1,  1)  into  . 
only  if  pQ  and  pl  satisfy  the  equations 


5,  and  C  respectively  if  and 


that  is,  if 


£o  = 


ao«o 


With  this  choice  of  pQ/pl  the  determinant  of  the  transformation  (6) 
is  of  the  same  sign  as 


By  definition  the  projectivity  is  direct  if  and  only  if  S  is  positive. 
Now  if  Ar  =  (#o,  a[)}  Bf  =  (Z»Q,  &i),  CJ  =  (CQ,  c[)  are  any  three  points  of 
the  line,  and 


a'  V, 


j  »t 


*l  < 

c[  a[ 


two  cases  are  possible.   If  Sf  is  of  the  same  sign  as  /$>  the  projectivities 
in  which 

(7)  (1,0)(0,1)(1,1)^J5C, 

are  both  direct  or  both  opposite,  and  hence  the  projectivity  in  which 
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is  direct.   If  Sf  is  opposite  in  sign  to  S,  one  of  the  projectivities  (7)  and 

(8)  is  direct  and  the  other  opposites  and  lience  (9)  is  opposite.    Hence 

THEOEEM  16.  Let  A  =  (aQ,  aj,  £  =  (bQ,  IJ,  O=^(cQt  cj,  Af  =  (af0,  a()9 

Bf=  (6J,  &{)>  C>  =  (c'0,  c[)  be  collinear  points.  Then  S(ABC)  =  S(Af£fCl) 

if  and  only  if  the  expressions 


!6o  c, 


and 


have  the  same  sign. 

COROLLARY  1.  Three  points  given  by  the  finite  nonhomogeneous  coor- 
dinates a,  b,  c  are  conjugate  under  the  group  of  all  direct  projectivities 
to  th  ree  points  given  by  the  finite  nonhomogeneous  coordinates  a'  ,  V9  c1, 
respectively,  if  and  only  if  (a  —  V)  (b  —  c)  (c—a)  and  (a!  —  bf)  (bf  —  cr) 
(cr  _.  a1)  have  the  same  sign. 

Proof.    Set  a  =  aja^  b  =  \/b^  c  =  c^/c^  and  apply  the  theorem. 

COROLLARY  2.  Two  points  given  by  the  finite  nonhomogeneous  coor- 
dinates a  and  b  are  conjugate  under  the  group  of  all  direct  projectivities 
leaving  the  point  oo  of  the  nonhomogeneous  coordinate  system  invariant 
to  the  two  points  given  "by  the  finite  nonhomogeneous  coordinates  a/  and  b! 
respectively  if  and  only  if  a  —  b  and  a1  —  bj  have  the  same  sign. 

Proof.  Set  a  =  al  /a0>  b  =  \  /50,  CQ  =  0,  ^  =  1,  and  apply  the  theorem. 

THEOREM  17.  A,  J3  separate  Ct  D  if  and  only  if  the  cross  ratio 
B?  (AB9  CD)  is  negative. 

Proof.   By  the  last  theorem,  A,  B  separate  C9  D  if  and  only  if 


I'l- 

°\  cl 


and 


d  a 


are  opposite  in  sign.    But  the  quotient  of  these  two  expressions  has 
the  same  sign  as  B  (AB,  CD)  (cf.  p.  165,  Chap.  VI,  Vol.  I). 

With  the  aid  of  this  theorem  the  proof  of  Theorem  7  can  be  made 
much  more  simply  than  in  §  21. 

25.  Pairs  of  lilies  and  of  planes.  THEOREM  18.  The  points  of  space 
not  on  either  of  two  planes  a,  and  ft  fall  into  two  classes  such  that  two 
points  019  02  of  the  same  class  are  not  separated  by  the  points  in  which 
the  line  0102  meets  the  planes  a,  and  /3,  while  two  points  O,  P  of  differ- 
ent classes  are  separated  by  the  points  in  which  the  line  OP  meets  a  and  ft. 

Proof.  By  the  space  dual  of  Theorem  10  the  planes  of  the  pencil 
<x8  are  separated  b/  #  and  ft  into  two  segments.  Let  [0]  be  the  set 
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of  points  on  the  planes  of  one  of  these  segments  but  not  on  the  line 
aft,  and  let  [P]  be  the  set  of  the  points  on  the  planes  of  the  other 
segment  but  not  on 
the  line  aft. 

The  two  planes  a>  i        — — J^^N.    /^^^-~--~~~-~--~*~~ — "/? ' 

and  w  of  the  pencil  aft  I     _ -"-^^T^^^.  sB 

which  are  on  any  two 
points  0  and  P  are 
separated  by  a  and  ft. 
Hence,  by  Theorem  7 
and  §  20,  the  points 
in  which  the  line  OP 
meets  a  and  ft  are 
separated  by  0  and  P. 
In  like  manner,  any 
two  points  Ol9  02  de- 
termine with  the  line  aft  a  pair  of  planes  (or  a  single  plane)  not  sepa- 
rated by  a  and  ft,  and  hence  the  line  0X00  meets  a  and  ft  in  points  (or  a 
single  point)  not  separated  by  Ol  and  O^.  By  the  same  reasoning,  any 
line  JJJJ  meets  a  and  ft  in  points  (or  a  point)  not  separated  by  J^  and  PT 

COROLLARY  1.  If  I  and  m  are  two  coplanar  lines,  the  points  of  the 
plane  which  are  not  on  I  or  m  fall  into  two  classes  such  that  two  points 
01?  02  of  the  same  class  are  not  sepa- 
rated by  the  points  in  which  the  line 
0102  meets  I  and  m,  while  two  points  0, 
P  of  different  classes  are  separated  by 
the  points  in  which  OP  meets  I  and  m. 

COROLLARY  2.  TJiere  is  only  one 
pair  of  classes  [0]  and  [P]  satisfying 
the  conditions  of  the  above  theorem 
(or  its  first  corollary)  determined  by  a  given  pair  of  planes  (or  lines). 

DEFINITION.  Two  points  in  different  classes  (according  to  Corol- 
lary 1)  relative  to  two  coplanar  lines  are  said  to  be  separated  by  the 
two  lines ;  otherwise  they  are  said  not  to  be  separated  by  the  lines. 
Two  points  in  different  classes  (according  to  Theorem  18)  relative  to 
two  planes  are  said  to  be  separated  by  the  two  planes;  otherwise 
they  are  said  not  to  be  separated  by  the  planes. 
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EXERCISES 

1.  If  lt  and  /„  are  two  coplanar  lines  and  0  any  point  of  their  common 
plane,  all  triads  of  points  in  a  fixed  sense-class  S1  on  /x  are  projected  from  0 
into  triads  in  a  fixed  sense-class  £2  on  Z2  (Theorem  6).   If  P  is  any  other  point 
of  the  plane,  it  is  separated  from  0  by  ^  and  12  if  and  only  if  triads  in  the  sense 
^  are  not  projected  from  P  into  triads  in  the  sense  £2. 

This  problem  can  be  stated  also  in  terms  of  the  sense  of  pairs  of  points  in 
the  region  obtained  on  /x  or  12  respectively  by  leaving  out  the  common  point. 
The  theorem  iii  this  form  is  generalized  in  §  30.  In  the  form  stated  in  Ex.  1 
it  has  the  following  generalization. 

2.  If  /j  and  /t)  are  two  noncoplanar  lines,  and  o  is  any  line  not  intersecting 
them,  all  triads  in  a  fixed  sense  SI  on  ^  are  axially  projected  from  o  into 
triads  in  a  fixed  sense  S2  on  lz  (Theorem  6).   The  lines  not  intersecting  ^  and 
Z2  fall  into  two  classes :  those  by  which  triads  in  the  sense  S1  are  projected  into 
triads  in  the  sense  S2,  and  those  by  which  triads  in  the  sense  >S\  are  projected 
into  triads  in  the  sense  opposite  to  Sy 

3.  Obtain  the  definition  of  separation  of  two  coplanar  lines  by  two  points 
as  the  plane  dual  of  the  definition  of  separation  of  two  points  by  two  coplanar 
lines.   Prove  that  if  two  coplanar  lines  separate  two  points,  then  the  points 
separate  the  lines.   State  and  prove  the  corresponding  result  for  pairs  of  points 
and  of  planes. 

26.  The  triangle  and  the  tetrahedron. 

THEOREM  19.  If  a  line  I  not  passing  through  any  vertex  of  a  triangle 
ABC  meets  the  sides  BC,  CA,  ABinA^B^  Cl  respectively,  then  any  other 
line  m  which  meets  the  segments  BA£>  CB~A  also  meets  the  segment  AC ^B. 

Proof.    Suppose   first    that   m  A^ 

passes  through  J^  then 


and  hence,  if  2^  and  B^  do  not 
separate  A  and  C,  Cl  and  Cz  do 
not  separate  A  and  B.  Similarly, 
the  theorem  is  true  if  m  passes 
through  B^ 

If  m  does  not  pass  through  Al  or  2^,  let  m!  be  a  line  joining  A^  to 
the  point  in  which  m  meets  CA.  By  the  argument  above  we  have 
first  that  m!  meets  all  three  segments  BA^C,  CB^A,  and  AC^B,  and 
then  that  m  meets  them. 

Let  us  denote  the  segment  AC^B  by  7,  BA^C  by  a,  and  CB^A  by  & 
and  the  segments  complementary  to  a,  0, 7  hy  a,  f},  7  respectively.  The 
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above  theorem  then  gives  the  information  that  every  line  which  meets 
two  of  the  segments  cc,  /3,  7  meets  the  third.  Any  line  which  meets  a 
and  f3  meets  7,  for,  as  it  does  not  pass  through  ~4  or  B,  It  meets  either 
7  or  7;  but  if  it  met  j,  and  by  hypothesis  meets  a,  it  would  meet  /3. 
Hence  the  theorem  gives  that  a,  ^S5  7  are  such  that  any  line  meeting 
two  of  these  segments  meets  the  third.  By  a  repetition  of  this  argu- 
ment it  follows  that  every  line  of  the  plane  which  does  not  pass 
through  a  vertex  of  the  triangle  meets  all  three  segments  of  one  of 
the  trios  a/3yy  af3%  a/3yt  a$y,  and  no  line  whatever  meets  all  three 
segments  in  any  of  the  trios  *x$j,  a/3y,  0^7,  aj3y. 

The  lines  of  the  plane,  exclusive  of  those  through  the  vertices, 
therefore  fall  into  four  classes: 

(1)  those  which  meet  a,  ft,  7, 

(2)  those  which  meet  a,  ft,  7, 

(3)  those  which  meet  a,  ft,  7, 

(4)  those  which  meet  a,  ft,  7. 

No  two  lines  llt  19  of  the  same  class  are  separated  by  any  pair  of  the 
lines  joining  the  point  l^  to  the  vertices  of  the  triangle,  while  any  two 
lines  / ,  m  of  different  classes  are  separated  by  two  of  the  lines  joining 
the  point  l^nl  to  the  vertices. 
This  result  is  perhaps  more 
intuitively  striking  when  put 
into  the  dual  form,  as  follows : 

THEOBEM20.  The  points  of 
a  plane  not  on  the  sides  of  a 
triangle  fall  into  four  classes 
such  that  no  two  points  L^  L2 
of  the  same  class  are  separated 
ty  any  pair  of  the  points  in 
which  the  line  L^LZ  meets  the 
sides  of  the  triangle,  while 
any  tiro  points  L ,  Ml  of  different  classes  are  separated  ly  two  of  the 
points  in  which  the  line  LJ&1  meets  the  sides  of  the  triangle. 

DEFINITION.  Any  one  of  the  four  classes  of  points  in  Theorem  20 
is  called  a  triangular  region.  The  vertices  of  the  triangle  are  also 
called  vertices  of  the  triangular  region. 
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The  property  of  the  triangle  stated  in  Theorem  19  can  also  serve 
as  a  basis  for  a  discussion  of  the  ordinal' theorems  on  the  tetrahedron 
and  for  those  of  the  (n  -f  l)-point  in  %-space.   Suppose  we  have  a  tetra- 
hedron whose  vertices  are  Al9  A^  A^  A^   Let  us  denote  its  faces  by  ais 
€c ,  a^  a^t  the  face  ^  being  opposite  to  the  vertex  A^  etc. ;  let  us  denote 
the  edges  by  a10,  «13,  «14,  «23,  a^9  a^9  the  edge  a^  being  the  line  AfAj. 
Each  edge  a^  is  separated  by  the  vertices  Af)  Aj  into  two  segments, 
which  we  shall  denote  by  cry.  and  cr^   Let  TT  be  a  plane  not  passing 
through  any  vertex ;  the  six  segments  which  it  meets  may  be  denoted 
by  d^  <r18,  •  •  •,  (T^,  and  the  complementary  segments  by  o1^,  ar^,  •  •  •,  5^- 
Then  as  a  corollary  of 
Theorem  19  we  have 
that  any  plane  wMch 
meets     three     nonco- 
planar  segments  of  the 
set   &  ,   <r  9  •  •  •,  *r 
meets  aU  the  rest  of 
them,  and,  moreover, 
no  plane  meets  all  the 
segments  cF^,  cF18,  •••, 
^.  If  we  observe  that 
any  plane  not  passing 
through  a  vertex  must 
meet    the    edges    a^, 
alz>  au  in  three  distinct  points,  it  becomes  clear  that  the  planes  not 
passing  through  any  vertex  fall  into  eight  classes  such  that  two  planes 
of  the  same  class  are  not  separated  by  a  pair  of  vertices,  whereas 
two  planes  of  different  classes  are  separated  by  a  pair  of  vertices. 
Under  duality  we  have 

THEOREM  21.  The  points  not  upon  the  faces  of  a  tetrahedron  fall 
into  eight  classes  such  that  two  points  of  the  same  class  are  not  sepa- 
rated ly  the  points  in  which  the  line  joining  them  meets  the  faces, 
whereas  two  points  of  different  classes  are  separated  ly  two  of  the 
points  in  which  their  line  meets  the  faces  of  the  tetrahedron. 

DEFINITION.  Any  one  of  the  eight  classes  of  points  in  Theorem  21 
is  called  a  tetrahedral  region.  The  vertices  of  the  tetrahedron  are 
also  called  vertices  of  any  one  of  the  tetrahedral  regions. 
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It  would  be  easy  to  complete  the  discussion  of  the  triangle  and  the 
tetrahedron  at  this  point  —  for  example,  to  define  the  term  "boundary" 
and  to  prove  that  the  boundary  of  any  one  of  the  classes  of  points  in 
Theorem  20  is  composed  of  A,  B,  C  and  three  segments  having  the 
property  that  no  line  meets  them  all  We  shall  defer  this  discussion, 
however,  to  a  later  chapter,  where  the  results  will  appear  as  special 
cases  of  more  general  theorems. 

27.  Algebraic  criteria  of  separation.  Cross  ratios  of  points  in  space. 
The  classes  of  points  determined  (Theorems  18-21)  by  a  pair  of  inter- 
secting lines,  a  triangle,  a  pair  of  planes  or  by  a  tetrahedron  can  be 
discussed  by  means  of  some  very  elementary  algebraic  considerations. 
As  these  are  similar  hi  the  plane  and  in  space,  let  us  carry  out  the 
work  only  for  the  three-dim  en  signal  cases. 

Suppose  that  the  homogeneous  coordinates  of  four  noncoplanar 
points  Ag  A&9  A&)  A^  are  given  by  the  columns  of  the  matrix, 


(10) 


and  let  (xQ9  xl9  %2>  a?8)  be  the  homogeneous  coordinates  of  any  other 
point  JT.  Let  us  indicate  by  \x9  «2,  #8,  aj  the  determinant  of  the 
matrix  obtained  by  substituting  xQ9  xl9  xs,  XQ  respectively  for  the  ele- 
ments of  the  first  column  in  the  matrix  above;  by  \alt  x,  a^  aj  the 
determinant  obtained  by  performing  the  same  operation  on  the  second 
column,  etc.  The  expressions  \y9  a2,  a&,  a^\  etc.  have  similar  mean- 
ings in  terms  of  the  coordinates  of  a  point  (y0,  yl9  y^  ys)=  Y.  The 
following  expressions  are  formed  analogously  to  the  cross  ratios  of 
four  points  on  a  line  (cf.  §  58,  Vol.  I): 

I      i  | 


ni\  t  - 

t  JL  4, 1  fitf.  4  —  i 

* 


Clearly  there  are  twelve  numbers  "k^  which  could  be  defined  analo- 
gously to  these ;  and  if  the  notation  A19  A#  A#  A^  Z,  Y  be  permuted 
among  the  six  points,  720  such  expressions  are  defined.  Each  number  "k^ 
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is  an  absolute  invariant  of  the  six  points,  fur  it  is  unaltered  if  the 
coordinates  of  any  point  be  multiplied  by  a  constant  or  if  all  sis  points 
be  subjected  to  the  same  linear  transformation. 

If  Y  be  not  upon  any  of  the  planes  determined  by  the  points  A^  A^ 
A#  A^  there  exists  a  projectmty  which  carries  Y  into  (1,  1, 1, 1)  and 
the  points  A#  A^  A#  A^  into  the  points  represented  by  the  columns  of 


(12) 


Let  (JT0,  JTj,  JT2,  Xg)  be  the  point  into  which  (x^  xl9  #2,  x^  is  carried 
by  this  projectivity.   By  substituting  in  (11)  we  see  that 


From  this  it  follows  that  \x,  &2,  as,  aj,  ja^  x,  aQ>  a4[,etc.  could  le 
taken  as  the  homogeneous  coordinates  with  respect  to  the  tetrahedron  of 
reference  whose  vertices  are  A^  A^  A&,  A4. 

The  line  (XQ>  2^t  JT2,  Z9)  -  X(l ,  1,  1,  1) 

meets  the  planes  determined  by  the  four  points  represented  by  (12) 
in  four  points  given  by  the  values  X  =  JT0,  X  =  J^,  X  =  JT2,  X  =  JSTg. 
The  cross  ratios  of  pairs  of  these  points  with  (X^  X^  JT2,  JT8)  and 
(1, 1, 1, 1)  are  X/XS,  ZJX^  and  XjX^  Hence  ^  S^,  ^  are  cross 
ratios  of  X  and  Y  with  pairs  of  points  in  which  the  line  joining  them 
meets  the  faces  of  the  tetrahedron  A^A^A^ 

By  Theorem  17,  the  points  X  and  Y  are  separated  by  the  planes 
A^AyA^  and  A^A^A^  if  and  only  if  &M  is  negative.  They  will  be  sepa- 
rated by  A^AyA^  and  A1AQAZ  if  and  only  if  Jc^  is  negative,  and  by 
A^A^  and  A^A^Z  if  and  only  if  k^  is  negative.  Hence,  by  Theorem  21, 
we  have 

THEOREM  22.  The  points  X  and  Y  will  "be  in  the  same  class  with 
respect  to  the  tetrahedron  A^A^  if  and  only  if  &14,  &24,  &84  are  all 
positive. 

COROLLARY.  The  eight  regions  determined  by  the  tetrahedron  A^A^A^A^ 
are  those  for  which  the  algebraic  signs  of  &14,  &24,  JcM  appear  in  the 
following  combinations :  (+,  +,  +),  (+,  +,  — ),  (+,  -,  +),  (— ,  +,  +), 
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Eecalling  that  V,  #2,  a^  #4'=  0  Is  the  equation  of  the  plane  A2ABA4 
(cf.  §  70,  Vol.  I],  we  see  that  if 

a(x)  s  afa  +  a^  +  a^  +  a^^Q 

^  =  0 


are  the  equations  of  two  planes,  the  formula  given  above  for  the  cross 
ratio  of  two  points  X  and  Y  with  the  points  of  intersection  of  the 
line  XY  with  these  planes  becomes 

a(x)  .  J3(x) 


Thus  two  points  are  in  the  same  one  of  the  two  classes  determined 
by  the  planes  a  (x)  and  /3  (x)  if  and  only  if  this  expression  is  positive. 
This  result  assumes  an  even  simpler  form  when  specialized  somewhat 
with  respect  to  a  system  of  nonhomogeneous  coordinates.  Suppose 
that  XQ  =  0  be  chosen  as  the  singular  plane  In  a  system  of  nonhomo- 
geneous coordinates;  then  the  same  point  is  represented  nonhomo- 
geneously  by  (x,  y,  z)  or  homogeneously  by  (1,  x,  y,  z),  and  the  plane 
represented  above  by  a  (x)  =  0  has  the  equation 


If  ft(z)  =  Q  be  the  plane  %Q  =  0,  the  expression  for  the  cross  ratio 
written  above  becomes  ,  x 


which  reduces  in  nonhomogeneous  coordinates,  when  (XQ)  x^  x^  XQ)  and 
(y0'  2/i'  ^  y£  are  rePlaced  b7  (!*  x'>  tf>  **)  and  (!>  **"»  /'>  «")>  to 


Hence  two  points  (#',  y',  /)  and  (a?/A,  y",  ^f/)  are  separated  by  the  sin- 
gular plane,  and  atx  +  a$  +  ajs  +  aQ=Q  if  and  only  if  the  numerator 
and  denominator  of  (14)  are  of  opposite  sign.  For  reference  we  shall 
state  this  as  a  theorem  in  the  following  form  : 

THEOREM  23.  The  two  classes  of  points  determined,  according  to 
Theorem  18,  by  the  singular  plane  of  a  nonhomogeneous  coordinate 
system  and  a  plane  ax  +  ly  +  cz  +  d  =  0  are  respectively  the  points 
(,£,  y,  z)  for  which  ax  +  "by  +  cz  +  d  is  positive  and  the  points  for 
•i  r  Inch  it  is  negative. 


58  ELEMENTARY  THEOREMS  OX  ORDER        [CHAP,  n 

EXERCISES 

1.  Carry  out  the  discussion  analogous  to  the  above  in  the  two-dimensional 
case.  Generalize  to  n  dimensions. 

2.  How  many  of  the  720  numbers  analogous  to  ku  are  distinct? 

28.  Euclidean  spaces.  DEFINITION.  The  set  of  all  points  of  a  pro- 
jective  space  *  of  n  dimensions,  with  the  exception  of  those  on  a  single 
(»—  1) -space  Sx  contained  in  the  ?i-spaee,  is  called  a  Euclidean  space 
ofn  dimensions.  Thus,  in  particular,  the  set  of  all  but  one  of  the 
points  uf  a  projective  line  is  called  a  Euclidean  line,  and  the  set  of 
all  the  points  of  a  projective  plane,  except  those  on  a  single  line,  is 
called  a  Euclidean  plane. 

DEFINITION.  The  projective  (n  —  1) -space  S30  is  called  the  singular 
(n  -  1) -space  or  the  (n  —  \) -space  at  infinity  or  the  ideal  (n  —  I) -space 
associated  with  the  Euclidean  space.  Any  figure  in  S"  is  said  to  be 
ideal  or  to  be  at  infinity,  whereas  any  figure  in  the  Euclidean  rc-space 
is  said  to  be  ordinary. 

The  ordinary  points  of  any  line  in  a  Euclidean  plane  or  space  form 
a  Euclidean  line  and  thus  satisfy  the  definition  (§  23)  of  a  linear 
convex  region.  The  definitions  and  theorems  of  that  section  may 
therefore  be  applied  at  once  in  discussing  Euclidean  spaces.  Thus, 
if  A  and  B  are  any  two  ordinary  points,  we  shall  speak  of  '•'  the  seg- 
ment A3,"  <(  the  ray  AJS"  etc. 

The  first  corollary  of  Theorem  18  yields  a  very  simple  and  impor- 
tant theorem  if  the  line  in  be  taken  as  the  line  at  infinity,  namely  : 

THEOREM  24.  The  points  of  a  Euclidean  plane  which  are  not  on  a 
line  I  fall  into  two  classes  such  that  the  segment  joining  two  points  of 
the  same  class  does  not  meet  I  and  the  segment  joining  two  points 
of  different  classes  does  meet  L 

COROLLARY.  If  a  is  any  ray  whose  origin  is  a  point  of  I,  all  points 
of  a  are  either  on  I  or  on  the  same  side  of  L 

In  like  manner  Theorem  18  yields 

THEOREM  25.  The  points  of  a  Euclidean  three-space  which  are  not  on 
a  plane  TT  fall  into  two  classes  such  that  the  segment  joining  two  points 
of  the  same  class  does  not  meet  TT  and  the  segment  joining  two  points 
of  different  classes  does  meet  TT. 

*  We  shall  refer  to  a  line,  plane,  or  n-space  in  the  sense  of  Chap.  I,  Vol.  I,  as  a 
projective  line,  plane,  or  rwspace  whenever  there  is  possibility  of  confusion  with 
other  types  of  spaces. 
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DEFINITION.  The  two  classes  of  points  determined  by  a  line  /  in  a 
Euclidean  plane,  according  to  Theorem  24,  are  called  the  two  sides 
of  /.  The  two  classes  of  points  determined  by  a  plane  TT  In  a  Euclidean 
three-space,  according  to  Theorem  25,  are  called  the  two  sides  of  TT. 

The  two  sides  of  TT  are  characterized  algebraically  in  Theorem  23. 

DEFINITION.  An  ordered  pair  of  rays  h,  k  having  a  common  origin  is 
called  an  angle  and  is  denoted  by  4- hk.  If  the  rays  are  AB  and  AC,  the 
angle  may  also  be  denoted  by  4  BA  C.  If  the  rays  are  opposite,  the  angle 
is  called  a  straight  angle ;  if  the  rays  coincide,  it  is  called  a  zero  angle. 
The  rays  h,  k  are  called  the  sicks  of  4  hk,  and  their  common  origin  the 

vertex  of  *J  hk. 

EXERCISES 

1.  The  points  of  a  Euclidean  plane  not  on  the  sides  or  vertex  of  a  nonzero 
angle  &hk  fall  into  two  classes  sucli  that  the  segment  joining  two  points  ol 
different  classes  contains  one  point  of  h  or  k.   In  case  4.  hk  is  not  a  straight 
angle,  one  of  these  two  classes  consists  of  every  point  which  is  between  a  point 
of  li  and  a  point  of  k. 

2.  Generalize  Theorem  25  to  n  dimensions. 

29.  Assumptions  for  a  Euclidean  space*  A  Euclidean  space  can 
be  characterized  completely  by  means  of  a  set  of  assumptions  stated 
in  terms  of  order  relations.  Such  a  set  of  assumptions  is  given  below. 
It  is  a  simple  exercise,  which  we  shall  leave  to  the  reader,  to  verify 
that  these  assumptions  are  all  satisfied  by  a  Euclidean  space  as  defined 
in  the  last  section. 

The  reverse  process  is  also  of  considerable  interest.  This  consists 
(1)  in  deriving  the  elementary  theorems  of  alignment  and  order  from 
Assumptions  I-VIII  below,  and  (2)  in  defining  ideal  elements  and 
showing  that  these,  together  with  the  elements  of  the  Euclidean  space, 
form  a  projective  space.  For  the  details  of  (1)  and  an  outline  of  (2)  the 
reader  may  consult  the  article  by  the  writer,  in  the  Transactions  of 
the  American  Mathematical  Society,  Vol.  V  (1904),  pp.  343-384,  and 
also  a  note  by  R  L.  Moore,  in  the  same  journal,  Vol.  XIII  (1912),  p.  74. 
On  (2)  one  may  consult  the  article  by  R.  Bonola,  Giornale  di  Matematiche, 
Vol.  XXXVIII  (1900),  p.  105,  and  also  that  by  F.  W.  Owens,  Trans- 
actions of  the  American  Mathematical  Society,  Vol.  XI  (1910),  p.  141. 
Compare  also  the  Introduction  to  Vol.  L 

This  set  of  assumptions  refers  to  an  undefined  class  of  elements 
called  points  and  an  undefined  relation  among  points  indicated  by 
saying  "the  points  A,  B,  C  are  in  the  order  {ABC}.99 
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The  assumptions  are  as  follows : 

I.  If  points  A,  B,  C  are  in  the  order  {ABC},  they  are  distinct. 

II.  If  points  A,  B,  C  are  in  the  order  {ABC},  they  are  not  in  the 
order  {BCA}.  

DEFINITION.  If  A  and  B  are  distinct  points,  the  segment  AB  consists 
of  all  points  X  in  the  order  {AZ3}\  all  points  of  the  segment  AB  are 
said  to  be  between  A  and  B\  the  segment  together  with  A  and  B  is 
called  the  interval  AB ;  the  line  AB  consists  of  A  and  B  and  all  points  X 
in  one  of  the  orders  {ABX},  {AZB},  {ZAB};  and  the  ray  AB  consists 
of  B  and  all  points  Xm  one  of  the  orders  {AXB}  and  {ABX}. 

III.  If  points  C  and  D  ( C  ¥=  Z>)  are  on  the  line  AB,  then  A  is  on  the 
line  CD. 

IV.  If  three  distinct  points  A,  B,  and  C  do  not  lie  on  the  same  line, 
and  D  and  E  are  two  points  in  the  orders  {BCD}  and  {CEA},  then  a 
point  F  exists  in  the  order  {AFB}  and  such  that  D,  H,  and  F  lie  on 
the  same  line. 

V.  If  A  and  B  are  two  distinct  points,  there  exists  a  point  C  such 
that  A,  B,  and  C  are  in  the  order  {ABC}. 

YI.  There  exist  three  distinct  points  A,  B,  C  not  in  any  of  the  orders 
{ABC},  {BCA},  {CAB}. 

DEFINITION.  If  A,  B,  C  are  three  noncollinear  points,  the  set  of  all 
points  collinear  with  pairs  of  points  on  the  intervals  AB,  BC,  CA  is 
called  the  plane  ABC. 

VII.  If  A,  B,  C  are  three  noncollinear  points,  there  exists  a  point  D 
no t  in  the  same  plane  loith  A,  B,  and  C. 

VIIL  Two  planes  which  have  one  point  in  common  have  two  distinct 
points  in  common. 

IX.  If  A  is  any  point  and  a  any  line  not  containing  A,  there  is  not 
more  than  one  line  through  A  coplanar  with  a  and  not  meeting  a. 

XVII.  If  there  exists  an  infinitude  of  points,  there  exists  a  certain 
pair  of  points  A,  C  such  that  if  [cr]  {5  any  infinite  set  of  segments  of 
the  line  AC,  having  the  property  that  each  point  of  the  interval  AC 
is  a  point  of  a  segment  cr,  then  there  is  a  finite  subset,  cr^  v^,  «  •  • ,  <rn, 
with  the  same  property* 

*  The  proposition  here  stated  about  the  interval  AC  is  commonly  known  as  the 
Heine-Borel  theorem.  The  continuity  assumption  is  more  usually  stated  in  the 
form  of  the  "Dedekind  Cut  Axiom."  Cf .  E.  Dedekind,  Stetigkeit  und  irrationalen 
Zahlen,  Braunschweig,  1872. 
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Assumptions  1  to  VIII  are  sufficient  to  delioe  a  three-space  which 
is  capable  of  being  extended  by  means  of  ideal  elements  into  a  pro- 
jective  space  satisfying  A,  E,  S.  This  space  will  not,  in  general,  sat- 
isfy Assumption  P.  If  the  continuity  assumption,  XVII,  "be  added,  the 
corresponding  projective  space  is  real  and  hence  properly  projective. 
Assumption  IX  is  the  assumption  with  regard  to  parallel  lines. 
Assumption  VIII  limits  the  number  of  dimensions  to  three. 

30.  Sense  in  a  Euclidean  plane.  Suppose  that  Z*  is  the  line  at 
infinity  of  a  Euclidean  plane.  Every  collineation  transforming  the 
Euclidean  plane  into  itself  effects  a  projectivity  on  L  which  is  either 
direct  or  opposite  (§  18).  Since  the  direct  projectivities  on  fc  form  a 
group,  the  planar  collineations  which  effect  these  transformations  on 
I*  also  form  a  group. 

DEFINITION.  A  collineation  of  a  Euclidean  plane  which  effects  a 
direct  projectivity  on  the  line  at  infinity  of  this  plane  is  said  to  be  a 
direct  collineation  of  the  Euclidean  plane.  Any  other  collineation  of 
the  Euclidean  plane  is  said  to  be  opposite.  Let  A,  B,  C  be  three  non- 
collinear  points ;  the  class  of  all  ordered  triads  AfB!C*  such  that  the 
collineation  carrying  A,  By  and  C  to  Ar9  Bf,  and  C'  respectively  is  direct, 
is  called  a  sense-class  and  is  denoted  by  8 (ABC).  Two  ordered  triads 
of  noncollinear  points  in  the  same  sense-class  are  said  to  have  the 
same  sense  or  to  be  in  the  same  sense.  Otherwise  they  are  said  to  ham 
opposite  senses  or  to  ~be  in  opposite  senses. 

Since  the  direct  projectivities  form  a  group,  it  follows  that  if  a  triad 
A'ffC'  is  in  S(ABC),  then  8 (ABC)  =  8(ArB'C!). 

THEOREM  2  6.  There  are  two  and  only  two  sense-classes  in  a  Euclidean 
plane.  If  A,  B}  and  C  are  noncollinear  points,  S(ABC)  =  S(BCA)  ¥= 
8  (ACS). 

Proof.  Let  A,  B,  C  be  three  noncollinear  points.  If  A1,  Br,  Cr  are  any 
three  noncollinear  points  such  that  the  projectivity  carrying  A>  B,  C 
to  A',  ff,  C1  respectively  is  direct,  S(ABC)  contains  the  triad  A1B!C'. 
Because  the  direct  projectivities  form,  a  group,  S(ABC)  =  S(AfBrCf). 
The  triads  to  which  ABC  is  carried  by  collineations  which  are  not 
direct  all  form  a  sense-class,  because  the  product  of  two  opposite 
collineations  is  direct.  Thus  there  are  two  and  only  two  sense-classes. 

Suppose  we  denote  the  lines  BC}  CA,  AB  by  a,  6,  c  respectively 
and  let  A1,  Bf,  Cr  be  the  points  of  intersection  of  a,  6,  c  respectively 
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with  /*.  The  projectivity  carrying  ABC  to  BCA  evidently  carries 
a,  6,  and  c  to  I,  c,  and  a  respectively,  and  thus  carries  A!BfC!  to  BfC!A'9 
and  thus  is  direct  (§  19).  Hence 

S(ABC)=S(BCA). 

The  projectivity  carrying  ABC  to  ACB  carries  A'JffC'  to  A'C*ff>  and 
hence  is  not  direct ;  and  hence 

8 (ABC)  ^S (ACB). 

THEOREM  27.  Two  points  C  and  D  are  on  opposite  sides  of  a  line 
AB  if  and  only  if  S(ABC)  ¥=  S(ABD). 

This  theorem  can  be  derived  as  a  consequence  of  Ex.  1,  §  25.  It 
can"  also  be  derived  from  the  following  algebraic  considerations. 

Let  us  choose  a  system  of  nonhomogeneous  coordinates  in  such  a 
wav  that  the  singular  line  of  the  coordinate  system  is  the  same  as 
the  singular  line  of  the  Euclidean  plane.  The  group  of  all  projec- 
tive  collineations  transforming  the  Euclidean  plane  into  itself  then 
reduces  (§  67,  Vol.  I)  to 

L        1J        A=     *  71  ¥=  0. 
,y  4*  #2>  22 

If  we  change  to  the  homogeneous  coordinates  for  which  X^XI/XQ 
and  y  =  xz/xQ)  the  line  at  infinity  has  the  equation  o?0~  0,  and  the 

equations  (15)  reduce  to 

i 

(16)  x[  =  c^Q- 


On  the  line  at  infinity  this  effects  the  transformation 


which  is  direct  if  and  only  if  A  >  0. 

Let  the  nonhomogeneous  coordinates  of  three  points  A>  B,  C  be 
(a ,  &2),  (Jj,  62),  (c^  <?2)  respectively.   The  determinant 

(17)  S-. 

is  multiplied  by  A  whenever  the  points  A,  B,  C  are  subjected  to  the 
transformation  (15).   This  is  verified  by  a  direct  substitution.   Hence 
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the  algebraic  sign  of  S  is  left  invariant  by  all  direct  collineations  and 
changed  by  all  others.   Hence  we  have 

THEOREM  28.  An  ordered  triad  of  points  (a1?  a0),  (6^  &2),  (ca,  c9) 
the  same  sense  as  an  ordered  triad  (d[y  al),  (b!lt  b£),  (c^  #2)  \ 
the  determinants         'a    a    I!  ' a1  a1  1 ! 

~b^  62   1      and      b[  W%   1 

same  sign. 
Theorem  27  now  follows  as  a  corollary  of  Theorem  23,  §  27. 

EXERCISES 
1.  If  4.  ABC  =  &A'BC',  S(ABC)  =  S(A'BCy 


2.  Let  4-  hk  be  said  to  have  the  same  sense  as  4  h'fc  if  S(ABC)  =  S^A'B'C'), 
where  J2  is  the  vertex  of  &hk,  A  a  point  of  h,  C  a  point  of  £,  and  ^.',  jB',  C" 
points  analogously  defined  for  4A/£'.  Define  positive  and  negative  angles  and 
develop  a  theory  of  the  order  relations  of  rays  through  a  point. 

3.  Let  p  and  <r  be  two  planes  of  a  protective  space  which  meet  in  a  line  l»  ; 
let  us  denote  the  two  Euclidean  planes  obtained  by  leaving  fc>  out  of  p  and  a- 
by  px  and  o^  respectively;  and  let  Sp  be  an  arbitrary  sense-class  in  pr    All 
ordered  point  triads  of  Sp  are  projected  from  a  point  0  not  on  p  or  cr  into  triads 
of  a  fixed  sense-class  S&  in  crr  Any  other  point  P  not  on  p  or  cr  is  separated 
from  0  by  p  and  cr  if  and  only  if  triads  in  the  sense-class  Sp  are  not  projected 
from  P  into  triads  of  Sr 

*31.  Sense  in  Euclidean  spaces.  The  definition  given  above  of 
direct  transformations  in  a  Euclidean  plane,  based  on  the  concept  of 
direct  transformations  on  the  singular  line,  cannot  be  generalized  to 
three  dimensions.  This  is  because  the  plane  at  infinity  is  protective 
and,  as  will  be  proved  in  the  next  section,  does  not  admit  of  a  dis- 
tinction between  direct  and  opposite  proj  activities.  Nevertheless,  the 
algebraic  criterion  A  >  0  does  generalize  and  is  made  the  basis  of  the 
definition  which  follows. 

"With  reference  to  a  nonhomogeneous  coordinate  system,  of  which 
the  singular  (n  —  l)-space  is  the  (n  —1)  -space  at  infinity,  the  equations 
of  any  projective  collineation  of  a  Euclidean  7i-space  take  the  form* 

(18)  a/t  =  lt 

where  the  determinant  \a^\  is  different  from  zero.    The  resultant  of 

*  The  reader  may,  if  he  wishes,  limit  attention  to  the  case  n  =  3.  We  have  not 
actually  developed  the  theory  of  coordinate  systems  in  n  dimensions,  but  as  there 
is  no  essential  difference  in  this  theory  between  the  three-dimensional  case  and  the 
n-dimensional,  we  do  not  intend  to  write  out  the  details. 
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two  transformations  of  tills  form  has  a  determinant  which  is  the 
product  of  the  determinants  of  the  two  transformations.  Since  the 
coefficients  appear  nonhomogeneously  iu  (18),  it  is  clear  that  a  self- 
conjugate  subgroup  of  the  group  of  all  transformations  (18)  is  defined 
by  the  condition  \a^\  >  0.  It  follows  by  the  same  reasoning  as  used 
in  §  18  that  this  subgroup  is  independent  of  the  choice  of  the  frame 
of  reference,  so  long  as  the  singular  (n  —  l)-space  coincides  with  the 
singular  (n  —  l)-space  of  the  corresponding  Euclidean  w-space. 

DEFINITION.  The  group  of  all  transformations  (18)  for  which  the 
determinant  |av|>0  is  called  the  group  of  direct  collineations.  In  a 
Euclidean  Twspace  let  A^  A#  -  *  •,  AH+l  be  n  -f  1  linearly  independent 
points  ;  the  ckss  of  all  ordered  (&+l)-ads*  A[Ai  -  -  •  Arn+l  such  that  the 
coEineation  transforming  Alf  A#  •••>An+1  into  A[,  A^"-3A^+l  respec- 
tively is  direct  is  called  a  seme-class  and  is  denoted  by  S(A:A2  •  •  •  An+1). 

THEOBEM  29.  There  are  two  and  only  two  sense-classes  in  a  Euclidean 
n-space.  The  sense-class  of  an  ordered  n-ad  is  unaltered  ly  even  per- 
mutations and  altered  ly  odd  permutations. 

Proof.  The  argument  for  the  three-dimensional  case  is  typical  of 
the  general  case.  Let  the  coordinates  of  four  points  A,  B,  C,  D  be 
(alt  aa,  <g,  (\,  &,,  &3),  (<V  02,  *8),  (dv  dj  dz)  respectively.  The  determinant 


is  multipUed  by  I  a^|  whenever  the  points  are  simultaneously  subjected 
to  a  transformation  (18).  Hence  the  algebraic  sign  of  (19)  is  left  in- 
variant by  all  direct  collineations. 

Since  an  odd  permutation  of  the  rows  of  (19)  would  change  the  sign 
of  (19),  no  such  permutation  can  be  effected  by  a  direct  collineation. 
The  remaining  statements  in  the  theorem  now  follow  directly  from 
the  theorem  that  any  ordered  tetrad  of  points  can  be  transformed  by 
a  transformation  of  the  form  (18)  into  any  other  ordered  tetrad. 

*32.  Sense  in  a  projective  space.  Let  us  consider  the  group  of  all 
linear  transformations  n 

(20)  ^ 


for  which  the  determinant  |a^.|  is  different  from  zero. 
*  An  n-ad  is  a  set  of  n  objects  (cf  .  §  19). 
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If  (arQ>  -  •  -,  xn)  is  a  set  of  homogeneous  coordinates,  the  equations  (20) 
continue  to  represent  the  same  transtoriuation  when  all  the  atj's  are 
multiplied  by  the  same  constant  p ;  and  IT\  o  yets  of  equations  like  (20) 
represent  the  same  transformation  only  if  ilie  coefficients  of  one  are 
proportional  to  those  of  the  other. 

If  each  atj  be  multiplied  by  p,  \a^\  is  multiplied  by  pn+l.  Hence, 
if  a»|  is  negative  and  n  is  even,  we  may  multiply  each  a^  by  —  1  and 
thus  obtain  an  equivalent  expression  of  the  form  (20)  for  which  |ay.| 
is  positive.  If,  however,  n  is  odd,pw+1  =  k<  0  has  no  real  root.  Hence, 
if  n  is  odd,  a  transformation  (20)  for  which  |  a{J\  is  negative  is  not  equiv- 
alent to  one  for  which  \a^\  is  positive.  Hence  the  condition  |##|>  0 
determines  a  subset  of  the  transformations  (20)  if  and  only  if  n  is  odd. 
This  subset  of  transformations  forms  a  group  for  the  reason  given  in 
§  18  for  the  case  n  =  1. 

DEFINITION.  If  n  is  odd,  the  group  of  transformations  (20)  for  which 
|#P|  >  0  is  called  the  group  of  direct  collineations  in  %-space. 

This  definition  of  the  group  of  direct  collineations  is  independent 
of  the  choice  of  the  frame  of  reference,  as  follows  by  an  argument 
precisely  like  that  used  to  prove  the  corresponding  proposition  in  §  18, 

In  a  space  of  three  dimensions,  let  us  inquire  into  what  sets  t)f  five 
points  the  set  (1,  0,  0,  0),  (0, 1,  0,  0),  (0,  0, 1,  0),  (0,  0,  0, 1),  (1, 1, 1, 1) 
can  be  transformed  by  direct  collineations.  If  the  initial  points  are  to 
be  transformed  respectively  into  the  points  whose  coordinates  are  the 
columns  of  the  matrix 

(     '  I  a      a      a     aM  an 

the  collineation  must  take  the  form 


J  CL    2 
/OO\  "1         f~0"10"0    '    riwnA 

\  /  /y»'    ___    f\     fl         / 


where  the  p's  satisfy  the  equations 
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Substituting  the  values  of  p{  determined  from  these  equations  in  the 
determinant  of  the  transformation  (22),  we  see  that  the  value  of 

this  determinant  is 


where  the  expressions  in  parentheses  are  abbreviations  for  deter- 
minants formed  from  the  matrix  (21)  having  these  expressions  as 
their  main  diagonals.  The  number  (24)  has  the  same  sign  as 

(25)  KAAA.)  ( VW*«>  < VaAAs)  (  VWV**)  ( V*ua*aw)> 

which  is  entirely  analogous  to  the  expression  found  in  Theorem  16. 
The  initial  set  of  points  is  transformable  into  the  points  whose  coor- 
dinates are  the  columns  of  (21)  by  a  direct  transformation  if  and  only 
if  (25)  is  positive. 

This  result  may  be  stated  in  the  form  of  a  theorem  as  follows : 

THEOREM  30.  If  a  set  of  Jive  points  whose  homogeneous  coordinates 
are  the  columns  of  the  matrix  (21)  "be  such  that  the  product  of  the 
four-rowed  determinants  obtained  by  omitting  columns  of  this  matrix 
is  positive,  it  can  be  transformed  by  a  direct  collineation  into  any 
other  set  of  points  having  the  same  property,  but  not  into  a  set  for 
which  the  analogous  product  is  zero  or  negative. 

COROLLARY.  Any  even  permutation  but  no  odd  permutation  of  the 
vertices  of  a  complete  five-point  can  be  effected  "by  a  direct  collineation. 

DEFINITION.  Let  A,  B>  C,  D,  E  be  five  points  no  four  of  which  are 
coplanar.  The  class  of  all  ordered  pentads  obtainable  from  the  pentad 
A,  B,  0)  Z>,  $  by  direct  collineations  is  called  a  sense-class  and  is 
denoted  by  S(ABCDjE). 

Theorem  30  and  its  corollary  now  give  at  once  the  following: 

THEOREM  31.  There  are  two  and  only  two  sense-classes  in  a  real  pro- 
jective  three-space.  The  sense-class  of  a  set  of  Jive  points  is  unaltered 
by  even  permutations  and  altered  by  odd  permutations. 

If  an  analogous  definition  of  sense-class  had  been  made  in  the  plane, 
we  should  have  had  that  all  planar  collineations  are  direct,  and  hence 
that  there  is  only  one  sense-class  in  the  plane.  This  remark,  together 
with  Theorem  31,  expresses  in  part  what  is  meant  by  the  proposition : 

The  real  projectile  plane  is  one-sided  and  the  real  projectile  three* 
space  is  two-sided. 
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Although  we  have  grounded  this  discussion  upon  propositions 
regarding  certain  groups  of  collineations,  the  notion  of  sense  is 
connected  with  a  much  more  extensive  group.  "We  shall  return  to 
this  study,  which  will  give  a  deeper  insight  into  the  notions  of  sense 
and  of  one-  and  two-sidedness,  in  a  later  chapter. 

33.  Intuitional  description  of  the  projectiye  plane.  We  may  assist  our  intuitive 
conception*  of  the  one-sidedness  of  the  real  protective  plane  by  a  further 
consideration  of  the  regions  into  which 
a  plane  is  separated  by  a  triangle.  These 
are  represented  in  fig.  16.  Since  any  tri- 
angular region  is  protectively  transform- 
able into  any  other,  it  follows  that  any 
triangular  region  may  be  represented 
like  Region  I  in  fig.  16.  In  fig.  18  the  four 
regions  are  thus  represented,  together  with  a  portion  of  the  relations  among  them. 

The  representation  is  more  complete  if  the  two  segments  labeled  ~J3  are 
superposed  in  such  a  way  that  the  end  labeled  ^4  of  one  coincides  with  the 
end  labeled  A  of  the  other.  This  is  represented  in  fig.  19  and  may  be  realized 
in  a  model  by  cutting  out  a  rectangular  strip  of  paper,  giving  it  a  half  twist, 
and  pasting  together  the  two  ends. 


FIG.  IS) 


To  complete  the  model  it  would  be  necessary  to  bring  the  two  edges  labeled 
ft  in  fig.  18  into  coincidence.  This,  however,  is  not  possible  in  a  finite  three- 
dimensional  figure  without  letting-  the  surface  cut  itself  .f 

The  twisted  strip  as  an  example  of  a  one-sided  surface  is  due  to  Mobius.  f 
It  has  only  one  boundary  A/3C/3A.  An  imaginary  man  OP  on  the  surface 
(fig.  19)  could  walk,  without  crossing  the  boundary,  along  a  path  which  is  the 

*  It  would  not  be  difficult  to  give  a  rigorous  treatment  of  the  propositions  in  this 
section,  but  it  is  thought  better  to  postpone  this  to  a  later  chapter. 

t  Plaster  models  showing  this  surface  are  manufactured  by  Martin  Schilling  of 
Leipzig.  I  Oesammelte  Weifre,  Vol.  H,  p.  £19, 
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image  of  a  straight  line  in  the  projeetive  plane,  tilt  he  arrived  at  the  antipodal 
position.  OQ>  If  a  small  triangle  RST  were  to  be  moved  with  the  man  with- 
out being  lifted  from  the  surface  or  being  allowed  to  touch  the  man,  it  would 
be  found,  when  the  man  arrived  at  the  position  UQ,  that  the  triangle  could 
be  superposed  upon  itself,  R  coinciding  with  itself,  bat  &  and  T  interchanged. 
In  other  words,  the  boundary  of  the  triangular  region  containing  0  would 
coincide  with  itself  with  sense  reversed. 

It  is  not  essential  that  the  triangular  region  RST  be  small,  but  merely 
that  the  figure  ORST  move  continuously  so  that  the  triangle  RST  remains  a 
triangle  and  the  point  0  is  never  on  one 
of  its  sides.  The  possibility  of  making  this 
transformation  of  the  figure  ORST  into 
OR  TS  is  not  affected  by  joining  the  two 
/3-edges  together,  because  none  of  the 
paths  need  meet  the  boundary  of  the  strip. 
Therefore  a  corresponding  continuous 
deformation  can  be  made  in  the  pro- 
jeetive plane. 

If  we  think  of  the  figure  ORST  in  the 
protective  plane,  the  four  points  enter 
symmetrically.  Thus,  since  S  and  T  can 
be  interchanged  by  continuously  moving 
the  complete  quadrangle,  any  two  vertices 
can  be  interchanged  by  such  a  motion, 
and  hence  any  permutation  of  the  four 
vertices  can  be  effected  by  such  a  motion. 
This  is  intimately  associated  with  the  fact 
that  all  projectivities  in  the  plane  are 
direct  (§  32),  as  will  be  proved  in  a  later 
chapter,  where  the  notion  of  continuous 
deformation  of  a  complete  quadrangle 
in  a  projeetive  plane  is  given  a  precise 
formulation. 

The  triangle  RST  may  be  replaced 
by  any  small  circuit  containing  0,  and 

it  still  remains  true  that  0  and  the  circuit  may  be  continuously  deformed  till 
0  coincides  with  itself  and  the  circuit  coincides  with  itself  reversed.  For 
example,  the  circuit  may  be  taken  as  a  conic  section,  and  the  projeetive  plane 
imaged  as  the  plane  of  elementary  geometry  plus  «  a  line  at  infinity  "  (see  the 
introduction  to  Vol.  I,  §§  3,  4,  5,  and  also  §  28  above).  The  ellipse  I  (fig.  20) 
may  be  deformed  into  the  parabola  II,  this  into  the  hyperbola  III,  this  into 
the  parabola  IV,  and  this  into  the  ellipse  V.  The  reader  can  easily  verify 
that  the  sense  indicated  by  the  arrow  on  I  goes  continuously  to  that  indicated 
on  V.  The  figures  may  be  regarded  as  the  projections  from  a  variable  center 
of  an  ellipse  in  a  plane  at  right  angles  to  the  plane  of  the  paper. 


FIG.  20 
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This  deformation  of  an  ellipse  and  also  the  corresponding"  one  of  the 
quadrangle  OJKS T  depend  on  internal  properties  of  the  surface;  i.e.  they  are 
independent  of  the  situation  of  the  surface  in  a  three-dimensional  space.  They 
are  sharply  to  be  distinguished  from  the  property  expressed  by  saying  that 
the  man  UP  comes  back  to  the  position  UQ,  for  the  latter  is  a  property  of 
the  space  in  which  the  surface  lies.*  In  fact,  the  closely  related  proposition, 
that  if  the  man  OP  walk  along  a  straight  line  in  a  protective  plane  till  he 
conies  back  to  the  position  QQ,  the  triangle  RST  conies  back  to  ItTS,  implies 
that  if  a  tetrahedron  (e.g.  PQRS)  be  deformed  into  coincidence  with  itself  so 
that  two  vertices  are  interchanged,  the  other  two  vertices  will  also  be  inter- 
changed. And  the  last  statement  is  a  manifestation  of  the  theorem  (§  32) 
that  although  the  protective  plane  is  one-sided,  the  protective  three-space  is 
two-sided. 

A  sort  of  model  of  the  pro- 
jective  three-space  may  be 
obtained  by  generalizing  the 
discussion  of  the  plane  given 
above.  Any  one  of  the  eight 
regions  determined  by  a  tetra- 
hedron is  projectively  equiva- 
lent to  any  other.  Hence  we 
pass  from  fig.  17  to  fig.  21, 
which  represents  in  full  only 
the  relations  among  the  seg- 
ments, triangular  regions,  and 
tetrahedral  regions  having  AI 
as  an  end,  or  vertex.  Each  of 
the  triangles  having  A%,  A&,  A± 
as  vertices  is  represented  by  two 
triangles  in  fig.  21.  Thus,  in 

order  to  represent  the  projective  space  completely  we  should  have  to  bring 
each  of  the  triangular  regions  A^A^A^  into  coincidence  with  the  one  which 
is  symmetrical  with  it  with  respect  to  Ar  In  other  words,  fig.  21  would 
represent  a  projective  three-space  completely  if  each  point  on  the  octahedral 
surface  formed  by  the  triangular  regions  A2ASA4  were  brought  into  coinci- 
dence with  the  opposite  point. 

EXERCISE 

Show  that  the  octahedron  in  fig.  21  may  be  distorted  into  a  cube  so  that 
the  projective  three-space  is  represented  by  a  cube  in  which  each  point  coin- 
cides with  its  symmetric  point  with  respect  to  the  center  of  the  cube> 


*E.    Steinitz,    Sitzungsberichte   de*   Berliner   Mataematischen    Gesellschaft, 
Vol.  VII  (1908),  p.  35. 


CHAPTER  III 

THE  AFFBTE  GROUP  IF  THE  PLANE 

34.  The  geometry  corresponding  to  a  given  group  of  transformations. 

The  theorems  which  we  have  hitherto  considered,  whether  in  general 
projective  geometry  or  in  the  particular  geometry  of  reals,  state  prop- 
erties of  figures  which  are  unchanged  when  the  figures  are  subjected 
to  collineations.  For  example,  we  have  had  no  theorems  ahout  indi- 
vidual triangles,  because  any  two  triangles  are  equivalent  under  the 
general  projective  group,  and  thus  are  not  to  be  distinguished  from 
one  another.  On  the  other  hand,  there  does  not,  in  general,  exist  a 
collineation  carrying  a  given  pair  of  coplanar  triangles  into  another 
given  pair  of  coplanar  triangles ;  and  thus  we  have  the  theorem  of 
Desargues,  and  other  theorems,  stating  projective  properties  of  pairs 
of  triangles.  We  have  thus  considered  only  very  general  properties 
of  figures,  and  so  have  dealt  hardly  at  all  with  the  familiar  relations, 
such  as  perpendicularity,  parallelism,  congruence  of  angles  and  seg- 
ments, which  make  up  the  bulk  of  elementary  Euclidean  geometry. 
These  properties  are  not  invariant  under  the  general  projective  group, 
but  only  under  certain  subgroups.  We  shall  therefore  approach  their 
study  by  a  consideration  of  the  properties  of  these  subgroups. 

There  are,  in  general,  at  least  two  groups  of  transformations  to  con- 
sider in  connection  with  a  given  geometrical  relation :  (1)  a  group  by 
means  of  which  the  relation  may  be  defined,  and  (2)  a  group  under 
which  the  relation  is  left  invariant.  These  two  groups  may  or  may 
not  be  the  same.* 

We  have  already  had  one  example  of  a  definition  of  a  geometrical 
relation  by  means  of  a  group  of  transformations.  In  §  19  two  collinear 
triads  of  points  are  defined  as  being  in  the  same  sense-class  if  they  are 
conjugate  under  the  group  of  direct  projectivities  on  the  line.  The 
relation  between  pairs  of  triads  which  is  thus  defined  is  invariant 
under  the  group  of  all  projectivities  (§  18). 

*  The  group  (1)  will  always  be  a  self-conjugate  subgroup  of  (2),  as  follows  directly 
from  the  definition  of  a  self-conjugate  subgroup.  See  §  39,  below,  where  the  rdle  of 
self-conjugate  subgroups  is  explained  and  illustrated. 
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The  system  of  definitions  and  theorems  which  express  properties 
invariant  under  a  given  group  of  transformations  may  be  called,  in 
agreement  with  the  point  of  view  expounded  in  Klein's  Erlangen 
Prograinm,*  a  geometry.  Obviously,  all  the  theorems  of  the  geometry 
corresponding  to  a  given  group  continue  to  be  theorems  in  the 
geometry  corresponding  to  any  subgroup  of  the  given  group;  and 
the  more  restricted  the  group,  the  more  figures  will  be  distinct  rela- 
tively to  it,  and  the  more  theorems  will  appear  in  the  geometry. 
The  extreme  case  is  the  group  corresponding  to  the  identity,  the 
geometry  of  which  is  too  large  to  be  of  consequence. 

For  our  purposes  we  restrict  attention  to  groups  of  projective 
coilineationSjt  and  in  order  to  get  a  more  exact  classification  of 
theorems  we  narrow  the  Kleinian  definition  by  assigning  to  the 
geometry  corresponding  to  a  given  group  only  the  theory  of  those 
properties  which,  while  invariant  under  this  group,  are  not  invariant 
under  any  other  group  of  projective  collineations  containing  it.  This 
will  render  the  question  definite  as  to  whether  a  given  theorem  belongs 
to  a  given  geometry. 

Perhaps  the  simplest  example  of  a  subgroup  of  the  projective  group 
in  a  plane  is  the  set  of  all  projective  collineations  which  leave  a  line 
of  the  plane  invariant.  The  present  chapter  is  concerned  chiefly  with 
the  geometry  belonging  to  this  group. 

The  chapter  is  based  entirely  on  Assumptions  A,  E,  P,  H0.  In  fact, 
the  theorems  of  §§  36,  38,  39,  40,  42,  45,  46,  48  depend  only  on  A, 
E,  H0.  The  class  of  theorems  which  depend  on  assumptions  with 
regard  to  order  relations  has  already  been  touched  on  in  §§  28-30. 

35.  Euclidean  plane  and  the  affine  group.  Let  L  be  an  arbitrary  but 
fixed  line  of  a  projective  plane  TT.  In  accordance  with  the  definition  in 
§  28  we  shall  refer  to  I*  as  the  line  at  infinity.  The  points  of  Z«  shall  be 
called  idealt  points  or  points  at  infinity,  whereas  the  remaining  points 
and  lines  of  TT  shall  be  called  ordinary  points  and  lines.  The  set  of  all 
ordinary  points  is  a  Euclidean  plane.  In  the  rest  of  this  chapter  the 
term  "  point,"  when  unmodified,  will  refer  to  an  ordinary  point. 

*Cf.  E.  Klein,  Vergleichende  Betrachtungen  iiber  neuere  geometrische  For- 
sctmngenr  Erlangen  1872 ;  also  in  Mathematieche  Annalen,  Vol.  XLIU  (1893),  p.  63. 

t  From  some  points  of  view  it  would  have  been  desirable  to  include  also  all 
projective  groups  containing  correlations* 

$  There  is  some  divergence  in  the  literature  with  respect  to  the  use  of  this  word 
and  the  word  "improper.11  On  the  latter  term  see  §  86,  Vol.  I. 
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DEFINITION.  Any  projective  collineation  transforming  a  Euclidean 
plane  into  itself  is  said  to  be  affine ;  the  group  of  all  such  collineations 
is  called  the  affine  group,  and  the  corresponding  geometry  the  affine 
geometry. 

THEOREM  1.  There  is  one  and  only  one  affine  collineation  transform- 
ing three  vertices  A,  BtC  of  a  triangle  to  three  vertices  Af>  J3f,  Cl  respec- 
tively of  a  triangle. 

Proof.  Since  L  is  transformed  into  itself,  this  is  a  corollary  of 
Theorem  18,  §  35,  VoL  I. 

With  respect  to  any  system  of  nonhomogeneous  coordinates  of 
which  L  is  the  singular  line,  any  affine  collineation  may  be  written 
in  the  form  (§  67,  Vol.  I) 

W  £- 

where  A  = 


al   J, 
&«   ZL 


36.  Parallel  lines.  DEFINITION.  Two  ordinary  lines  not  meeting 
in  an  ordinary  point  are  said  to  be  parallel  to  each  other,  and  the 
pair  of  lines  is  said  to  be  parallel.  A  line  is  also  said  to  be  parallel 
to  itself. 

Hence,  in  a  Euclidean  plane  we  have  the  following  theorem  as  a 
consequence  of  the  theorems  in  Chap.  I,  Vol.  I : 

THEOEEM  2.  In  a  Euclidean  plane,  two  points  determine  one  and 
only  one  line;  two  lines  meet  in  a  point  or  are  parallel;  two  lines 
parallel  to  a  third  line  are  parallel  to  each  other ;  through  a  given 
point  there  is  one  and  only  one  line  parallel  to  a  given  line  L 

DEFINITION.  A  simple  quadrangle  ABCD  such  that  the  side  AB  is 
parallel  to  CD  and  BC  to  DA  is  called  a  parallelogram. 

DEFINITION.  The  lines  AC  and  BD  are  called  the  diagonals  of  the 
simple  quadrangle  ABCD. 

In  terms  of  parallelism,  most  projective  theorems  lead  to  a  con- 
siderable number  of  special  cases.  Moreover,  since  the  affine  geom- 
etry is  not  self-dual,  theorems  which  are  dual  in  projective  geometry 
may  have  essentially  different  affine  special  cases.  A  few  affine  theo- 
rems which  are  obtainable  by  direct  specialization  are  given  in  the 
following  list  of  exercises,  and  a  larger  number  in  the  next  section. 
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EXERCISES 

1.  If  the  sides  of  two  triangles  are  parallel  by  pairs,  the  lines  joining  corre- 
sponding vertices  meet  in  a  point  or  are  parallel. 

2.  If  in  two  project! ve  flat  pencils  three  pairs  of  corresponding  lines  are 
parallel,  then  each  line  is  parallel  to  its  homologous  line. 

3.  With  respect  to  any  system  of  nonhomogeneous  coordinates  in  which 
Zoo  is  the  singular  line,  the  equation  of  a  line  parallel  to  ax  +  ly  +  c  =  0  is 
ax  +  by  4-  cf  =  0. 

4.  A  homology  (or  an  elation)  whose  center  and  axis  are  ordinary  trans- 
forms la,  into  a  line  parallel  to  the  axis. 

5.  If  the  number  of  points  on  a  protective  line  isp  -f  1,  the  number  of  points 
in  a  Euclidean  plane  is  p\  the  number  of  triangles  in  a  Euclidean  plane  is 
pZ^p  —  l^-(p+  l)/6,  and  the  latter  is  also  the  number  of  projective  collinea- 
tions  transforming  a  Euclidean  plane  into  itself. 

37.  Ellipse,  hyperbola,  parabola.  DEFINITION.  A  conic  meeting  L 
in  two  distinct  points  is  called  a  hyperbola,  one  meeting  it  in  only 
one  point  a  parabola,  and  one  meeting  it  in  no  point  an  ellipse.  The 


Ellipse  Parabola  Hyperbola 

FIG.  22 

pole  of  L  is  called  the  center  of  the  conic.  Any  line  through  the 
center  is  called  a  diameter.  The  tangents  to  a  hyperbola  at  its  points 
of  intersection  with  L  are  called  its  asymptotes.  A  conic  having  an 
ordinary  point  as  center  is  called  a  central  conic. 

EXERCISES 

1.  An  ellipse  or  a  hyperbola  is  a  central  conic,  but  a  parabola  is  not* 

2.  The  center  of  a  parabola  is  its  point  of  contact  with  /«. 

3.  No  two  tangents  to  a  parabola  are  parallel. 

4.  The  asymptotes  of  a  hyperbola  meet  at  its  center. 

5.  Two  conjugate  diameters  (cf.  §44,  Vol.  I)  of  a  hyperbola  are  harmon- 
ically conjugate  with  respect  to  the  asymptotes. 

6.  If  a  simple  hexagon  be  inscribed  in  a  conic  in  such  a  way  that  two  of 
its  pairs  of  opposite  sides  are  parallel,  the  third  pair  of  opposite  aides  is  parallel. 
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7.  If  a  parallelogram  be  inscribed  in  a  conic,  the  tangents  at  a  pair  of 
opposite  vertices  are  parallel. 

8.  If  the  vertices  of  a  triangle  are  on  a  conic  and  two  of  the  tangents  at 
the  vertices  are  parallel  to  the  respectively  opposite  sides,  the  third  tangent 
is  parallel  to  the  third  side. 

9.  If  a  parallelogram  be  circumscribed  to  a  conic,  its  diagonals  meet  in 
the  center  and  are  conjugate  diameters. 

10.  If  a  parallelogram  be  inscribed  in  a  conic,  any  pair  of  adjacent  sides  are 
parallel  to  conjugate  diameters.   Its  diagonals  meet  at  the  center  of  the  conic. 

11.  Let  P  and  Pf  be  two  points  which  are  conjugate  with  respect  to  a  conic, 
let  p  be  the  diameter  parallel  to  PP'9  and  let  Q  and  Q'  be  points  of  intersection 
with  the  conic  of  the  diameter  conjugate  top.   The  lines  PQ  and  P'Qf  meet 
on  the  conic. 

12.  If  a  parallelogram  OAPB  is  such  that  the  sides  OA  and  OB  are  conju- 
gate diameters  of  a  hyperbola  and  the  diagonal  OP  is  an  asymptote,  then  the 
other  diagonal  AB  is  parallel  to  the  other  asymptote. 

IS.  If  two  lines  OA  and  OB  are  conjugate  diameters  of  a  conic  which  they 
meet  in  A  and  B,  then  any  two  parallel  lines  through  A  and  B  respectively 
meet  the  conic  in  two  points  A"  and  J3'  such  that  QA'  and  QB'  are  conjugate 
diameters. 

14.  Any  two  parabolas  are  conjugate  under  a  collineation  transforming 

lm  into  itself.* 

15.  Any  two  hyperbolas  are  conjugate  under  a  collineation  transforming 

/»  into  itself.* 

16.  Derive  the  equation  of  a  parabola  referred  to  a  nonhomogeneous  coor- 
dinate system  with  a  tangent  and  a  diameter  as  axes. 

17.  Derive  the  equation  of  a  hyperbola  referred  to  a  nonhomogeneous  coor- 
dinate system  with  the  asymptotes  as  axes. 

18.  Derive  the  equation  of  an  ellipse  or  a  hyperbola  referred  to  a  nonhomo- 
geneous coordinate  system  with  a  pair  of  conjugate  diameters  as  axes. 

38.  The  group  of  translations.  DEFINITION.  Any  elation  having 
L  as  an  axis  is  called  a  translation.  If  I  is  any  ordinary  line  through 
the  center  of  a  translation,  the  translation  is  said  to  be  parallel  to  I. 

COKOLLARY.  A  translation  carries  every  proper  line  into  a  parallel 
line  and  leaves  invariant  every  line  of  a  certain  system  of  parallel  lines, 

THEOEIM  3.  There  is  one  and  only  one  translation  carrying  a  point 
A  to  a  point  B. 

Proof.  Any  translation  carrying  A  to  B  must  be  an  elation  with 
L  as  axis  and  the  point  of  intersection  of  the  line  AB  with  l»  as  center. 
Hence  the  theorem  follows  from  Theorem  9,  Chap.  Ill,  Vol.  L 

*  ( )  i  tlrj  corresponding  theorem  for  ellipses,  see  §  76,  Ex.  7. 
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THEOREM  4.  An  ordered  point  pair  AB  can  "be  carried  by  a  trans- 
lation to  an  ordered  point  pair  A*B!  such  that  A*  is  not  on  the  line  AB, 
if  and  only  if  ABB* A'  is  a  parallelogram. 

Proof.  Let  £«  and  Jf»  be  the  points  at  infinity  on  the  lines  AAf  and 
AB  respectively.  The  translation  carrying  A  to  Af  must  carry  the  line 
AM*  to  AfMn  and  leave 
the  line  BL*  invariant. 
Hence  the  point  B, 
which  is  the  intersec- 
tion of  AM*  with  BL»9 
is  carried  to  B!3  which 
is  the  intersection  of 
A'M^vn&LBL*.  Hence 
the  points  A1  and  B1  to 
which  A  and  B  respec- 
tively are  carried  by 
a  translation  are  such 
that  ABBfAr  is  a  parallelogram.  Since  there  is  one  and  only  one 
translation  carrying  A  to  A',  the  same  reasoning  shows  that  when- 
ever ABBrAr  is  a  parallelogram  there  exists  a  translation  carrying 
A  and  B  to  Af  and  BJ  respectively. 

THEOREM  5.  An 
ordered  point  pair 
AB  is  carried  T>y  a 
translation  to  an 
ordered  point  pair 
A!Bf}  where  A1  is  on 
the  line  AB,  if  and 
only  if  Q(L«,AAr, 
L«E?B)9  £„  leing 
the  point  at  infinity 
ofAB. 

Proof.  Let  P  be 
any  point  not  on 

the  line  AB>  and  let  M*  and  2V«  respectively  be  the  points  of  inter- 
section of  PA  and  PA1  with  L.  Let  Q  be  the  point  of  intersection  of 
BM*  with  PZ«.  Then,  by  the  last  theorem*  the  translation  carrying 
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A  to  B  carries  P  to  Q,  and  hence  carries  A'  to  the  point  of  intersection 
of  QJH*  with  AB.  Hence  JY*,  Q,  and  ^  are  collinear,  and  hence  we 
have  Q(L*AA',L*B'B). 

THEOREM  6.  If  A,  B,  C  are  any  three  points,  the  resultant  of  the 
translations  carrying  A  to  B  and  B  to  C  is  the  translation  carrying 
A  to  C. 

Proof.  Let  A«>  Bv,  {7«  be  the  points  of  intersection  of  the  lines 
BC,  CA,  AB  respectively  with  I*.  Suppose  first  that  the  three  points 
A*,B*>  C*  are  all  distinct.  The  translation  carrying  A  to  B  changes 
the  line  AB*  into  the  line  BB*,  and  the  translation  carrying  B  to  C 
changes  the  line  BB*  into  CB*.  Hence  the  line  AB*  is  invariant 
under  the  resultant  of  these 
two  translations. 

Consider  now  any  other 
line  through  B^t  and  let  it 
jDBGkAA*  in  A1  and  BC in  Cf; 
also  let  Bf  be  the  point  of 
intersection  of  AfCm  with 
BC  (fig.  25).  We  then  have 
that  the  translation  carrying 
A  to  B  carries  Af  to  B1 
(Theorem  4),  and  on  ac- 
count of  Q(A*BBf9  A*C'C) 
(Theorem  5)  the  translation 
carrying  B  to  C  carries  Br 

to  Cf.  Hence  the  resultant  of  the  two  translations  carries  Ar  to  Cf  and 
thus  leaves  the  line  A!B*  invariant;  that  is,  it  leaves  all  the  lines 
through  _#*>  invariant.  Since  it  obviously  leaves  all  points  on  I* 
invariant,  it  is  a  translation  (Cor.  3,  Theorem  9,  Chap.  Ill,  VoL  I). 

If  two  of  the  three  points  Aaot  BM>  CM  coincide,  they  all  coincide,  and 
in  this  ease  the  theorem  is  obvious. 

By  definition,  the  identity  is  a  translation.   Hence  we  have 

COROLLARY.   The  set  of  all  translations  form  a  group. 
THEOREM  7.  The  group  of  translations  is  commutative. 

Proof.  Given  two  translations  Ta  and  T2  and  let  A  be  any  point, 
T^)  =  A'  and  Ts(^')  =  Br.  If  B!  =  A,  T2  is  the  inverse  of  Tj,  and 
hence  Tt  and  T3  are  obviously  commutative.  If  Bf  =£  A  and  JBr  is  not 
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on  the  liiiQAA^,  let  B  (fig.  23)  "be  the  point  of  intersection  of  the  line 
through  A  parallel  to  AfB!  with  the  line  through  Br  parallel  to  AAr9 
then  ABB!A*  is  a  parallelogram,  and  it  is  obvious  that  T  (B)  =  Bj 
and  T2(J)=^.  Hence  T^(A)  =B*.  But,  by  the  definition  of  Af 
and  Bf,  T2T1(^)  =  J5/.  Hence,  in  this  case  also,  Tx  and  T2  are 
commutative. 

In  case  Bf  is  on  the  line  AAf,  let  P  and  Q  (fig.  24)  be  two  points 
such  that  A*B'QP  is  a  parallelogram,  let  B  be  the  point  of  inter- 
section of  AAf  with  the  line  through  Q  parallel  to  AP,  and  let  £„, 
-Kaj-ZV^be  the  points  at  infinity  of  PQ,  PA,  and  PA1  respectively. 
Then,  since  T2(^')=^',it  is  obvious  that  T2(P)  =  <?,  and  hence  that 
T2(J)=A  Moreover,  on  account  of  (^(L^AB.L^A1),  T^(A)^Ar 
implies  that  Ta  (#)=.#'.  Hence  T/T^^jS',  and  thus,  in  this  case 
also,  Tl  and  T2  are  commutative. 

THEOREM  8.  If  OX  and  OY  are  two  nonpar  allel  lines  and  T.is  any 
translation^  there  is  a  unique  pair  of  translations  Ta,  T2  such  that  TL 
is  parallel  to  OX,  T2  parallel  to  O  Y9  and  TXT2  =  T. 

Proof.  In  case  T  is  parallel  to  OX  or  0  Y  the  theorem  is  trivial. 
If  T  is  parallel  to  neither  of  them,  let  P=  T  (0)  and  let  Xl  and  rt 
be  the  points  in  which  the  lines  through  P  parallel  to  OY  and  OX 
respectively  meet  OJSTand  OY  respectively.  Then  OX1PY1  is  a  par- 
allelogram, and  if  TX  be  the  translation  carrying  0  to  X^  and  T2  the 
translation  carrying  O  to  Y^  it  follows,  by  Theorems  4  and  6,  that 
TXT2=T. 

On  the  other  hand,  if  T(  is  any  translation  parallel  to  OX,  and  T^ 
any  translation  parallel  to  OF,  and  T((0)  =JT/  and  T£(0)  =r{,  the 
product  T(T£  carries  0  to  a  point  P'  such  that  OJT/P'F/  is  a  par- 
allelogram. But  P'  =  P  if  and  only  if  JT/  =  JTX  and  F/=  Y^  Hence 
T  determines  T1  and  T2  uniquely. 

THEOREM.  9.  With  respect  to  a  nonhomogeneous  coordinate  system 
in  which  ln  is  the  singular  line  a  translation  parallel  to  the  x-axis 
has  the  equations 


Proof.  The  point  into  which  (0,  0)  is  transformed  by  a  given  trans- 
lation parallel  to  the  os-axis  may  be  denoted  by  (a,  0).  By  Theorem  5 
and  §  48,  Vol.  I,  it  then  follows  that  any  point  (%  0)  of  the 
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is  transformed  into  (-e  +  tf,  0).  Since  lines  parallel  to  the  y-axis  are 
transformed  into  lines  parallel  to  the  ^-axis,  and  since  lines  parallel 
to  the  x-axis  are  invariant,  it  follows  that  the  given  translation  takes 
the  given  form  (2). 

Conversely,  any  transformation  of  the  type  (2)  leaves  all  lines  par- 
allel to  the  #-axis  invariant  and  transforms  any  other  line  into  a  line 
parallel  to  itself.  Hence  it  is  a  translation  parallel  to  the  &-axis. 

THEOREM  10.  With  respect  to  a  nonhomogeneous  coordinate  system 
in  which  ln  is  the  singular  line,  any  translation  can  be  expressed  in 


Proof.  By  Theorem  8  any  translation  is  the  product  of  a  translation 
parallel  to  the  a;-axis  by  one  parallel  to  the  y-axis.  Hence  it  is  the 
product  of  a  transformation  of  the  form 


by  a  transformation  of  the  form 


EXERCISE 

Investigate  the  subgroups  of  the  group  of  translations. 

39.  Self-conjugate  subgroups.  Congruence.  DEFINITION.  Any  sub- 
group (?'  of  a  group  G  is  said  to  be  self -conjugate  or  invariant* 
under  G  if  and  only  if  2T2"1  is  an  operation  of  G1  whenever  2  is  an 
operation  of  G  and  T  of  Gf. 

The  geometric  significance  of  this  notion  is  as  follows:  Suppose 
that  two  figures  FT  and  F2  are  conjugate  under  Grf,  and  T  is  a  trans- 
formation of  &  such  that  F2  =  T  (J5^). 

If  Fl  and  Fz  are  changed  into  F[  and   \f*  )  \Fj/ 

Ff2  by  any  transformation  S  of  G,  then 
:  Ft.    Hence  t  TE~  *  (F[)  =  F^ 


*  These  terms  have  already  been  defined  in 
§  75,  Vol.  I. 

t  These  relations  may  be  illustrated  by  the 


accompanying  diagram  (probably  due  to  S.  Lie).  FIQ, 
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and  2T2~1(/T1/)  =  J^.  Therefore,  if  G*  Is  self-conjugate  under  G,  the 
figures  FI  and  F.^  are  conjugate  under  Gr.  Hence  the  property  of 
being  conjugate  lender  the  self  -conjugate  subgroup  G!  is  a  property 
left  invariant  by  the  group  <?.  Thus  the  theory  of  figures  con- 
jugate under  &  belongs  to  the  geometry  corresponding  to  G}  pro- 
vided that  G  is  not  a  self-conjugate  subgroup  of  any  other  group 
of  protective  collineations. 

THEOREM  11*  The  group  of  translations  is  self-conjugate  under  the 
affine  group. 

Proof.  Let  T  be  an  arbitrary  translation  and  2  an  arbitrary  affine 
transformation.  We  have  to  show  that  2T2""1  is  a  translation.  If 
P  be  any  point  of  L,  2(P)  is  also  on  4.  Therefore,  since  T 
leaves  all  points  of  /„  invariant,  so  does  2T2"1.  The  system  of 
lines  through  the  center  of  T  is  a  system  of  parallel  lines  ;  2  trans- 
forms this  system  of  parallel  lines  into  a  system  of  parallel  lines; 
and  hence  the  latter  system  of  parallel  lines  is  invariant  under 
2T2-1.  Hence  (cf.  Cor.  3,  Theorem  9,  Chap.  Ill,  Vol.  I)  2T2-1  is 
a  translation. 

COROLLARY  1.  The  group  of  translations  is  self-conjugate  under 
any  subgroup  of  the  affine  group  which  contains  it 

COROLLAKY  2.  For  any  affine  collineation  2,  and  any  translation  T, 
there  exists  a  translation  T'  such  that  2T=T/2  and  a  translation  T" 
such  that  T2=2T". 

Proof.  Let  2T2"1  =  T7  and  2~1T2  =  T".  By  the  theorem,  T'  and 
T"  are  translations.  But 


=  T'      and   2-^2  =  1" 
imply  2T  =  T'2   and         T2  =  2T"  respectively. 

DEFINITION.  Two  figures  are  said  to  be  congruent  if  they  are  con- 
jugate under  the  group  of  translations. 

This  definition  will  presently  be  extended  by  giving  other  condi- 
tions under  which  two  figures  are  said  to  be  congruent*  In  view  of 
Theorem  11,  the  theory  of  congruence  as  thus  far  defined  belongs  to 
the  affine  geometry. 

*  A  complete  definition  would  be  of  the  form,  "Two  figures  are  said  to  be  con- 
gruent if  and  only  |f  •  »  •" 


50  THE  AFFINE  GEOUP  IN  THE  PLA1STE       [CHA*.  in 

40.  Congruence  of  parallel  point  pairs.    The  figure  consisting  of 

two  distinct  points  A,  &  may  be  looked  at  in  two  ways  with  respect 
to  congruence.  We  consider  either  the  two  ordered*  point  pairs 
AB  and  BA  or  the  point  pair  AB  without  regard  to  order.  In  the 
second  case  AB  and  BA  mean  the  same  thing  and  AB  is  congruent 
to  BA  because  the  identity  belongs  to  the  group  of  translations. 
On  the  other  hand,  the  ordered  pair  AB  is  not  conjugate  to  the 
ordered  pair  BA  under  the  group  of  translations,  because  the  trans- 
lation carrying  A  to  B  does  not  carry  B  to  A  (this  is  under  Assump- 
tions A,  E,  H0). 

THEOREM  12.  If  ABDC  is  a  parallelogram,  the  ordered  point  pair 
AB  is  congruent  to  the  ordered  point  pair  CD.  If  the  condition 
Q(I^AC9  &DB)  is  satisfied  where  £>  is  an  ideal  point,  the  ordered 
point  pair  AB  is  congruent  to  the  ordered  point  pair  CD. 

Proof.   This  is  a  corollary  of  Theorems  4  and  5. 

COROLLARY  1.  Let  A  and  B  le  any  two  distinct  points  and  0  the 
harmonic  conjugate  of  the  point  at  infinity  of  the  line  AB  with  respect 
to  A  and  B.  Then  the  pair  AO  is  congruent  to  the  pair  OB. 

DEFINITION"*  The  point  0  in  the  last  corollary  is  called  the  mid- 
point of  the  pair  AB.  In  case  B=A,  A  is  called  the  mid-point  of 
the  pair  AB. 

COBOLLARY  2.  The  line  joining  the  mid-points  of  the  pairs  of  vertices 
AB  and  AC  of  a  triangle  ABO  is  parallel  to  the  line  BC. 

Proof.  Let  Bm  and  (7.  be  the  points  at  infinity  of  the  lines  AB  and 
AC  respectively,  and  let  B^  and  Cl  be  the  mid-points  of  the  pairs  AB 
and  AC  respectively.  Then,  by  the  definition  of  "mid-point," 


Hence  the  lines  B^  BC,  and  BmCM  concur,  which  means  that  BlCl 
and  BC  are  parallel 

DEFINITION.   The  Hue  joining  a  vertex,  say  A,  of  a  triangle  ABC  to 
the  mid-point  of  BCis  called  a  median  of  the  triangle. 

THEOKEM  13.  The  three  medians  of  a  triangle  meet  in  a  point 
*  Cf  .  footnote  on  page  40. 
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Proof.   Let  the  triangle  be  ABC]  let  Axy  £«,  O,  be  the  points  at 

infinity  of  the  sides  jBC,  CA,  AB  respectively ;  and  let  Jp  B#  Cl  be  the 
points  of  intersection  of  the  pairs  of  lines  BB*  and  CC*,  CCm  and  AA*, 


AA*  and  BB*  respectively  (fig.  27).  Then,  by  well-known  theorems  on 
harmonic  sets  (§  31,  VoL  I),  the  medians  of  the  triangle  AB  C  are  AA^ 
BB^  and  OClf  and  these  three  lines  concur. 

EXERCISES 

1.  The  diagonals  of  a  parallelogram  bisect  one  another;  that  Is,  if  A  BCD 
is  a  parallelogram,  the  mid-points  of  the  pairs  A  C  and  BD  coincide. 

2.  Let  a  and  b  be  two  parallel  lines.   The  mid-points  of  all  the  pairs  AB 
where  A  is  on  a  and  B  on  b  are  on  a  line  parallel  to  a  and  b. 

3.  If  the  sides  AB,BC,  CA  of  a  triangle  ABC  are  respectively  parallel  to 
the  sides  A'B'.,  B'C',  C'A'  of  a  triangle  A'B'C'>  and  the  ordered  point  pair  AB  is 
congruent  to  the  ordered  point  pair  A'B'3  then  the  two  triangles  are  congruent. 

4.  The  mid-points  of  the  pairs  of  opposite  vertices  of  a  complete  quadri- 
lateral are  collinear.   Let  us  call  this  line  the  diameter  of  the  quadrilateral. 

5.  A  line  through  a  diagonal  point  0  of  a  complete  quadrangle,  parallel  to 
the  opposite  side  of  the  diagonal  triangle,  is  met  by  either  pair  of  opposite 
sides  of  the  quadrangle  which  do  not  pass  through  0  in  a  pair  of  points  having 
0  as  mid-point. 

41.  Metric  properties  of  conies.  The  following  list  of  exercises 
contains  a  number  of  theorems  on  conies  which  involve  the  congru- 
ence of  parallel  point  pairs  and  caoi  be  derive^  tyy  aid  of  the  theorem* 
in  the  last  sections. 
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EXERCISES 

1.  The  mid-points  of  a  system  of  pairs  of  points  of  a  conic  A  A',  BE',  CCf, 
etc.  are  collinear  if  the  lines "-4-4',  B&,  CC'  are  parallel   The  line  containing 
the  mid-points  is  a  diameter  conjugate  to  the  diameter  parallel  to  AA'. 

2.  Let  A  and  B  be  two  points  of  a  parabola.   If  the  line  joining  the  mid- 
point'c  of  the  pair  AB  to  the  pole  P  of  the  line  AB  meets  the  conic  in  0, 
then  0  is  the  mid-point  of  the  pair  OP. 

3.  If  a  line  meets  a  hyperbola  in  a  pair  of  points  H^H^  and  its  asymptotes 
in  a  pair  A^A^  the  two  pairs  have  the  same  mid-point.  The  pair  H^  is  con- 
gruent to  the  pair  H%AZ. 

4.  The  point  of  contact  of  a  tangent  to  a  hyperbola  is  the  mid-point  of 
the  pair  in  which  the  tangent  meets  the  asymptotes. 

5.  Let  Al  and  A*  be  each  a  fixed  and  X  a  variable  point  of  a  hyperbola, 
and  let  Xl  and  Xz  be* the  points  in  which  the  lines  XAl  and  XA^  meet  one  of 
the  asymptotes.    The  point  pairs  X^  determined  by  different  values  of  X 
are  all  congruent. 

6.  The  centers  of  all  conies  inscribed  in*  a  simple  quadrilateral  ABCD 
are  on  the  line  joining  the  mid-points  of  the  point  pairs  CA  and  ED. 

7.  The  centers  of  all  conies  which  pass  through  the  vertices  of  a  complete 
quadrangle  ABCD  are  on  a  conic  C2,  which  contains  the  six  mid-points  of  the 
pairs  of  vertices  of  the  quadrangle,  the  three  vertices  of  its  diagonal  triangle, 
and  the  double  points  (if  existent)  of  the  involution  in  which  J»  is  met  by 
the  pencil  of  conies  through  A,  B,  C,  D.    From  the  projective  point  of  view, 
according  to  which  /*  is  any  line  whatever,  C*  is  called  the  nine-point  (or  the 
eleven-point)  conic  of  the  complete  quadrangle  ABCD  and  the  line  L.   Derive 
the  analogous  theorems  for  the  pencils  of  conies  of  Types  II-V  (cf .  §  47,  Vol.  J). 

8.  The  five  diameters  f  of  the  complete  quadrilaterals  formed  by  leaving 
out  one  line  at  a  time  from  a  five-line  meet  in  a  point  A,  which  is  the  center 
of  the  conic  tangent  to  the  five  lines. 

9.  The  six  points  A  determined,  according  to  the  last  exercise,  by  the  six 
complete  five-lines  formed  by  leaving  out  one  line  at  a  time  from  a  six-line 
are  on  a  conic  C2. 

10.  The  seven  conies  C2  determined,  according  to  the  last  exercise,  by  the 
seven  complete  six-lines  formed  by  leaving  out  one  line  at  a  time  from  a 
seven-line,  all  pass  through  three  points. 

42.  Vectors.  Any  ordered  pair  of  points  determines  a  set  of  pairs 
all  of  which,  are  equivalent  to  it  under  the  group  of  translations.  In 
order  to  study  the  relations  between  such  sets  of  pairs  we  introduce 
the  notion  of  a  vector.  The  term  "  vector  "  appears  in  the  literature 

*  A  conic  is  said  to  be  inscribed  in  a  given  figure  if  the  figure  is  circumscribed 
to  the  conic  (cf.  §  43,  Vol.  I). 

t  Cf .  Ex.  4,  §  40.  This  and  the  following  exercises  are  taken  from  an  article  by 
W.  W.  Taylor,  Messenger  of  Mathematics,  Vol.  XXXVI  (1907),  p.  118. 
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under  a  multitude  of  guises,  none  of  which,  however,  is  in  serious 
contradiction  with  the  following  abstract  definition.  In  this  definition 
the  term  "  ordered  pair  of  points  "  is  to  be  understood  to  include  the 
case  of  a  single  point  counted  twice. 

DEFINITION.  A  planar  field  of  vectors  (or  vector  field)  is  any  set  of 
objects,  the  individuals  of  which  are  called  vectors,  such  that  (1)  there 
is  one  vector  for  each  ordered  pair  of  points  in  a  Euclidean  plane,  and 
(2)  there  is  only  one  vector  for  any  two  ordered  pairs  AB  and  AfB! 
which  are  equivalent  under  the  group  of  translations.  A  vector  cor- 
responding to  a  coincident  pair  of  points  is  called  a  null  vector  or  a 
zero  vector,  and  denoted  by  the  symbol  0. 

For  example,  a  properly  chosen  set  of  matrices  would  be  a  vector  field 
according  to  this  definition.  So  would  also  the  set  of  all  translations  including 
the  identity ;  also  a  set  of  classes  of  ordered  point  pairs  such  that  two  point 
pairs  are  in  the  same  class  if  and  only  if  equivalent  under  the  group  of  trans- 
lations. However  a  vector  field  be  defined,  it  will  be  found  that,  in  most 
applications,  only  those  properties  which  follow  from  the  definition  as  stated 
above  are  actually  used. 

A  precisely  similar  state  of  affairs  exists  in  the  definition  of  a  number 
system.  The  objects  in  the  particular  number  system  determined  for  a  given 
space  by  the  methods  of  Chap.  VI,  Vol.  I,  are  points,  but  a  number  system  in 
general  is  any  set  of  objects  in  a  proper  one-to-one  correspondence  with  this 
set  of  points. 

In  the  following  discussion  we  shall  suppose  that  one  field  of  vectors 
has  been  selected,  and  all  statements  will  refer  to  this  one  field.  Thus, 
the  vector  corresponding  to 
the  point  pair  AB  is  a  definite 
object,  and  we  shall  denote  it  as 
*  the  vector  AB"  or,  in  symbols, 
Vect  (AB). 

Since  any  point  of  a  Eu- 
clidean plane  can  be  carried  by 
a  translation  to  any  other  point, 
the  set  of  all  vectors  is  the  same  ™ 

JC  IGr. 

as  the  set  of  vectors  OA,  where 

0  is  a  fixed  and  A  a  variable  point.   Consequently,  the  following  defi- 
nition gives  a  meaning  to  the  operation  of  "  adding  *  any  two  vectors. 
DEFINITION.    If  0,  A,  C  are  points  of  a  Euclidean  plane,  the  vector 
OC  is  called  the  sum  of  the  vectors  OA  an,d  £C.    In  symbols  this  is 
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indicated  by  Vect  (00)  =  Vect  (OA)  +  Vect  (AC).    The  operation  of 
obtaining  the  sum  of  two  vectors  is  called  addition  of  vectors. 
An  obvious  corollary  of  this  definition  is  that 

Vect  (A3)  +  Vect  (BA)  =  0. 

Hence  we  define : 

DEFINITION.  The  vector  Veet  (BA)  is  called  the  negative  of  the 
vector  Vect  (A3),  and  denoted  by  —  Vect  (A3). 

THEOREM  14.  The  operation  of  addition  of  vectors  is  associative  ; 
that  is}  if  a,  5,  e  are  vectors,  (a  +  V)  +  c  =  a  +  (6  +  c). 

Proof.  Let  the  three  vectors  be  OA,  AB,  BC  respectively ;  then,  by 
definition,  both  (Vect  (OA)+  Vect  (A3))+  Vect  (30)  and  Vect(<9^)  + 
(Vect  (A3)  +  Vect  (30))  are  the  same  as  Vect  (GO). 

DEFINITION.  Two  vectors  are  said  to  be  collinear  if  and  only  if 
they  can  be  expressed  as  Vect(OJ)  and  Vect(O^)  respectively,  where 
<9,  A,  B  are  collinear  points. 

v    THEOREM  15.  The  sum  of  two  noncottinear  vectors  OA  and  OB  is 
the  vector  OC,  where  C  is  such  that  OACB  is  a  parallelogram. 

Proof.  By  Theorem  4,  the  vector  OB  is  the  same  as  the  vector  AC. 
Hence,  by  definition,  the  sum  of  OA  and  OB  is  OC. 

THEOREM  16.  The  sum  of  two  collinear  vectors  OA  and  OB  is  a 
vector  QC  such  that  Q(J%AO,  RBC),  where  P^  is  the  point  at  infinity 
of  the  line  AB. 

Proof.  Let  L  and 
M  be  two  points 
such  that  OBML 
is  a  parallelogram. 
Hence  Vect  (OB)= 
Vect(ZJf).  Then, 
by  definition,  O 
must  be  such  that 
Vect  (LM)=  Vect 
(AC),  that  is,  such 
that  ACML  is  a 
parallelogram.  Let 
I,*  be  the  ideal 

point  of  intersection  of  the  lines  OL  and  BM,  and  let  JC.  be  the  ideal 
point  of  intersection  of  the  lines  AL  and  M C.  The  complete  quadrangle 
Sfco  determines  Q(J^AO}  I^BC). 
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COROLLARY.  If  0,  A,  B  are  three  collinear  points,  and  C  a  point 
such  that  Vect  (0  A)  +  Vect  (OB)  =  Vect  (OC),  then,  with  respect  to  any 
scale  (cf.  §  48,  VoL  I)  in  which  J£  is  O  and  J%,  the  point  at  infinity 
of  the  line  OA,  A+B^C. 

Proof.    Cf.  Cor.  1,  Theorem  1,  Chap.  VI,  VoL  L 

THEOREM  17.  The  operation  of  adding  vectors  is  commutative;  that 
is,  if  a  and  Z>  are  vectors,  a  +  "b  =  ft  +  a. 

Proof.  Let  the  vectors  a  and  I  be  Vect  (OA)  and  Vect  (OB) 
respectively.  If  O,  A,  B  are  noncollinear,  the  result  follows  from 
Theorem  15,  and  if  they  are  collinear,  from  Theorem  16. 

43.  Ratios  of  collinear  vectors.  By  analogy  with  the  case  of  addition 
we  should  be  led  to  base  a  definition  of  multiplication  of  collinear 
vectors  upon  the  multiplication  of  points  in  §  49,  Vol.  I.  There  are, 
however,  a  great  many  ways  of  defining  the  product  of  two  vectors, 
which  would  not  reduce  to  this  sort  of  multiplication  in  the  ease  of 
collinear  vectors.  Hence,  in  order  to  avoid  possible  confusion  we  shall 
not  introduce  a  definition  of  the  multiplication  of  vectors  at  present, 
but  only  of  what  we  shall  call  the  ratio  of  two  collinear  vectors, 

DEFINITION.  The  ratio  of  two  collinear  vectors  OA  and  OB  is  the 
number  which  corresponds  to  A  in  the  scale  in  which  PQ  is  0,  J^  is  B, 
and  -£  is  the  point  at  infinity  of  the  line  OA.  It  is  denoted  by 

Vect(O^)       ,      OA 
-  -  -  -  or  bv  —  • 
Vect(6U5)          J  OB 

It  is  to  be  emphasized  that  the  ratio  of  two  collinear  vectors  as 
here  defined  is  a  number.  By  comparison  with  the  definition  in  §  56, 
Vol.  I,  we  have  at  once 

THEOREM  18.  If  A,  B,  C,  Z>«  are  collinear  points,  !>«,  being  ideal, 


Theorem  13,  Chap.  VI,  VoL  I  now  gives 

THEOREM  19.  If  A^  A^  J8,  A4  are  any  four  collinear  ordinary  points, 


THEOREM  20.  If  two  triangles  ABO  and  A'BfCr  are  such  that  the 
sides  AB,  BC,  CA  are  parallel  to  AfBf,  BrCf,  CfAf  respectively, 

AB       BO        OA 
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Proof.    Suppose  that  the  translation  which  carries  A!  to  A  carries 

Bf  to  Bl  and  C!  to  Cr   Then  Bl  is  on  the  line  AB  and  Cl  on  the  line 

^{7,  and  the  line  BJCl  is  parallel  to  BC.   Thus,  if  JB.  be  the  point  at 

infinity  of  the  line  ^^  and  C.  the  point  at  infinity  of  the  line 

B+ABB^C+ACC,. 

AB      AC      CA 
Hence,  by  Theorem  18,          —  =  — 

which  is,  by  definition,  the  same  as 

AB       CA 


ArB^  C'A' 
In  like  manner,  it  follows  that 

AB       BC 


BfCf 

Since  we  have  not  defined  the  product  of  two  vectors,  it  is  necessary 
to  resort  to  a  device  in  order  to  compute  conveniently  with  them. 
This  we  do  as  follows: 

DEFINITION.  With  respect  to  an  arbitrary  vector  OA,  which  is  called 
a  unit  vector,  the  ratio  QB 

~OA' 
where  OB  is  any  vector  collinear  with  OA,  is  called  the  magnitude  of  OB. 

Observe  that  the  magnitude  of  OB  is  the  negative  of  the  magnitude 
of  BO.  Since  the  magnitude  of  a  vector  is  a  number,  there  is  no  diffi- 
culty about  algebraic  computations  with  magnitudes.  In  the  rest  of 
this  section  we  shall  use  the  symbol  AB  to  denote  the  magnitude  of 
the  vector  AB.  No  confusion  is  introduced  by  this  double  use  of  the 
symbol,  because  the  ratio  of  two  vectors  is  precisely  the  same  as  the 
quotient  of  their  magnitudes. 

DEFINITION.  If  T  is  any  collineation  not  leaving  /«  invariant,  the 
lines  T(L)  and  T-l(lM)  are  called  the  vanishing  lines  of  F.  If  II  is 
any  projectivity  transforming  a  line  I  to  a  line  /'  (which  may  coincide 
with  Z),  the  ordinary  points  of  I  and  V  which  are  homologous  with 
points  at  infinity  are  (if  existent)  called  the  vanishing  points  of  II. 
If  II  is  an  involution  transforming  I  into  itself  but  not  leaving  the 
point  at  infinity  invariant,  the  vanishing  point  is  called  the  center  of 
the  involution. 

THEOREM  21.  DEFINITION.  If  0  and  Of  are  the  vanishing  points, 
on  I  and  V  respectively,  of  a  projectivity  transforming  a  line  I  to  a 
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parallel*  line  V ',  and  X  is  a  variable  point  of  I,  andXf  the  point  of  V 
to  which  X  is  transformed,  the  product  OX'  OfXf  is  a  constant,  called 
the  power  of  the  transformation. 

Proof.  Let  J2  be  the  point  at  infinity  of  I  and  V ;  and  let  X1  and 
X2  be  two  values  of  X,  and  JT/  and  JT2;  the  points  to  which  they  are 
transformed  by  the  given  projectivity.  Then,  by  the  fundamental 
property  of  a  cross  ratio, 

B(JBO,-Z1Jg  =  B 

and  hence,  by  Theorem  18, 


Hence,  by  the  definition  of  magnitude  of  vectors, 
OX2  -  0J  XI  =  OXl  •  O'X/. 

COROLLARY  1.  The  power  of  an  involution  having  a  center  0  and 
a  conjugate  pair  AAl  is  OA  -  OA  r 

COROLLARY  2.  Let  H  be  a  homology  whose  center  is  an  ordinary 
point  F  and  whose  axis  is  an  ordinary  line}  and  let  D  "be  any  point  of 
the  vanishing  line  H"1^).  If  P  is  a  variable  point,  P!  =  II(P),  and 
D*  is  the  point  in  which  the  line  through  Pf  parallel  to  FD  meets  the 
vanishing  line  II  (L),  then  j?p 


P'Df 

Proof.   Let  Q  and  Qf  be  the  points  in  which  the  line  FP  meets  the 
vanishing  lines  Hr^L)  and  E^L)  respectively.   By  the  theorem, 


from  which  we  derive  successively 


FQ      ~"       P'Qf 
PF      FP1 


FP       QF 


Since  II  Is  a  homology,  the  two  vanishing  lines  are  parallel.  Hence 

QF       DF 


Hence 


P'Q!  P'Dr 
FP  DF 
FPf ""  PfDr 


*  With  the  extension  of  the  definition  of  congruence  in  the  next  chapter  the 
restriction  to  parallel  lines  may  be  removed. 
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EXERCISES 

1.  If  a  projectivity  ABCDj^A'B'C'D'  is  such  that  the  point  at  infinity  of 
the  line-dJB  corresponds  to  the  point  at  infinity  of  the  line  A'B', 

AB  _  A'& 

CD 


2.  If  three  parallel  lines  a,  Z»,  c  are  met  by  one  line  in  the  points  A',  B'9  C* 
respectively  and  by  another  line  in  A"B"C"  respectively,  then 

A'B?     A"Bf' 
A'C~~  A"Cff* 

3.  If  ABCD  are  any  four  collinear  points, 

AB  •  CD  +  AC-DB  +  AD  -BC  =  0. 

4.  Six  points  form  a  quadrangular  set  Q  (A%BZCZ,  A^B^C^)  if  and  only  if 

R  (A^  B^)  .  R  (j?  A,  c^o  -  B  (C^,  A^  =  -  L 

5.  The  condition  for  a  quadrangular  set  may  also  be  written 


6.  If  three  tangents  to  a  parabola  meet  two  other  tangents  in  Pv  P2,  Pa  and 
i,  Qa,  G,  respectively,  then 


Conversely,  if  five  lines  are  such  that  the  points  in  which  two  of  them  meet 
the  other  three  satisfy  this  condition,  the  conic  to  which  the  five  lines  are 
tangent  is  a  parabola. 

7.  Let  0  be  the  center  of  a  hyperbola,  and  Al  and  A2  the  points  in  which 
the  asymptotes  are  met  by  an  arbitrary  tangent  ;  if  another  tangent  meets  the 
asymptotes  OAV  OA2  in  Bl  and  Bz  respectively, 

OAl  =  OBs 
~ 


8.  If  a  fixed  tangent  p  to  a  conic  at  a  point  P  meets  two  variable  conju- 
gate diameters  in  Q  and  Q',  then  PQ  •  PQ'  is  a  constant.  Let  O  be  the  center 
of  the  conic.  If  the  diameter  parallel  to  p  meets  the  conic  in  $,  then 


9.  Let  Oj  and  Oz  be  the  points  of  contact  of  two  fixed  parallel  tangents  to 
a  conic.  If  a  variable  tangent  meets  the  two  fixed  tangents  in  Xl  and  Xj 
respectively,  O^Xl  •  02X2  is  constant.  If  0  is  the  center  of  the  conic  and  B  is 
a  point  of  intersection  of  the  diameter  through  0  parallel  to  the  fixed  tangents, 
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44.  Theorems  of  Menelaus,  Ceva,  and  Carnot. 

THEOREM  22  (MEXELAUS).  Three  points  A',  B',  C'  of  the  sides  BC, 
CA,  AB,  respectively,  of  a  triangle  are  collinear  if  and  only  if 

A'B    B'C    C'A 


A'C   B'A    C'B 


=  1. 


Proof.   Let  the  points  at  infinity  of  BC,  CA,  AB, 
A!B'  be  A,*,  B*,  C^  E,  respectively,  and  let  A"  be 


\ 


B* 


the  intersection  of  AI^  with  BC.   Then,  supposing  Ar,  Br}  C!  collinear, 


Hence 

and 

Hence 


=  (A*A'A"C)  and 


=  E  (B.0,  AC)  = 


C',  BA)  = 


^C'BA)^ 


C'A 

C'B'' 


',  A"C)  = 
1,  BA")  = 


A'B    B'C    CfA      A'B     A'C    A1  A'1 


=  1. 


A'C    B'A    C'B     A'C    A' A"     A'B 

The  converse  argument  is  now  obvious. 

THEOREM  23  (CEVA).  The  necessary  and  sufficient  condition  for  the 
concurrence  of  the  lines  joining  the  vertices  A,  B9  C  of  a  triangle  to 
the  points  Ar,  B\  C1  of  the  opposite  sides  is 

A'B    B'C    C'A 


AfC    B'A    C'B 


=3—1. 
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Proof.  Let  C!!  be  the  point  of  intersection  of  the  lines  AfB!  and  AB. 
Suppose  first  that  Cn  is  an  ordinary  point.  Then,  by  the  theorem  of 
Menelaus,  ^  ^  ^A 

()  A'C'  B'A    0"B~ 

The  point  O"  Is  harmonically  conjugate  to  C'  with  respect  to  A  and  JB 
if  and  only  if  the  lines  AA',  BB1,  CO'  meet  in  a  point.   Thus, 


=_ 

{  j  C'B  *  C"B 

is  a  necessary  and  sufficient  condition  that  AA!,  BB!,  CCf  concur.   But 
on  multiplying  (5)  by  (6)  we  obtain  (4). 


In  case  C!r  is  an  ideal  point,  the  line  AfBr  is  parallel  to  AB  and, 
by  Theorem  20, 


The  condition  that  0"  be  harmonically  conjugate  to  C'  with  regard  to 
A  and  _B  now  takes  the  form 


On  multiplying  this  into  (7)  we  again  obtain  (4). 

THEOREM  24  (CARNOT).  Three  pairs  of  points,  A^  B^B^  C^, 
respectively,  on  the  sides  BO,  CA,  AB,  respectively,  of  a  triangle  are 
on  the  same  conic  if  and  only  if 

AJB    B^C    C^A 
' 
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Proof.  Suppose  first  that  the  conic  reduces  to  two  lines  containing 
Aff  B^  Cl  and  A#  #2,  <72  respectively.  The  formula  (8)  in  this  case 
follows  directly  from 
Theorem  22  when  we 
multiply  together  the 
conditions  that  A^  B^ 
CI  and  A^  B^,  Cz  be  re- 
spectively collinear. 

Now  consider  any 
proper  conic  through  At, 
A^  BV  B2  meeting  the 
line  ^#  iii  <7/(72'.  By  the 
theorem  of  Desargues 
(Theorem  19,  Chap.  Y, 
Vol.  I)  the  pairs  AB, 
C^Cf  and  C[Cl  are  in 
involution.  Hence 


and  hence 


or 


FIG.  32 


CA 


CZB 


Hence  the  formula  (8)  is  equivalent  to  the  formula  obtained  from  it 
by  substituting  C[,  C%  for  C^  <72  respectively.  Hence  the  formula  holds 
for  any  conic.  The  converse  argument  is  now  obvious. 

The  last  three  theorems  are  the  most  important  special  cases  of 
the  "theory  of  transversals."  A  few  further  theorems  of  this  class  and 
some  other  propositions  which  can  readily  be  derived  from  them  are 
stated  in  the  exercises  below.  Further  theorems  and  references  wiU 
be  found  in  the  Encyclopadie  der  Math.  Wiss.  Ill  AB  5,  §  2,  and 

in  c  i,  §  23. 

EXERCISES 

1.  The  six  lines  joining  the  vertices  A,  B,  C  of  a  triangle  to  pairs  of  points 
A^A^B^B^  C^Cg  on  the  respectively  opposite  sides  are  tangents  to  a  conic  if 
and  only  if  the  relation  (8)  is  satisfied. 

2.  If  the  sides  BC,  CA,  AB  of  a  triangle  are  tangent  to  a  conic  in  Ay 
BVC,  respectively,  ^  ^   ^  ^ 

BAl  *  CBl  *  AC^ 
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3.  If  a  line  EC  meets  a  conic  in  Al  and  A9,  and  two  parallel  lines  through 
B  and  C,  respectively,  meet  it  in  the  pairs  Cv  Ca  and  Bv  Bz  respectively, 

<4     r>       4     z>      E*  /"*      Z?  /^ 
^llJt>     yl^jD      UiO      -DgO   -i 


A9C 


4.  Let  two  lines  a  and  b  through  a  point  0  meet  a  conic  in  the  pairs  Av  A 
and  Bv  B2  respectively.    If  0,  a,  &  are  variable  in  such  a  way  that  a  and 
remain  respectively  parallel  to  two  fixed  lines, 


OB1  •  OBZ 
is  a  constant. 

5.  If  the  sides  of  a  triangle  meet  a  conic  in  three  pairs  of  points,  the  three 
pairs  of  lines  joining  the  pairs  of  points  to  the  opposite  vertices  of  the  triangle 
are  tangents  to  a  second  conic.   State  the  dual  and  converse  of  this  theorem. 

6.  If  two  points  are  joined  to  the  vertices  of  a  triangle  by  six  lines,  these 
lines  meet  the  sides  in  six  points  (other  than  the  vertices)  which  are  on  a 
conic.   Dualize. 

7.  If  a  line  meets  the  sides  AQAlt  A±AV  •  •  •,  AnA^  respectively,  of  a  simple 
polygon  AfiAiAi  •  *  •  An  in  points  J50,  Bv  -  *  -,  Bn  respectively, 

A0BQ    A&       AnBn  _  1 


8.  If  a  conic  meets  the  lines  A^A19  A^,  ••-,  AnAQ,  respectively,  in  the 
pairs  of  points  B0C0,  B^,  •••,  BnCn  respectively, 


9.  If  a  conic  is  tangent  to  the  lines  A0A19  A^A^,  •  •  -,  AnAQ,  respectively,  in 
the  points  B0,  Bv  *~,Bn  respectively, 


n^       l       ! 
V 


46.  Point  reflections.  DEFINITION.  A  homology  of  period  two  whose 
axis  is  L  is  called  a  point  reflection. 

From  this  definition  there  follows  at  once  : 

THEOREM  25.  A  point  reflection  is  fully  determined  "by  its  center. 
The  center  is  the  mid-point  of  every  pair  of  homologous  points.  Every 
two  homologous  lines  are  parallel. 

THEOREM  26.  The  product  of  two  point  reflections  whose  centers 
are  distinct  is  a  translation  parallel  to  the  line  joining  their  centers. 

Proof.  The  product  obviously  leaves  fixed  all.  points  of  I*  and  also 
tiie  line  joining  the  two  centers.  Let  Ci  and  Cz  be  the  two  centers, 
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and  let  P  be  any  point  not  on  the  line  C^C .  Also  let  P/  be  the  trans- 
form of  P  by  the  point  reflection  with  C^  as  center,  and  let  Q  be  the 
transform  of  P;  by  the  point  reflection  with  C2  as  center.  Since  C^  is 
the  mid-point  of  the  pair  PP',  and  C2  of  the  pair  PfQ,  the  line  PQ  is 
parallel  to  C^  (Theorem  12,  Cor.  2).  Thus  the  product  of  the  two 
point  reflections  leaves  invariant  all  lines  parallel  to  C^C^  and  hence 
is  a  translation. 

COROLLARY.  Ttie  product  of  any  even  number  of  point  reflections  is 
a  translation. 

THEOREM  27.  Any  translation  is  the  product  of  two  point  reflections 
one  of  which  is  arbitrary. 

Proof.  Let  T  be  any  translation,  C^  the  center  of  any  point  reflec- 
tion, <73  =  T((71),  and  <72  the  mid-point  of  the  pair  C^.  The  product 
of  the  reflections  in  C:  and  C9  is  a  translation,  by  Theorem  26,  and 
since  it  carries  Cl  to  (7g,  it  is  the  translation  T,  by  Theorem  3. 

COROLLARY  1.  The  product  of  any  odd  number  of  point  reflections 
is  a  point  reflection. 

Proof.  Let  the  given  point  reflections  be  Pp  P2,  •  -  •,  P2n+1.  By 
Theorem  26  the  product  PaP2  •  •  -  P2n  reduces  to  a  translation,  which, 
by  Theorem  27,  is  the  product  of  two  point  reflections  one  of  which  is 
P2ft+r  Hence  there  exists  a  point  reflection  P  such  that 

P  P  . . .  P        —  pp       p        —  p 

J1X2  ^Zn  +  l  -—  ^^Sn+l^aw-H  —  r* 

COROLLARY  2.  The  product  of  a  translation  and  a  point  reflection 
is  a  point  reflection. 

COROLLARY  3.  The  set  of  all  point  reflections  and  translations  form 
a  group. 

THEOREM  28.  The  group  of  point  reflections  and  translations  is  a 
$elf -conjugate  subgroup  of  the  affine  group. 

Proof.  It  has  been  proved,  in  Theorem  11,  that  if  T  is  a  trans- 
lation and  2  an  affine  collineation,  2TS"1  is  a  translation.  Precisely 
similar  reasoning  shows  that  if  T  is  a  point  reflection,  2T2"1  is  a 
point  reflection. 

COROLLARY.  The  group  Gr  of  point  reflections  and  translations  is 
self -conjugate  under  any  subgroup  of  the  affine  group  which  contains  G» 
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THEOREM  29.  With  respect  to  any  system  of  nonhomogeneous  coordi- 
nates in  which  1M  is  the  singular  line,  the  equations  of  a  point  reflection 
ham  the  form  f__ 

35  — - """"""'  i 


Proof.   The  point  reflection  whose  center  is  the  origin  is  of  the  form 


because  this  transformation  evidently  leaves  (0,  0)  and  I*  pointwise 
invariant  and  is  of  period  two.  Since  any  other  point  reflection  is  the 
resultant  of  this  one  and  a  translation,  it  must  be  of  the  form  (9). 

EXERCISES 

1.  An  ellipse  or  a  hyperbola  is  transformed  into  itself  by  a  point  reflection 
whose  center  is  the  center  of  the  conic. 

2.  Let  [C2]  be  a  system  of  conies  conjugate  under  the  group  of  translations 
to  a  single  conic.   Under  what  circumstances  is  [C2]  invariant  under  the  group 
of  translations  and  point  reflections  ? 

3.  Investigate   the   subgroups   of   the   group    of   translations   and   point 
reflections. 

4.  Any  odd  number  of  point  reflections  Px,  P2,  •  •  •,  P«  satisfy  the  condition, 


5.  Let  T  be  the  point  reflection  whose  center  is  the  pole  of  /«  with 
respect  to  the  rc-point  whose  vertices  are  the  centers  of  n  point  reflections 
P1?P2,  ...,  P..  Then* 

•  •  -  PnT  =  1. 


46.  Extension  of  the  definition  of  congruence.  DEFINITION.  Two 
figures  are  said  to  be  congruent  if  they  are  conjugate  under  the  group 
of  translations  and  point  reflections. 

This  definition  is  obviously  in  agreement  with  that  given  in  §  39. 
It  will  be  completed  in  §  57,  Chap.  IV.  The  main  significance  of  the 
present  extension  of  the  definition  is  that  it  removes  any  necessity  of 
distinguishing  between  ordered  and  nonordered  point  pairs  in  state- 
ments about  congruence. 

*  Cf  .  pp.  46,  84,  Vol.  I.  The  center  of  T  is  the  "  center  of  gravity  "  of  the  cen- 
ters of  Pt,  •  •  •,  Ptt.  Cf,  H.Wiener,  Berichte  der  Gesellschaft  der  Wissenschaften  zu 
Leipzig,  Vol.  XLV  (1898),  p.  568. 
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THEOEEM  30.  Any  ordered  point  pair  AB  is  congruent  to  the 
ordered  point  pair  BA 

Proof.  Let  0  be  the  mid-point  of  the  ordered  point  pair  AB.  The 
point  reflection  with  0  as  center  interchanges  A  and  B. 

COROLLARY.  If  a  point  reflection  transforms  an  ordered  point  pair 
AB  to  AfBf, 


Proof.  By  Theorem  26  the  given  point  reflection  is  the  product  of 
the  point  reflection  in  the  mid-point  ofAB  and  a  translation.  The 
point  reflection  in  the  mid-point  of  AB  interchanges  A  and  B,  and  the 
translation  leaves  all  vectors  unchanged. 

47.  The  homothetic  group.  DEFINITION.  A  homology  whose  axis 
is  19  is  called  a  dilation.  Dilations  and  translations  are  both  called 
homothetic  transformations.  Two  figures  conjugate  under  a  homo- 
thetic  transformation  are  said  to  be  homothetic. 

Homothetic  figures  are  also  called,  in  conformity  with  definitions 
introduced  later,  "  similar  and  similarly  placed." 

The  point  reflections  are  evidently  special  cases  of  dilations.  Since 
the  product  of  two  perspective  collirreations  (§28,  Vol.  I)  having  a 
common  axis  is  a  perspective  collineation,  the  set  of  all  homothetic 
transformations  form  a  group;  and  by  an  argument  like  that  used 
for  Theorem  11  this  group  is  self-conjugate  under  the  affine  group. 
Hence  we  have 

THEOREM  31.  The  set  of  all  homothetic  transformations  form  a 
group  which  is  a  self  -conjugate  subgroup  of  the  affine  group. 

Further  theorems  on  the  homothetic  group  are  stated  in  the 
exercises  below. 

EXERCISES 

1.  The  ratios  of  parallel  vectors  are  left  invariant  by  the  homothetic  group. 

2.  If  two  point  pairs  AB  and  CD  are  transformed  by  a  dilation  into  A'I¥ 
and  CD*  respectively, 


3.  If  two  triangles  are  homothetic,  the  lines  joining  corresponding  vertices 
meet  in  a  point  or  are  parallel. 

4.  The  equations  of  the  homothetic  group  with  respect  to  any  nonhomo- 
geneous  coordinate  system  of  which  &»  is  the  singular  line  are 

a/  =  ax  +  5, 
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48.  Equivalence  of  ordered  point  triads.  Although  the  theory  of 
congruence  as  based  on  the  group  of  translations  and  point  reflections 
does  not  yield  metric  relations  between  pairs  of  points  unless  they 
are  on  parallel  lines,  yet  when  applied  to  point  triads  it  yields  a 
complete  theory  of  the  equivalence  (in  area)  of  triangles.* 

In  this  section  we  shall  give  the  definitions  and  the  more  important 
sufficient  conditions  for  equivalence,  using  methods  somewhat  analo- 
gous to  those  in  the  first  book  of  Euclid's  Elements.  Instead  of  tri- 
angles, however,  we  shall  work  with  ordered  triads  of  points.  This 
permits  the  introduction  of  algebraic  signs  of  areas,  though,  as  we  do 
not  need  to  refer  to  the  interior  and  exterior  of  a  triangle,  we  shall 
not  actually  employ  the  word  "area."  The  triads  of  points  which  are 
referred  to  are  all  triads  of  noncollinear  points. 

Our  definitions  have  their  origin  in  the  intuitional  notions :  that  any 
triangle  ABC  is  equivalent  in  area  to  the  triangle  BCA,  that  two  triangles 
are  equivalent  in  area  if  one  can  be  transformed  into  the  other  by  a  transla- 
tion or  point  reflection,  and  that  two  triangles  which  can  be  obtained  by  adding 
equivalent  triangles  are  equivalent. 

DEFINITION.  If  ABC  and  ACD  are  two  ordered  point  triads,  and 
£,  G,  and  Z>  are  collinear,  and  B  =£  D  (fig.  33),  the  point  triad  ABD  is 
called  the  sum  of  ABC  and  ACD  and  is  denoted  by  ABC  +  ACD  or  by 
ACD+ABC.  A  A 


DEFINITION.  An  ordered  point  triad  t  is  said  to  be  equivalent  to  an 
ordered  point  triad  tr  (in  symbols,  t  ~  tf)  (1)  if  t  can  be  carried  to  tr 
by  a  point  reflection,  or  (2)  if  t  and  tf  can  be  denoted  by  ABC  and 

*  The  idea  of  building  up  the  theory  of  areas  without  the  aid  of  a  full  theory  of 
congruence  is  due  to  E.  B.Wilson,  Annals  of  Mathematics,  Vol.  V  (2d  series)  (1903), 
p.  29.  His  method  is  quite  different  from  ours,  being  based  on  the  observation 
(of.  §  52,  below)  that  an  equiaffine  collineation  is  expressible  as  a  product  of  simple 
shears.  Still  another  treatment  of  areas  based  on  the  group  of  translations  and 
employing  continuity  considerations  is  outlined  by  Wilson  and  Lewis,  "The  Space- 
time  Manifold  of  Relativity,"  Proceedings  of  the  American  Academy  of  Arts  and 
Sciences.  Vol.  XL VIII  (1912).  We  shall  return  to  the  subject  in  la-ter  sections. 
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BCA  respectively,  or  (3)  if  there  exists  an  ordered  point  triad  t  such 
that  t  ^  t  and  t  ^  t\  or  (4)  if  there  exist  ordered  point  triads  tl9  t^ 
t[,  4  such  that  t^t[,  t2^t!2  and  t  =  t^+t^  and  tr=t(  +  t^  An  ordered 
point  triad  t  is  not  said  to  be  equivalent  to  an  ordered  point  triad  tr 
unless  it  follows,  by  a  finite  number  of  applications  of  the  criteria  (1), 
(2),  (3),  (4),  that  t^t!. 

Since  any  translation  is  a  product  of  two  point  reflections,  Criteria 
(1)  and  (3)  give 

THEOREM  32.  Two  ordered  point  triads  are  equivalent  if  they  are 
conjugate  under  the  group  of  translations  and  point  reflections. 

THEOREM  33.  If  A,  B,  and  C  are  noncollinear  points,  ABC^ABC, 
ABC  ^  BCA,  ABC^  CAB. 

Proof.  From  (2)  of  the  definition  it  follows  that  ABC ^  BCA  and 
BCA  *=  CAB.  Hence,  by  (3),  ABC^  CAB.  But,  by  (2),  CAB  *e  ABC. 
Hence,  by  (3),  ABC  ^  ABC. 

From  the  last  two  theorems  and  from  the  form  of  the  definition 
we  now  have  at  once 

THEOREM  34.  If  tl  ^  £2,  then  tz  ^  tr 

THEOREM  35.  If  A,  B,  C  are  any  three  noncollinear  points  and  0 
the  mid-point  of  the  pair  AB,  then  c  cf 

AOC^OBC. 

Proof.  Let  Cr  be  the  point  to  which 
C  is  changed  by  the  translation 
shifting  A  to  0,  and  let  M  be  the 
point  of  intersection  of  the  non- 
parallel  lines  BC  and  OCf.  Since 
COBC'  is  a  parallelogram,  M  is  the 
mid-point  of  the  pairs  CB  and  C!0. 
Thus  we  have 


and  OB  C  =  OB M  +  OMC. 

But  the  point  reflection  with  M  as  center  carries  OMC  into  C'MR 

111118  OMC  ^  C'MB  *z  BC'M, 

and  OBM^BMO, 

and  hence,  by  comparison  with  the  equivalences  and  equations  abov$ 

AOC^OBC. 
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THEOREM  36,   Two  ordered  point  triads  ABOl  and  ABC2,  where 
0  3*  C ,  are  equivalent  if  the  line  C&  is  parallel  to  the  line  AB. 

Proof.  Let  0%  be  such 
that  B  is  the  mid-point  of 
C  C  and  let  the  line  C9C9 
meet  the  line  A  B  in  0,  which 
is  an  ordinary  point  because 
C  is  not  on  the  line  C^C^ 
It  follows  (§40)  that  0  is  the 
mid-point  of  the  pair  C^C^. 

By  Theorems  34  and  35, 
ABC^  BAC^  C^BA.  By 
definition, 

C9OA  By  Theorem  3  5,  < 
b^r  C  OB  and 
Hence 


Fro.  35 


COROLLARY.  If  a  point  B1  is  on  a  line  OB  and  a  point  Cr  on  a 
different  line  00,  and  the  lines  BC1  and  BfC  ar&paralld,  BOC^BrOGf. 

Proof.   By  hypothesis, 


and  CfBfO=C'BfB+CrBO* 

But  CfffB*2CrC£^BCrC, 

hy  Theorems  36  and  34, 
and  C'BO  ^  BOC1,  by 
Theorem  34.  Hence  BOG 


.  36 


THEOREM  37.  If  A,  B,  and  C  are  any  three  noncollinear  points,  and 
P  and  Q  are  any  two  distinct  points,  there  exists  a  line  r  parallel  to 
PQ  such  that  if  ft  is  any  point  of  r,  ABC  ^PQK 

Proof.  Let  T  be  the  translation  such  that  T(^t)=P,  and  let 
T(B)^Bf  and  T(<7)  =  <7'.  If  ff  is  not  on  the  Hne  PQ,  let  -B' 
he  the  intersection  (fig.  37)  of  the  line  through  C1  parallel  to  PB1 
with  the  line  through  P  parallel  to  QBf.  If  Bf  is  on  the  line  PQ,  let 
Rf  be  the  point  of  intersection  with  PCf  of  the  line  through  £f 
parallel  to  QC'~ 
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In  both  cases  the  lines  which  intersect  in  Sf  are  hy  hypothesis  non- 
parallel,  so  that  H1  is  always  an  ordinary  point.  By  Theorem  32. 
ABC^PBf€f.  In  case  B' 
is  not  on  PQ,  it  follows,  by 
Theorem  36,  that  PB!C1^ 
PB'R'^PQR*.  Incase^ 
is  on  PQ,  it  follows,  by  the 
corollary  of  Theorem  36, 
that  PB'C^PQR*.  By 
Theorem  36  the  line  T 
through  Ef  parallel 
to  PQ  is  such  that 
for  every  point  M 
on  r.ABC^PQE. 

EXERCISES 

1.  Two  ordered  point  triads  ABC  and  AB'C?  are  equivalent  if  the  points 
B,  C,  B',  C'  are  colHnear  and  Voct  (EC)  -  Vect  (B'C'). 

2.  Let  0  be  the  point  of  intersection  of  the  asymptotes  I  and  m  of  a 
hyperbola,  and  let  L  and  M  be  the  intersections  with  I  and  m  respectively 
of  a  variable  tangent  to  the  hyperbola.    Then  the  ordered  point  triads  OLM 
are  all  equivalent. 

49.  Measure  of  ordered  point  triads.  The  theorems  of  the  last  sec- 
tion state  sufficient  conditions  for  the  equivalence  of  ordered  point 
triads.  In  order  to 
obtain  necessary  con- 
ditions, we  shall  in- 
troduce the  notion 
of  measure,  analogous 
to  the  magnitude  of 
a  vector. 

DEFINITION.  Let 
0,  P,  Q  be  three  non- 
collinear  points.  The 
measure  of  an  ordered 
point  triad  AB  C  rela- 
tive to  the  ordered  triad  OPQ  as  a  unit  is  a  number  m(ABC)  deter- 
mined as  follows :  If  the  line  BC  is  not  parallel  to  OP,  let  J£x  and  Ct 
be  the  points  in  which  the  lines  through  B  and  C  respectively,  parallel 
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bo  OP,  meet  the  line  OQ,  and  let  Jt1  be  the  point  in  which  the  line 
through  A9  parallel  to  OP,  meets  the  line  BC.  Let  AA^  denote  the  magni- 
tude of  the  vector  AA^  relative  to  the  unit  OP(§  43),  and  B&  the 
magnitude  of  the  vector  51Cf1  relative  to  the  unit  OQ.  The  measure  of 
the  ordered  triad  ABO  is  *  A4  -  B  C 

and  is  denoted  by  m  (ABC).  If  the  line  BC  is  parallel  to  OP,  CA  is 
not  parallel  to  OP,  and  the  measure  otABC  is  defined  to  be  m  (BCA). 

If  this  definition  be  allowed  to  apply  to  any  ordered  point  triad 
whatever  (instead  of  only  to  noncollinear  triads,  cf.  §  48),  we  have 
m(ABC)  =  0  whenever  the  points  A,  B}  C  are  colliaear. 

THEOEEM  38.  IfABC^A'JEfC',  then  m(ABC)  =  m(AfBrCr). 

Proof.  Let  us  examine  the  four  criteria  in  the  definition  of  equiva- 
lence in  §  48. 

(1)  In  case  ABC  is  carried  to  AfBfCf  by  a  point  reflection,  each  of 
the  vectors  JL4t  and  B1Cl  is  transformed  into  its  negative  (Theorem  30, 
corollary),  and  hence  the  product  of  their  magnitudes  is  unchanged. 

(2)  According  to  the  second  criterion,  ABC^BCA.  Suppose,  first, 
that  neither  BC  nor  CA  is  parallel  to  OP,  and  let  A^  B^  Cl  have  the 
meaning  given  them  in  the  definition  above.   Then 


Let  B^  (fig.  38)  be  the  point  in  which  the  line  through  B,  parallel  to 
OP,  meets  the  line  CA>  and  let  Az  be  the  point  in  which  OQ  is  met  by 
the  parallel  to  OP  through  A.  Then  if  BB^  and  C^  represent  the 
magnitudes  of  the  corresponding  vectors  relative  to  OP  and  OQ 
as  units,  m(BCA)  = 


By  Theorem  20,  ==i  _  ?±L . 

jf>    />  _/>(_/ 

•*^2  v 

But  since  the  lines  CGlf  A^A#  BBl  are  parallel,  it  follows  from  §  43  that 

'BC'^. 

AA,^ 


Hence 

or  m(ABC)  =AA1  •  B^—BB^  -  C^2=  m  (P0^(). 

*  The  factor  ^  is  lacking  in  this  expression,  because  we  are  taking  a  triangia 
rather  than  a  parallelogram  as  the  unit. 
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In  case  BC  is  parallel  to  OP,  the  last  clause  of  the  definition  states 
that 


In  case  CA  is  parallel  to  OP,  AB  and  BC  are  not  parallel  to  OP,  and 
hence  the  argument  above  shows  that 


But,  by  definition, 
Hence 


m(CAB)=m(ABO). 
m(BCA)  =  m(CAB). 
m(ABC)=m(BCA). 


),  then  m  (tj  =  m,  (tj. 


(3)  Corresponding  to  the  fact  that  if   ^  —  *2   and    tz  ^  £s,  then 
t  *zt,  we  have  that,  since  m(t)  is  a  uniquely  defined   number, 

(4)  Let  B,  C,  D  be  three  col- 
linear  points  and  A  any  point  not 
on  the  line  BC  (fig.  39).    In  case 
the  line  B  C  is  not  parallel  to  OP, 
let  Al  be  the  point  in  which  the 
line  through  A,  parallel  to  OP, 
meets  BC,  and  let  B19  Cl9  D^  be 
the  points  in  which  the  lines 
through  B,  C,  D   respectively, 
parallel  to  OP,  meet  OQ.   Then      « 

m(ABD) 


In  case  the  line  BC  is  parallel 
to  OP,  let  £be  the  point  in  which 
BC  meets  OQ,  and  Az  be  the 
point  in  which  the  line  through. 
^parallel  to  OP,meets  OQ.  Then 


SA^+  CD 

=  m(BCA)  +  m(CDA)  =*  m  (ABC)  +  m  (ACD). 


Thus,  in  every  case,  if  \  +  1^  =  t#  m  (tj  +  m  (t2)  = 

Comparing  the  results  proved  in  these  four  cases  with  the  definition 
of  equivalence,  we  have  at  once  that  whenever  t^  t^  m(t^m(t^ 
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THEOREM  39.  If  B,  C,  and  D  are  collinear  points,  and  the  point  A  is 
not  on  the  lineBC,  m(ABC)  __BG 

~" 


BJ) 


Proof.  In  case  the  line  BC  is  not  parallel  to  OP,  let  A#  B^  Cl  have 
the  meaning  given  them  in  the  definition  of  measure,  and  let  Dt  be  the 
point  in  which  the  line  through  D,  parallel  to  OP,  meets  OQ  (fig.  39). 

m(ABO}  ^ 
m  (ABD] 


B,C       BC 
But,  by  §43, 


In  case  BC  is  parallel  to  OP,  let  A2  be  the  point  in  which  the  line 
through  A,  parallel  to  OP,  meets  OQ,  and  S  the  point  in  which  BC 
meets  OQ.  Then 

m(ABC)  _  m(BCA)  __  BC  -  SA2  _  BC 
m(ABD)  ~  m(BDA)  ~  BD  -  SA2  "~  BI)' 

COROLLAEY  1.  If  B,  C,  D,  E  are  points  no  two  of  which  are  collinear 
with  a  point  A, 


. 

m(ACJS) 

CoROLLAEY  2.  If  B,  C,D  are  points  no  two  of  which  are  collinear 
with  a  point  A,  and  if  PM  is  the  point  at  infinity  of  the  line  CD  (the 
latter  not  being  parallel  to  AB), 


THEOREM  40.  If  m(ABC)  =  m(AfBfCf)^  0,  then  ABC^A'B'C*. 

Proof.  By  Theorem  37  there  exists  a  point  C"  on  the  line  AfCf 
such  \&&t,ABC^A*B!C".  Hence  A'B'C'  ^A'B'C",  and  by  the  last 
theorem,  Cr  =  C". 

In  consequence  of  the  last  two  theorems  the  unit  point  triad  may 
be  replaced  by  any  equivalent  triad  without  changing  the  measure  of 
any  triad. 

THEOREM  41.  IfABC^ABC1,  andC^  Cf,  the  line  CC1  is  parallel 

to  the  line  AB. 
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Proof.  The  unit  triad  OPQ  may  be  chosen  so  that  OP  is  parallel 
to  AS.  Then  if  Cl  is  the  point  in  which  the  line  through  C,  parallel 
to  OP,  meets  OQ,  and  Bl  the  point  in  which  AB  meets  OQ9 

m(ABC)=AB*BlCl. 
If  C(  is  the  point  in  which  the  line  through  Cr9  parallel  to  OP,  meets  Oft 


By  Theorem  38,  m  (ABC)  =  m(ABC!),  and  hence  C^C[.   Hence  the 
line  CC1  is  parallel  to  AB. 

THEOREM  42.  IfABC^ABfCfy  and  Bf  is  on  the  lineAB,  and  C1  on 
the  line  AC,  then  the  line  BCf  is  parallel  to  the  line  BfC. 

Proof.  By  the  corollary  of  Theorem  36,  if  C"  is  a  point  of  AC'  such 
that  BC"  is  parallel  to  B'C,  then 

ABC^AB'C". 

By  Theorem  41  the  only  points  ~C  such  that  ABC^AB'^C  are  on  the 
line  through  C"9  parallel  to  AB1.   Hence  Cf=C". 

It  is  notable  that  although  the  sufficient  conditions  for  equivalence  given 
in  §  48  are  all  proved  on  the  basis  of  Assumptions  A,  E,  H0,  the  discussion  of 
the  ratios  of  vectors,  and  hence  all  the  necessary  conditions  for  equivalence, 
involve  Assumption  P  in  their  proofs.  This  is  essential,*  as  we  can  show  by 
proving  that  Assumption  P  is  a  logical  consequence  of  these  theorems,  together 
with  the  previous  theorems  on  equivalence.  As  was  pointed  out  in  §  3,  Assump- 
tion P  is  a  logical  consequence  of  the  theorem  of  Pappus,  Theorem  21,  §  36, 
Yol.  I.  When  one  of  the  lines  of  the  configuration,  is  taken  as  /OP,  this  theorem 
assumes  the  form  : 

If  a  simple  hexagon 
AB'CA'BC  fe  sucJi 
that  A,B,C  are  on  one 
line  and  A",  B',  C'  on 
another  line,  and  ifAB' 
is  parallel  to  A'B  and 
BC'  parallel  toB'C,  then 
CA'  is  parallel  to  C'A. 

In  case   the   lines  Fio.  40 

containing  ABC  and 

A'&C',  respectively,  are  parallel,  this  can  be  proved  from  the  Desargues 

theorem  on  perspective  triangles;   so  that  we  are  interested  only  in  the 

*  The  role  of  Assumption  P  (or  rather  of  the  equivalent  theorem  of  Pappus)  in 
the  theory  of  areas  was  first  determined  in  a  definite  way  by  D.  Hilbert,  Grundlagen 
der  Geometrie,  Chap.  IT. 
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case  when  AB  and  A'B'  intersect  in  a  point  0.  By  Theorem  86,  since  ABf 
is  parallel  to  A'B>  OAA'^OBB*;  and  since  EC'  is  parallel  to  B'C,  OB&  *e 
OCC'.  By  the  definition  (3)  of  equivalence  it  follows  that  OAA'**zOCC'. 
But  by  Theorem  42  this  implies  that  A  C'  is  parallel  to  A'Q. 

This  is  perhaps  the  simplest  way  of  proving  the  fundamental  theorem  of 
protective  geometry  if  it  be  desired  to  base  projective  geometry  upon  elemen- 
tary Euclidean  geometry  (cf.  Ex.  3,  §  54). 

The  notion  of  measure  can  be  extended  to  any  ordered  set  of  n 
points,  i.e.  (cf.  §  14,  VoL  I)  to  any  simple  imprint.  The  details  of  this 
discussion  are  left  to  the  reader.  An  outline  is  furnished  by  the 
problems  below.  The  principal  references  are  to  A.  F.  Mobius,  Der 
barycentrische  Caleul,  §§1, 17, 18, 165;  Werke,  VoL  I,  pp.  23,  39, 200; 
VoL  II,p.  485.  See  also  the  Encyclopadie  der  Math.  Wiss.,  Ill  AB  9,  §  1 2. 
It  is  to  be  borne  in  mind  in  using  these  references  that  our  hypotheses 
are  narrower  than  those  used  by  the  previous  "writers. 


EXERCISES 

L  For  any  three  points  A9  B,  C, 


%.  For  any  four  points  0,  Ay  B,  C, 

m(ABC)  =  m(OAB)  4-  m(OBC)  +  tn(OCA). 

3.  For  any  n  points  AvAS9'**,An  the  number 


is  the  same  for  all  choices  of  the  point  0.   We  define  it  to  be  the  measure  of 
the  simple  n-point  A-^A^  *  -  -  An  and  denote  it  by  m  (A1A2  •  -  •  An). 

4.  m^A2  -  •  •  An^An)  =  m(A2As  -  -  -  AnA^. 

5.  m(A1A2*-*An)  +  m(AlAnAn+l.--An+z)  =  m(A1A2.*-An+k'). 

6.  Derive  a  formula  for  m^A^i^^  •  An)  analogous  to  the  definition  of 
m(ABC)  in  terms  of  vectors  collinear  with  two  arbitrary  vectors  OP  and  OQ. 

7.  Prove  the  converse  propositions  to  those  stated  in  the  exercises  in  §  48. 

8.  If  A  BCD  and  A'SfCfiy  are  two  parallelograms  whose  sides  are  respec- 
tively  parallel,  m(ABCD)    =  AB     B£ 

m  (A'B'C'I/)      A'B'  '  &C'  * 

9.  The  variable  parallelogram  two  of  whose  sides  are  the  asymptotes  of  a 
hyperbola  and  one  vertex  of  which  is  on  the  hyperbola  has  a  constant  measure. 

10.  If  a  variable  pair  of  conjugate  diameters  meets  a  conic  in  point  pairs 
A  A',  BB't  the  parallelogram  whose  sides  are  the  tangents  at  A,  A',  B,  B'  has 
a  constant  measure.  The  parallelogram  ABA'&  also  has  a  constant  measure. 
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50.  The  equiaffine  group.  THEOREM  43.  If  two  equivalent  ordered 
point  triads  tl  and  t^  are  transformed  ty  an  affine  collineation  into 
t[  and  4,  then  t[  ^  t'y 

Proof.  It  Is  necessary  merely  to  verify  that  the  relation  used  in 
eadi  of  the  criteria  (1),  •  •  •,  (4)  in  the  definition  of  equivalence  {§  48) 
is  unaffected  by  an  affine  collineation.  For  Criterion  (1)  this  reduces 
to  Theorem  28.  For  Criteria  (2),  (3),  (4)  it  is  a  consequence  of  the 
fact  that  an  affine  collineation  transforms  ordered  triads  into  ordered 
triads  and  collinear  points  into  collinear  points. 

THEOREM  44.  If  an  affine  collineation  transforms  one  ordered  point 
triad  into  an  equivalent  point  triad,  it  transforms  every  ordered  point 
triad  into  an  equivalent  point  triad. 

Proof.  It  follows  from  Theorem  43  that  if  ABC  is  transformed  by 
a  given  collineation  into  an  equivalent  ordered  point  triad  A!B!CJ, 
then  every  point  triad  equivalent  to  ABC  is  transformed  into  a  point 
triad  equivalent  to  A!B!C!  and  thus  into  one  equivalent  to  ABC.  By 
Theorem  37  any  ordered  point  triad  whatever  is  equivalent  to  some 
point  triad  ADC,  where  D  is  on  the  lineal?.  Hence  the  present 
theorem  will  be  proved  if  we  can  show  that  ADC  is  transformed  into 
an  equivalent  point  triad. 

Denote  the  point  to  which  D  is  transformed  by  the  given  collinea- 
tion by  D'.  By  Theorem  39, 

m(ADC)  =  AD       ,  m(A'D'Cf)  =  A1  If 
m(ABC)  ~  AB  **    m(AfBfCf)  ~  A!  Is1  " 

By  §43, 

where  J^  is  the  point  at  infinity  of  the  line  AB.  But  since  the  given 
collineation  is  affine,  J£  is  transformed  to  the  point  at  infinity  P£  of 
the  line  A!Brt  and 


Since  m(A£CT)  =  m(A'£'C'),  it  follows  that  m(ADC)  =  m(A'D'C'). 


DEFINITION.   Any  affine  collineation  which  transforms  an  ordered 
point  triad  into  an  equivalent  point  triad  is  said  to  be  equiaffine. 


106 


THE  AFFHSTE  GBOUP  ES"  THE  PLANE       [CBULP.  in 


THEOEEM  45.  The  equiaffine  collineations  form  a  self-conjugate 
subgroup  of  the  affine  group. 

Proof.  By  the  last  theorem  an  equiaffine  collineation  transforms 
every  ordered  point  triad  into  an  equivalent  point  triad.  Hence,  by 
Condition  (3)  in  the  definition  of  equivalence,  the  product  of  two 
equiaffine  collineations  is  equiaffine.  By  Theorem  43,  2T2"1  is  equi- 
affine whenever  T  is  equiaffine  and  2  affine. 

THEOKEM  46.  Let  A,  B,  A1,  Bf  le  points  such  that  A^B  and  A'^B1-, 
let  ale  a  line  on  A  tut  not  on  B,  and  let  a!  le  a  line  on  A!  lut  not 
on  B1.  There  is  one  and  only  one  equiaffine  collineation  transforming 
A  to  A^  B  to  B'9  and  a  to  a1. 

Proof.  Let  C  be  any  point  distinct  from -4  on  a.  By  Theorem  37, 
there  is  a  point  Cf  on  the  line  a1  such  that 

ABC^A'ffC*. 

By  Theorem  1  there  is  one  and  only  one  affine  transformation  carrying 
A,  B,  C  to  A\  Br,  Cr  respectively,  and  by  definition  this  transformation 
is  equiaffine.  By  Theorem  41,  C'  is  the  only  point  on  a!  such  that 
ABC^AfBfCf.  Hence  (Theorem  44)  there  is  only  one  equiaffine 
transformation  carrying  A,  B}  a  into  A*,  Br,  d  respectively. 

EXERCISE 

Any  affine  collineation  leaves  invariant  the  ratio  of  the  measures  of  any 
two  point  triads. 

*51.  Algebraic  formula  for  measure*  Barycentric  coordinates. 
Consider  a  nonhomogeneous  coordinate  system  in  which  L  is  the 
singular  line.  Let  the  unit  of  measure  for  ordered  triads  be  OP  Q, 
where  0  =  (0,  0),  P  =  (1,  0),  Q  =  (0,  1).  Let  A  =  (ax,  aa),  3  =  (\,  62), 
(7=  fa,  c2) ;  the  line  through  A,  parallel  to  OP,  consists  of  the  points 
(at+  X,  e&a),  where  X  is  arbitrary,  and  the  line  BC  has  the  equation 
(§'64  Vol.  I), 


x  y 


=  0. 


In  case  the  line  BC  is  not  parallel  to  OP,  and  therefore  &2  =£  c2,  the  point 
Al  which  appears  in  the  definition  of  measure  (§  49)  is 
where  X  satisfies 


X  0    0 


a.  flL  1 


«i  CP 


=  o. 


§51] 

Hence 


POEMULA  FOE  MEASUEE 

-1     ft1  %  J 

\     &2     1 
Cl      °2      I 
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The  points  Bl  and  C^  of  the  definition  of  measure  are  (0,  bj  and  (0,  cj> 

respectively,  so  that  B  C  =  c  —b 

Hence  1 

(10)  m(ABO)=  b^  \    I 

ci   Gl    l 

That  the.  same  result  holds  good  in  case  BC  is  parallel  to  OP  is 
readily  verified, 

Now  if  A9  B,  C  are  transformed  to  Ar,  B!,  C!  respectively  by  a 
transformation       . 


C11)  ;_a] 

of  the  affine  group, 

(12)      m(A'BlCr)  = 


0 


a    «    1 


Hence  we  have 

THEOREM  47.  A  transformation  (11)  of  the  affine  group  is  equiaffine 
if  and  only  if* 


Let  A  =  (a^  a2),B  =  (blt  6g),  (7  =  (cx,  c2)  be  the  vertices  of  any  triangle, 
and  P  =  (x>  y)  any  point.  In  the  homogeneous  coordinates  for  which 
xjx^x,  XZ/XQ=  y,  these  points  may  be  written  A  =  (1,  av  &2),  etc. 
Hence  by  the  result  established  in  §  27  for  the  three-dimensional 
case,  the  numbers  proportional  to 


1  x    y 

i  M, 


1   x    y 
1   ^   c2 


1  a 


y 


may  be  regarded  as  homogeneous  coordinates  of  P  in  a  system  for 
which  ABC  is  the  triangle  of  reference. 

»  By  comparison  with  §  30  this  condition  yields  the  result  that,  in  an  ordered 
space,  the  equiaffine  collineations  are  all  direct. 
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This  is  a  particular  one  of  the  homogeneous  coordinate  systems 
for  which  ABC  is  the  triangle  of  reference,  and  of  course  corresponds 
to  a  particular  choice  of  the  point  (1,  1,  1).  Other  particular  systems 
may  be  obtained  by  replacing  (1,  a^  «2)  by  (A,  kal9  ka^)  and  like 
changes.  The  coordinates  written  down,  however,  have  (in  view  of  (10)) 
the  remarkable  property  that 


Also,  in  view  of  Ex.  2,  §  49,  they  satisfy  the  condition 


for  all  ordinary  points  P.   If  ABC  be  taken  as  the  unit  of  measure, 
this  condition  assumes  the  form 


Since  all  ordinary  points  satisfy  this  condition,  the  equation 

fo+*i+&=°' 

which  can  always  be  satisfied  by  properly  chosen  homogeneous  coordi- 
nates, must  represent  I*.  Therefore  the  point  (J,  ^,  ^),  which  is  polar 
to  Z«  relatively  to  the  triangle  ABC,  must  be  the  point  of  intersection 
of  the  medians  of  this  triangle. 

DEFINITION.   Given  a  homogeneous  coordinate  system  with  respect 
to  which  the  line  at  infinity  has  the  equation 


the  three  numbers  x^  xl9  x2>  which  are  homogeneous  coordinates  of  an 
ordinary  point  P  and  satisfy  the  condition 


are  called  the  larycentric  coordinates  of  P,  relative  to  the  triangle 
tf0=0,  ^=0,  #2=0. 

EXERCISES 
1.  Defining  the  baryeentric  coordinates  of  a  point  P,  relative  to  a  triangle 

,  ^ 

: 


prove  that  a  line  is  represented  by  a  linear  equation. 

2.  If  A,  By  C9  D  are  four  fixed  points  of  a  conic,  and  P  a  variable  point,  the 
ratio  m(ABP)-m(CDP) 


is  constant  (cf.  Cor.  1.  Theorem  39). 
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3.  Show  that  the  equation  of  a  conic  through  five  points  A,B,C9D,E  may 
be  written  in  the  form 

(A DE)  (BCE)  (ABX)  {CDX)  -  (ABE)  (CDE)  (AJ)X)  (BOX)  =  0, 

where  (ADE)  stands  for  ax  a2  as 

d,  d,  ds  , 

ei   *s  ** 
and  the  other  parenthetical  triads  have  analogous  meanings. 

*52.  Line  reflections.  DEFINITION.  A  homology  of  period  two 
whose  center  is  on  L  is  called  a  line  reflection ;  if  its  center  is  L  and 
its  axis  19  we  shall  denote  the  line  reflection  by  {LI}. 

This  definition  could  also  be  expressed  by  saying  that  a  line  reflec- 
tion is  a  transformation  having  an  axis  such  that  (1)  if  P1  be  the 
transform  of  a  point  P  and  P¥=P',  the  mid-point  of  the  pair  PP'  is 
on  the  axis  of  the  reflection ;  and  (2)  if  PI  and  P[  are  any  other  pair 
of  homologous  points,  the  line  P^P(  is  parallel  to  PP'. 

THEOREM  48.  A  product  of  two  line  reflections  is  an  equiaffine 
collineation. 

Proof.  Let  the  given  line  reflections  be  {-^/J  and  {L^}.  Let  I  be 
any  line  meeting  both  ^  and  /2,  and  let  L  be  any  point  at  infinity  not 
onf.  Then  frj\-STj\  fTJ\  $T1\  tr  7\ 

^U  I/  j  *   ~\JL/  o  f  —  "\-UJjf  *   \jLjlfj  '  \JLslfj'  *  "[ JL/  6  j. 

Let  A  be  the  point  of  intersection  of  I  and  l^  B  any  other  point  of  Il9 
C  any  other  pouit  of  I,  C^  the  point  to  which  C  is  transformed  by 
{i1Z1},  and  0  the  point  in  which  the  line  CCl  meets  l^  Since  0  is  the 
mid-point  of  (7Cf1,  Theorem  35 
gives  in  case  A  =£  0  ^  B,  '  N.  B> 


Since     CAO  +  COB  =  CAB, 
and     C^B  0  +  C1OA 

it  follows  that 


41 


In  case  A=0  or  0=B  the  same  result  follows  directly  from  Theorem  35. 
In  like  manner,  if  2^  be  the  point  to  which  B  is  transformed  by 

W-  CAB, 

Hence 
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The  product  {LI}  -  {Lfy  transforms  C^A  to  CB^A  and  is  therefore 
an  equiaffine  collineation.  In  like  manner,  {£/2}  •  {LI}  is  also  eqniaffme- 
Hence  the  product  {Lfy  -  {£/J-  is  equiaffine. 

THEOREM  49.  An  equiaffine  collineation  is  a  product  of  two  line 
reflections. 

Proof.  Let  T  be  any  equiaffine  collineation.  If  there  "be  any  point 
which  is  not  on  an  invariant  line  of  T,  let  A^  be  such  a  point.  Let 
Atf  A9,  A2  be  defined  by  the  conditions 


By  the  hypothesis  on  A1  the  points  A#  A^  Az  are  noncollinear,  and  by 
the  hypothesis  that  T  is  equiaffine 


Hence,  by  Theorem  41,  the  line  AQAS  is  parallel  to  A^A#  or  else  AQ=AS. 

Let  lfL  be  the  mid-point  of  the  pair  AQAZ,  and  Jf2  of  the  pair  A^A# 

Let  Ll  be  the  point  at  infinity  of  the  line  AQA2,  Lz  of  the  line  A^AZ,  and 

K  of  the  line  A^A^   Since  AQAS  is  parallel  to  A^A^  it  follows  that 

^ 


^, 


A* 

\.          *% 

PIG.  42 
i 
^1==^8^1Z",  and  hence,  by  the  definition  of  mid-point,  that  Mlt  Jf2, 

and  L^  are  collinear.    Since  AQ,  A^  and  the  point  at  infinity  of  the  line 
A0A^  are  transformed  by  T  to  A^  A&t  and  the  point  at  infinity  of  the 


Let  ^  be  the  line  A^^  and  12  the  line  joining  the  mid-point  of 
to  the  mid-point  of  M^M^   By  the  above, 


and  {Lft  (A^MJ  =  A 

Hence  {L^  •  {L^  (A^MJ  =  -VA 

But  since  T  (A^MJ  =  A^A^,  it  foHows,  by  Theorem  1,  that 
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In  case  there  is  no  point  not  on  an  invariant  line  of  F,  the  invariant 
lines  all  meet  in  a  point  0.  For  the  point  of  intersection  of  any  two 
of  them  is  invariant,  and  any  three  nonconeurrent  ordinary  lines  have 
at  least  two  ordinary  points  in  common.  Thus  we  should  be  led  to 
a  contradiction  with  Theorem  46  if  the  invariant  lines  were  not 
concurrent. 

Let  Al  be  a  point  which  is  not  invariant,  and  let  A2  =  T  (A^). 
Also  let  3^  be  another  point  which  is  not  invariant  and  not  on 
the  line  A^  and  let  T  (Bj)=*Bf  The  lines  A^AZ  and  B^  neces- 
sarily meet  in  0. 

If  0  is  ordinary,  then  since  any  line  through  it  is  invariant,  all 
points  of  ?w  are  invariant,  and  hence  AJB^  is  parallel  to  A^B^  Since 

F  is  equiaffine, 

A&O^A&O. 

Hence,  by  Theorem  42,  A^z  and  AJB^  are  parallel,  and  A^B^AJB^  is  a 
parallelogram.  Hence  0  is  the  mid-point  of  A^A^  and  B^B^  and  F  is 
a  point  reflection. 

Let  a  be  the  line  A^A^ 
and  A  the  point  at  infinity 
of  a,  and  let  6  be  the  line 
B:B2  and  B  the  point  at 
infinity  of  &.  The  product 
{Ab}-  {Ba}  transforms  Av 

^,0  into  4^,0  reaper  '   **        FlCL  4S 

tively,  and  hence  is  F. 

If  0  is  an  ideal  point,  let  I  be  the  line  A^B^  and  let  m  be  the  line 
joining  the  mid-points  of  A^A%  and  B^B^  Then  {Om}  •  {01}  transforms 
O,  A^  B^  into  Of  A^  B^  respectively,  and  hence,  by  Theorem  46,  is  F. 

COROLLARY  1.  An  equiaffine  collineation  F  such  that  A,  T  (A)  and 
F2(^t)  are  collmear  for  all  choices  of  A  is  either  a  point  reflection  or 
a  translation  or  an  elation  whose  center  is  at  infinity  and  whose  axis 
is  an  ordinary  line. 

Proof.  In  the  argument  above  it  was  proved  that  if  the  point  0  is 
ordinary,  F  is  a  point  reflection;  and  that  if  0  is  ideal,  F  =  {Om}  -  {01}. 
If  m  and  I  are  parallel,  F  is  evidently  a  translation;  and  if  m  and  I 
are  not  parallel,  it  is  an  elation  with  0  as  center  and  the  line  joining 
0  to  the  point  Im  as  axis. 
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DEFINITION.  An  elation  whose  center  is  at  infinity  and  whose  axis 
is  an  ordinary  line  is  called  a  simple  shear. 

COROLLARY  2.  I/T=  {LJ,£  -  {L^},  then  for  every  line  I  concurrent 
with  I  and  19  which  is  not  a  double  line  ofT  there  exist  points  L  and 
M  and  a  line  m  such  that 

F  =  {Mm}  *  {LI}. 
There  aha  exist  a  point  lf;  and  a  line  mf  such  that 

V  =  {LI} 
If  I  be  taken  as  variable, 


Proof.  The  first  conclusion  follows  from  the  arbitrariness  in  the 
choice  of  A  in  the  proof  of  the  theorem  above.  The  second  conclusion 
follows  from  the  first,  combined  with  the  fact  that 


The  projectivities  follow  from  the  constructions  given  in  the  proof  of 
theorem  for  AQ,  A^  Ml9  etc. 

COKOLLARY  3.  If  T  =  {Lj,£  •  {LJJ,  then  for  every  point  L  of  L 
which  is  not  a  double  point  of  T,  there  exists  a  point  M  of  L  and  two 
lines  I  and  m  concurrent  with  l^  and  /2  such  that 

T  =  {Mm}  •  {LI}. 

There  also  exist  a  point  M1  and  a  line  mf  such  that 

*  {Mfmf}. 


THEOREM  50.  The  set  of  all  affine  collineations  which  are  products 
of  line  reflections  form  a  group.  Every  transformation  of  this  group 
is  either  an  equiajjine  transformation  or  the  product  of  an  equiaffine 
transformation  by  a  line  reflection. 

Proof.  By  Theorems  48  and  49  the  product  of  an  even  number 
of  line  reflections  is  equiaffine  and  reduces  to  a  product  of  two  line 
reflections.  Hence  the  product  of  an  odd  number  of  line  reflections 
reduces  to  a  product  of  three  line  reflections.  The  statements  above 
follow  in  an  obvious  way  from  this. 
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EXERCISES 

1.  Let  the  points  at  infinity  of  7r  4,  /  Tesj>ectively  in  Tlieoreni  40,  Cor.  2, 
be  denoted  by  L{,  L"2,  L'.    If  the  points  L^L^L^L^  are  distinct,  the  pairs 
XjXj,  Z2£2',  LL'  are  in  involution. 

2.  In  case  Ll  is  on  L2  and  X2  is  not  on  Ii9  ;X2/2  '  •  '  L^}  =  T  is  a  collineation 
of  Type  II  (cf.  §  40,  Vol.  I),  parabolic  on  7»  and  of  period  two  on  the  line 
joining  £j  to  the  point  of  intersection  of  /x  and  L.   If  /  be  any  line,  except  73, 
through  the  point  /Z72,  P  the  point  in  which  1  meets  /»,  and  X  the  harmonic 
conjugate  of  Xj,  with  respect  to  P  and  T(P), 


Jf  J/  be    the   harmonic    conjugate  of  Xx   with   respect   to  P   and   T~1(P), 
T  =  {X1/;-;3//2}. 

3.  The  product  [LJZ]  •  {X^}  is  a  point  reflection  if  and  only  if  X2  is  on 
/2  and  X2  on  7r     A  point  reflection  with  O  as  center  is  the  product  of  any 
two  line  reflections  {X^}  and  (XS72'  for  which  ^  is  on  O,  £2  on  0,  XE  on  I2, 
and  X2  on.  7r 

4.  The  product  |X2L}  •  {Xj^]  is  a  translation  if  and  only  if  Xj  =  X2  and  Zt 
is  parallel  to  7r    The  ideal  point  Xj  is  the  center  of  the  translation.   If  T  is 
any  translation,  T*  its  center,  Pl  any  ordinary  point,  P  =  T  (Pj),  P2  the  mid- 
point of  the  pair  PP1?  and  p±  and  pz  two  parallel  lines  through  Pj  and  P2 
respectively,  T  =  {  T7.,^}  •  {  T.,^}. 

5.  The  product  {X272}-  {X^j}  is  a  simple  shear  if  Xx  9*X2  and  7X=  /2,  or 
if  Xt  =  X2  and  /x  intersects  72  in  an  ordinary  point,  but  not  in  any  other  case. 

6.  Let   S  he   a  simple   shear  whose  axis  is  /  and  whose   center  is  X. 
Let  PI  be  any  point  of  /«,  P  =  S(PX),  and  P2  the  harmonic  conjugate  of 
X  with  respect  to  P  and  P2.     Then  S  =  (P2/>  •  {P^}.     If  pl  be  any  Hne 
meeting  /  in  an  ordinary  point,  p  =  S  (/>!),  and  jt?2  the  harmonic  conjugate 
of  J  with  respect  to  p  and  jplf 


7.  Let  PP^Pj^  be  a  simple  pentagon.    Let  Cv  C2,  Cs,  C4,  Cs  be  the 
mid-points  of  the  pairs  PPV  P^P^  P2PZ,  P^P^  P4P  respectively.   If  the  line 
PPX  is  parallel  to  P3P4,  and  PP4  is  parallel  to  P1P2,  the  three  lines  CtC4, 
C%C&,  PC3  are  concurrent  or  parallel.   Discuss  the  degenerate  cases. 

8.  Every  equiaffine  transformation  is  either  the  identity  or  a  point  reflec- 
tion or  an  elation  whose  center  is  at  infinity  (i.e.  a  translation  or  a  simple  shear) 
or  expressible  as  a  product  of  two  elations  whose  centers  are  at  infinity. 

9.  Prove  Cors.  2  and  3  of  Theorem  49  directly,  without  using  the  theory 
of  equivalence. 

10.  A  necessary  and  sufficient  condition  that  a  planar  collineation  be  the 
product  of  two  harmonic  homologies  is  that  it  transform  ordered  point  triads 
into  equivalent  point  triads  relative  to  a  fixed  line  of  the  collineation  regarded 
as  L  (E.  B.  Wilson,  Annals  of  Mathematics,  Vol.  V,  2d  series  (1903),  p.  45) 

HlfiT 
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11.  Let  us  denote  an  Involution  whose  double  points  are  L  and  M  by 
{Uff.    If  /!==  (ijJ/J  and  /2  =  {I2l/2}  are  two  distinct  involutions  on  the 

same  line,  then  for  every  point  £3  of  this  line,  Z3  not  being  a  double  point 
of  7j  -  Iv  there  exists  a  unique  point  J/g  and  involution  {I^-M 
if  we  denote  {£g£ft}  by  Jf  and  {I43/4}  by  I4, 


The  pairs  I^Jfp  X23/3,  £83/3,  Z4J/4  are  all  pairs  of  the  same  involution, 
unless  the  pairs  L^  and  Z23/2  have  a  point  In  common,  in  which  case  all 
four  pairs  have  this  point  in  common. 

12.  The  projectivities  on  a  line  which  are  expressible  in  the  form 
{J^J/J  •  {LtMJ  form  a  group. 

The  last  two  exercises  connect  with  the  following  algebraic  considerations. 
An  involution  in  a  net  of  rationality  is  always  of  the  form  (§  54,  Vol.  I) 


, 

X  = 


where  a,  5,  c»  d  are  rational  The  double  points  are  the  roots  of 

ex*  -  2  ax  -  &  =  0, 
and  both  will  be  rational  if  k  is  rational  in 


any  projectivity  is  the  product  of  two  involutions,  a  double  point  of  one 
of  which  may  be  chosen  arbitrarily.  The  projectivity  may  therefore  be  written 


(a^  +  to)  s  +  (a'fl  ~ 


and  so  has  the  determinant 


a%/2  +  WcJ  -f  ^  caa'  -  (aa'&c'  - 
a'2)  = 


where  >^2  =  a'2  +  to'.  Hence  (1)  the  product  of  two  involutions  whose  double 
points  have  rational  coordinates  is  a  projectivity  whose  determinant  is  a  per- 
fect square;  and  (2)  if  the  determinant  of  a  projectivity  is  a  perfect  square,  and 
one  of  two  involutions  of  which  it  is  a  product  has  rational  double  points, 
then  the  other  has  rational  double  points.  Hence  there  is  a  subgroup  of  the 
group  of  eollineations  of  a  linear  net  of  rationality  generated  by  the  involu- 
tions with  rational  double  points.  This  is  the  group  of  transformations  whose 
determinants  are  perfect  squares. 
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*53.  Algebraic  formulas  for  line  reflectioms.  Let  us  employ  the 
nonhomogeneoiis  coordinates  for  which  /„  is  the  singular  line  and 
the  corresponding  homogeneous  coordinates  for  which 


The  line  I,  now  has  the  equation  #0  =  0,  and  the  equations  (1)  of  the 
affine  group  become 


V         /  J  1     0  11  I     S"  if. 


On  the  line  L  this  effects  the  transformation 

/y»*   — .    ft     ry*         I ~t)    *y\ 

**^1  """ "  **'i**/i     *^      1    2> 

WWo   -— «    ttgtX!/-,    ~J~"    O&tXfa* 

According  to  §  54,  VoL  I,  this  is  an  involution  if  and  only  if  a  =  —  b . 
Thus  «x  =  —  &2  is  a  necessary  condition  that  (13)  represent  a  line 
reflection. 

The  ordinary  double  points  of  (13)  are  given  "by  the  following 
equations,  in  which  we  have  put  a  =  al  =  —  &2. 

(14)  (a" 


If  (13)  is  to  be  a  line  reflection,  it  must  have  a  line  of  fixed  points. 
Hence  the  two  equations  (14)  must  represent  a  single  ordinary  line, 
which  requires 


(15)      0  = 


&  —  1  c, 


The  first  of  these  conditions  is  equivalent  to  A  =  —  1. 

Since  the  coefficients  of  x  and  y  in  (14)  cannot  all  vanish,  the 
conditions  (15)  are  also  sufficient  that  (14)  represent  a  single  ordinary 
line.  Hence 

THEOREM  51.  A  transformation  of  the  form 


(16) 


is  a,  line  reflection  if  and  only  if 


—  1 


=  0. 
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From  this  it  follows  that  a  product  of  two  line  reflections  is  such 
that  A  ~  1,  and  a  product  of  three  line  reflections  is  such  that 
A  =  —  1.  By  Theorems  47  and  49  any  transformation  for  which  A  =  1 
is  a  product  of  two  line  reflections.  Any  transformation  T  for  which 
A==  —  1,  when  multiplied  by  a  line  reflection  A  yields  a  transforma- 
tion 2  for  which  A  =  1,  Le.  an  equiaffine  transformation.  From  T  A  =  2 
follows  T  =  2 A.  Hence  T  is  a  product  of  three  line  reflections.  Thus 
we  have  (cf.  Theorem  47) 

THEOREM  52.  The  ffroup  of  affine  transformations  which  are  prod- 
ucts of  Une  reflections  has  the  equations 


EXEHCISES 

1.  The  set  of  all  affine  transformations  which  are  products  of  equiaffine 
transformations  by  dilations  form  a  group  which  is  a  self-conjugate  subgroup 
of  the  affine  group.   Its  equations  are 
yf=a,x 


where  k  Is  any  number  in  the  geometric  number  system. 

2.  The  set  of  all  affine  transformations  which  are  products  of  line  reflections 
and  dilations  form  a  group  which  is  self-conjugate  under  the  affine  group.  Its 
equations  are  ^ 


where  k  is  any  number  in  the  geometric  number  system. 

54.  Subgroups  of  the  affine  group.  We  give  below  a  list  of  the 
principal  subgroups  of  the  affine  group  which  we  have  considered  in 
this  chapter  and  in  §  30  of  Chap.  II.  These  are  all  self-conjugate 
subgroup.  We  also  include  the  groups  which  will  be  considered  in 
the  next  chapter  in  connection  with  the  Euclidean  geometry. 

The  groups  are  all  described  by  means  of  the  conditions  which 
must  be  imposed  on  the  coefficients  of  the  equations  of  the  affine 
group  to  reduce  it  to  each  of  the  other  groups.  In  some  spaces,  ie. 
when  the  variables  and  coefficients  are  in  certain  number  systems, 
these  groups  are  not  all  distinct.  However,  they  are  all  distinct  in 
case  the  variables  and  coefficients  are  ordinary  rational  numbers. 
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With  respect  to  a  system  of  nonhomogeneous  coordinates  of  which 

19  is  the  singular  line,  the  equations  of  the  affine  group  are 

a/  = 
y'^ 

where  A  =  ai    1  ^  0. 

K    ft« 

The  principal  subgroups  connected  with  the  affine  geometry  are : 

(2)  A>0; 

the  transformations  satisfying  this  condition  are  direct  (§  30). 

(3)  A  =  F, 

where  ~k  is  in  the  geometric  number  system  (§  53,  Ex.  1). 

(4)  A  =  ±#, 

where  k  is  in  the  geometric  number  system  (§  53,  Ex.  2). 

(5)  Aa  =  l; 

these  are  products  of  two  or  of  three  line  reflections  (Theorem  52). 

(6)  A  =  l, 
the  equiaffine  group  (§  51). 

(7)  ^=^=0,     *!  =  &„ 
the  homothetic  group  (§  47). 

(8)  ^=^=0,     a1==52,     <=:!, 
the  group  of  translations  and  point  reflections  (§  45). 

(9)  ^=^=0,     ^=^=1, 

the  group  of  translations  (§  38). 

The  principal  groups  connected  with  the  Euclidean  geometry  are : 

(10)  <  +  022  =  &12  +  522^0,     <*&  +  <*&=  Q, 

the  Euclidean  group  (§§  55  and  62).    Its  transformations  are  called 
similarity  transformations. 

(11)  <  +  «*  =  y  +  V^O,     a 
the  direct  similarity  transformations. 

(12)  o1»  +  oi»=&11  +  V^O,     a 
where  Jfc  is  in  the  geometric  num'ber  system. 

(13)  of  +  aJ-ft  +  JJ^O,     afr  +  a 
where  k  is  in  the  geometric  number  system. 
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(14)  0?  +  ^?  =  !,     ®l  =  ±\>     ^^T 

the  group  of  displacements  and  symmetries  (§  62). 


(15)  fi 

the  group  of  displacements. 

The  relations  among 
these  groups  may  be 
indicated  hy  the  follow- 
ing diagram,  in  which 
we  have  included  only 
those  groups  which  are 
distinct  in  case  of  the 
real  geometry.  A  dotted 
line  indicates  that  the 
lower  of  the  two  groups 
joined  is  a  subgroup  of 
the  upper,  and  a  solid 
line  that  it  is  a  self- 
conjugate  subgroup. 

The  fundamental  importance  of  the 
group  of  translations  is  indicated  by 
the  fact  that  it  is  a  self-conjugate 
subgroup  of  each  of  the  other  groups. 

EXERCISES 


Direct  (10  )  Euclidean 


Homothetic 


Translations 
FIG.  44 


1.  Supposing  the  number  of  points  on  a  line  to  be  p  + 1,  what  is  the  number 
of  transformations  in  each  of  the  groups  listed  above  ? 

2.  Supposing  the  geometric  number  system  to  be  (a)  the  ordinary  real,  or 
(6)  the  ordinary  complex  number  system,  how  many  parameters  are  there  in 
the  equations  for  each  of  the  groups  listed  above? 

3.  Prove  that  the  plane  affine  geometry  as  a  separate  science  could  be  based 
on  the  following  assumptions  with  regard  to  undefined  elements,  called  points, 
and  undefined  classes  of  points,  called  lines : 

I.  Two  points  are  contained  in  one  and  only  one  line. 
IL  For  any  line  I  and  any  point  P9  not  on  I,  there  is  one  and  only  one  line 
containing  P  and  not  containing  any  point  of  /. 

III.  Every  line  contains  at  least  two  points. 

IV.  There  exist  at  least  three  noncollinear  points. 

V.  The  special  case  of  the  Pappus  theorem  given  in  the  fine  print  in  §  49  $ 
or  Theorem  41. 


CHAPTER  IV 

EUCLIDEAN  PLAHE  GEOMETRY 

55.  Geometries  of  tlie  Euclidean  type.  We  come  now  to  the 
extension  of  the  definition  of  congruence  which  was  promised  in 
§§  39  and  46.  This  requires  the  consideration  of  groups  which  are 
not  self -con  jugate  under  the  affine  group.  Not  being  self-conjugate, 
these  groups  are  not  determined  uniquely  by  the  affine  group,  and 
hence  our  definitions  will  contain  a  further  arbitrary  element. 

DEFINITION".  Let  I  be  an  arbitrary  but  fixed  involution  on  L.  This 
involution  shall  be  called  the  absolute  or  orthogonal  involution.  The 
group  of  all  projective  collineations  leaving  I  invariant  shall  be  called 
a  parabolic  *  metric  group.  The  transformations  of  the  group  shall 
be  called  similarity  transformations.  Two  figures  conjugate  under 
the  group  shall  be  said  to  be  similar.  The  geometry  corresponding 
to  the  group  shall  be  called  the  parabolic  metric  geometry. 

The  absolute  involution  is  supposed  to  be  fixed  throughout  the 
rest  of  the  discussion,  but  of  course  there  are  as  many  parabolic  metric 
groups  as  there  are  choices  of  I.  We  nevertheless  speak  of  the  para- 
bolic metric  group  in  order  to  emphasize  the  fact  that  we  are  fixing 
attention  on  one  group. 

In  ease  the  plane  in  which  we  are  working  is  a  real  plane  and 
the  absolute  involution  is  without  double  points,  the  parabolic 
metric  geometry  is  the  Euclidean  geometry.  It  is  for  this  reason 
that  we  refer  to  the  parabolic  metric  geometries  as  geometries  of 
the  Euclidean  type. 

The  investigations  in  the  following  sections  are  arranged  in  order 
of  increasing  specialization.  Eirst  we  consider  a  perfectly  general 
involution,  I,  in  a  projective  plane  satisfying  A,  E,  P,  H0.  Then  we 
consider  a  particular  type  of  involution  in  an  ordered  plane,  and  finally 
limit  the  plane  to  be  the  real  plane. 

*  The  reason  for  the  term  "parabolic "  in  this  connection  is  explained!  in  a 
later  chapter,  where  the  elliptic  and  hyperbolic  metric  groups  are  defined. 
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When  the  pkne  and  the  involution  are  fully  specialized,  it  is 
a  theorem  (§  70)  that  the  real  plane  is  contained  in  a  complex 
plane  in  which  the  absolute  involution  has  double  points.  Thus 
the  theorems  on  the  general  type  of  involution  (where  the  possible 
existence  of  double  points  is  taken  into  account)  come  to  have  a 
new  application. 

56.  Orthogonal  lines.  DEFINITION.  Two  lines  are  said  to  be  orthog- 
onal or  perpendicular  to  each  other  if  and  only  if  they  meet  L  in 
conjugate  points  of  the  absolute  involution. 

The  following  consequences  of  this  definition  are  obvious  : 

THEOREM  1,  The  pairs  of  perpendicular  lines  through  any  point,  O$ 
are  tie  pairs  of  an  involution.  Through  any  point  there  is  one  and 
lut  one  line  perpendicular  to  a  given  line.  A  line  perpendicular  to  one 
of  two  parallel  lines  is  perpendicular  to  the  other.  Two  lines  perpen- 
dicular to  the  same  line  are  parallel. 

DEFINITION.  In  case  the  absolute  involution  I  has  two  double 
points,  J  and  Js,  they  are  called  the  circular  points.  Any  line 
through  J  or  J  is  called  an  i$o tropic  line  or  a  minimal  line. 

Any  isotropic  line  has  the  property  of  being  perpendicular  to  itself. 
The  circular  points  are  so  called  because  all  ordinary  points  of  any 
circle  (c£  §  60)  are  on  a  conic  through  II  and  J2.  The  ordinary  points 
of  the  conic  section  referred  to  in  the  following  lemma  will  later  be 
proved  to  be  on  a  circle. 

DEFINITION.  A  homology  of  period  two  whose  center  L  is  on  L,  and 
whose  axis  I  meets  ln  in  the  point  conjugate  to  the  center  with  regard 
to  the  absolute  involution,  is  called  an  orthogonal  line  reflection,  and 
is  denoted  by  {LI}. 

Since  the  center  of  a  homology  is  not  a  point  of  the  axis,  the  center 
cannot  be  a  double  point  of  the  orthogonal  involution,  nor  can  the 
axis  pass  through  such  a  point.  An  orthogonal  line  reflection  is  of 
course  a  special  case  of  a  line  reflection  as  defined  in  §  52. 

LEMMA.  Let  0  and  JJ  le  two  points  not  collinear  with  either  double 
point  of  the  absolute  involution.  There  is  one  and  only  one  conic,  C*, 
having  0  as  center,  passing  through  Pls  and  having  the  pairs  of  the 
absolute  involution  as  pairs  of  conjugate  points. 

Proof.  Let  P2  be  the  harmonic  conjugate  of  .ZJ  with  respect  to  0 
and  the  point  at  infinity,  JS,  of  the  line  OJJ.  Any  conic  containing  JFJ 


§56] 


ORTHOGONAL  LINES 


and  having  0  as  center  must  contain  P,  by  the  definition  of  center. 
Let  X  be  a  variable  point  of  L,  and  F  the  conjugate  of  -T  in  the 
absolute  involution.  Any  of  the  triangles  OJTF  must  be  self-polar  to 
any  conic  satisfying  the  required  conditions.  But  if  P  is  the  point  of 
intersection  of  the  lines  JFJJT  and  I^Y,  and  Q  the  point  of  intersection 
of  j^XandOi; 

\ 


A 

and  hence  the 
points  JFJ  and  P 
are  harmonically 
conjugate  with  re- 
spect to  X  and  Q. 
Hence  P  must 
be  on  any  conic 
through  P±  with 
regard  to  which  X 
is  the  pole  of  QY. 
Hence  P  must  be 
on  any  conic  satis- 
fying the  hypothe- 
ses of  the  lemma. 

Since  J?[Xj  -j^P2\Y]f  the  points  P,  together  with  Pl  and  P2>  consti- 
tute a  unique  conic  (§  41,  Vol.  I) ;  and  this  conic,  by  its  construction, 
satisfies  the  condition  required  by  the  lemma. 

COROLLAEY.  In  ease  the  absolute  involution  lias  double  points  the 
conic  C*  passes  through  them. 

THEOREM  2.  An  orthogonal  line  reflection  leaves  the  absolute  in- 
volution invariant 

Proof.  If  I  is  the  axis  of  an  orthogonal  line  reflection  and  L 
its  center,  let  0  be  any  point  on  I  and  Pl  any  point  not  on  L  The 
conic  (72(cf.  Lemma),  which  contains  P^  has  0  as  center,  and  has  the 
absolute  involution  as  an  involution  of  conjugate  points,  must  have 
L  and  I  as  pole  and  polar.  Hence,  by  the  definition  of  pole  and  polar 
(§  44,  VoL  I)  (72  is  transformed  into  itself  by  the  harmonic  homology 
having  L  and  I  as  center  and  axis.  Hence  the  absolute  involution  is 
transformed  into  itself  by  the  orthogonal  line  reflection 
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THEOREM  3.   File  product  of  two  orthogonal  line  reflections  whose 
are  parallel  is  a  translation  parallel  to  any  line  perpendicular 
to  the  axes. 


Proof.  Let  the  given  line  reflections  be  {L^  and  {Lfy.  Their  axes 
meet  iii  a  point  Lf  of  /„,  and  i,  and  Lz  must  be  conjugate  to  if  with 

respect  to  the  absolute  involution.  Hence  L^Lf  The  product  there- 
fore leaves  all  points  on  L  invariant  and  also  all  lines  through  £r 
Hence  it  is  a  translation  parallel  to  any  line  through  Lt 

THEOREM  4  A  translation,  T,  whose  center  is  not  a  double  point  of 
the  absolute  involution,  is  a  product  of  two  orthogonal  line  reflections^ 
{LQ,  {ZZJ,  where  L  is  the  center  of  the  translation.  If  0  is  an  arlir 
trary  ordinary  point  and  P  the  mid-point  of  the  pair  0  and  T(0), 
/  may  be  chosen  as  Oil  and  19  as  PL',  where  L!  is  the  conjugate  of  L 
with  respect  to  the  absolute  involution.  Or  Z1  may  be  chosen  as  PL1 
and  I  as  the  line  joining  T(0)  to  L1.  A  translation  whose  center  is  a 
double  point  of  the  absolute  involu- 
tion is  a  product  of  four  orthogonal 
line  reflections. 

Proof.  If  l^OL'  and  lz^PL!, 
the  reflection  {LIJ  leaves  0  inva- 
riant and  {Ll£  carries  0  to  T(0). 
Hence  the  translation  {LQ  •  {Lty 
carries  0  to  T  (0),  and,  by  Theorem  3, 
Chap.  Ill,  is  identical  with  T. 

If  l^Pti  and  l^  =  QL!,  where 
<?  =  T(0),  the  reflection  {Ll$  carries  O  to  Q  and 
invariant.    Hence,  as  before,  {Ll^  •  {Z/ZJ  =  T. 

A  translation  whose  center  is  a  double  point  of  the  absolute  involu- 
tion can  be  expressed  as  a  product  of  two  translations  with  arbitrary- 
points  of  L  as  centers  (Theorem  8,  Chap.  Ill),  and  hence  is  expressible 
as  a  product  of  four  orthogonal  line  reflections. 

DEFINITION.  If  the  axes  of  two  orthogonal  line  reflections  intersect 
in  an  ordinary  point,  0,  the  product  is  called  a  rotation  about  0,  and 
the  point  O  is  called  its  center. 

THEOEEM  5.  A  rotation  which  is  the  product  of  two  orthogonal  line 
reflections  whose  axes  are  orthogonal  is  a  point  reflection. 


FIG.  46 


leaves  Q 


5§s>,o;;  DISPLACEMENTS 

P/wjf.    Let  the  two  line  reflections  ie  {iJJ  and  {A/2}  and  let  0  be 

the  point  of  intersection  of  /z  and  l^  Since  Zl  and  /s  are  orthogonal, 
Ll  is  on  /2  and  Lt  on  ?r  The  product  {XgO  *  {-^/.J  therefore  leaves  0 
and  every  point  of  fc  invariant.  Moreover,  It  is  of  period  two  on  the 
axis  of  either  of  the  line  reflections.  Hence  it  is  a  homology  of  period 
two  with  0  as  center  and  lx  as  axis?  ie.  a  point  reflection. 

DEFINITION.  If  a  line  I  is  perpendicular  to  a  line  m?  the  point  of 
intersection  of  the  two  lines  is  called  the  foot  of  the  perpendicular  /. 
A  line  I  is  said  to  be  the  perpendicular  bisector  of  a  pair  of  points 
A  and  B  if  it  is  perpendicular  to  the  line  AB  and  its  foot  is  the 
mid-point  of  the  pair  AB. 

DEFINITION.  A  simple  quadrangle  ABC&  is  said  to  be  a  rectangle 
if  and  only  if  the  lines  AB  and  CD  are  perpendicular  to  AD  and  BC. 

EXERCISES 

1.  A  parallelogram  A  BCD  is  a  rectangle  if  and  only  if  the  lines  AB  and 
AD  are  perpendicular. 

2.  The  perpendicular  bisectors  of  the  point  pairs  AB,  BC,  CA  of  a  tri- 
angle ABC  meet  in  a  point. 

3.  The  perpendiculars  from  the  vertices  of  a  triangle  to  the  opposite  sides 
meet  in  a  point 

4.  The  lines  through  the  vertices  of  a  triangle  parallel  to  the  transforms 
of  the  opposite  sides  bj  a  fixed  orthogonal  line  reflection  are  concurrent. 

57.  Displacements  and  symmetries.  Congruence.  DEFINITION.  The 
product  of  an  even  number  of  orthogonal  line  reflections  is  called 
a  displacement.  The  product  of  an  odd  number  of  orthogonal  line 
reflections  is  called  a  symmetry. 

THEOEEM  6.  The  set  of  all  displacements  form  a  self-conjitgate 
subgroup  of  the  paralolic  metric  group. 

Proof.  That  the  displacements  form  a  group  is  evident  because 
(cf.  §  26,  Vol.  I):  (1)  the  identity  is  a  displacement,  being  the  prod- 
uct of  any  orthogonal  line  reflection  by  itself;  (2)  the  inverse  of  a 
product  of  orthogonal  line  reflections  is  the  product  of  the  same  set 
of  line  reflections  taken  in  the  reverse  order ;  (3)  the  product  of  an 
even  number  of  orthogonal  line  reflections  by  an  even  number  of 
orthogonal  line  reflections  is,  by  definition,  a  displacement 

The  group  of  displacements  is  contained  in  the  parabolic  metric 
group  by  Theorem  2. 
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If  {LI}  is  an  orthogonal  line  reflection,  2  a  similarity  transformation, 
and  Lf  =  2  <X),  V  =  2  (/),  then  2  •  {£1}  •  2"1  is  a  harmonic  homology 

withi'  as  center  and  J'  as  axis.  But  since  i  and  the  point  at  infinity 
of  I  are  paired  in  the  absolute  involution,  so  are  U  and  the  point 
afe  infinity  of  /;.  Henee  2  •  {LI}  •  2~1  =  {XT}  is  an  orthogonal  line 

reflection, 

If  A  and  A  are  any  two  line  reflections  2  A1A22~1  =  2A12-12A22~1. 

A  similar  argument  shows  that  ^\\  •  -  •  A,  -  2"1  is  a  product  of 
n  orthogonal  line  reflections  whenever  AL,  •  -  *,  An  are  orthogonal  line 
reflections  and  2  is  in  the  parabolic  metric  group.  Hence  the  group 
of  displacements  is  a  self-conjugate  subgroup  of  the  parabolic  metric 
group. 

COROLLAEY  1.  The  set  of  all  displacements  and  symmetries  form 
&  self-conjugate  subgroup  of  the  parabolic  metric  group. 

DEFESTTIOJT.  Two  figures  such  that  one  can  be  transformed  into 
the  otter  by  a  displacement  are  said  to  be  congruent.  Two  figures 
such  that  one  can  be  transformed  into  the  other  by  a  symmetry  are 
said  to  be  symmetric. 

COROLLARY  %  If  a.  figure  F^  is  congruent  to  a  figure  F#  and  Fz  to 
a  figure  F&t  then  F^  is  congnwnt  to  Ff 

COROLLABY  3.  If  a  figure  Fl  is  symmetric  with  a  figure  Fz>  and  F2 
is  symmetric  with  a  figure  F^9  then  FI  is  congruent  to  FQ. 

COEOLLAEY  4.  If  a  figure  F^  is  symmetric  with  a  figure  F#  and  FZ 
is  congruent  to  a  figure  F^  then  FI  is  symmetric  with  FQ. 

Since  translations  and  point  reflections  leave  the  absolute  invo- 
lution invariant,  the  definition  of  congruence  given  in  this  section 
includes  the  definitions  in  §§  39  and  46  as  special  cases.  Theorem  6 
shows  that  the  theory  of  congruence  and  symmetry  in  general  belongs 
to  the  geometry  of  the  parabolic  metric  group.  It  must  be  remem- 
bered, however,  that  the  theory  of  congruence  of  point  pairs  on  parallel 
lines  belongs  to  the  affine  group.  In  other  words>  the  part  of  the  theory 
of  congruence  developed  in  Chap.  Ill  is  independent  of  the  choice  of 
the  absolute  involution. 

In  case  the  absolute  involution  has  double  points,  the  theory  of 
congruence  of  point  pairs  on  the  minimal  lines  (§  56)  is  different 
from  that  on  other  lines.  As  will  appear  in  the  following  sections  the 
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theory  on  any  line  which  is  not  minimal  is  essentially  the  same 
as  that  developed  in  Chap.  Ill  on  the  basis  afforded  by  the  group  of 
translations  and  point  reflections.  On  a  minimal  line,  however,  the 
set  of  points  [P]  such  that  OPQ  is  congruent  to  OP  consists  of  all  points 
on  this  line  except  the  point  0.  For  let  Jt  and  1^  denote  the  double 
points  of  the  absolute  involution,  Jx  being  the  one  on  the  line  OJJ. 
Let  Q  be  a  point  of  the  line  0/3  distinct  from  0  and  from  J2,  and  let 
P  be  any  point  of  01^  distinct  from  O  and  from  Jr  If  A^  be  the 
orthogonal  line  reflection  whose  center  \ 

is  the  point  at  infinity  of  the  line  P^Q 
and  whose  axis  passes  through  0,  and 
A2  be   the   orthogonal   line  reflection 
whose  center  is  the  point  at  infinity 
of  the  line  QP  and  whose  axis  passes 
through  0,  we   have  Ax  (I£)  =  Q   and 
AZ(Q)  =  P.    Hence  the  rotation 
transforms  J£  to 
P.     Combining 
transformations 
of  the  form  A2 Ax 
with      transla- 
tions it  is  clear 
that  we  have  PIG.  47 

THEOREM  7.  Any  pair  of  points  on  a  minimal  line  is  congruent  to 
any  other  pair  of  points  on  the  same  line. 

For  example,  if  a  mid-point  of  a  pair  AB  were  defined  to  be  a 
point  C  such  that  AC  is  congruent  to  CB,  we  should  have  that  when- 
ever the  line  AB  is  minimal,  the  point  C  may  be  any  point  on  this 
line  different  from  A  and  B.  The  theorems  on  mid-points  in  Chap.  Ill 
would  in  general  have  exceptional  cases.  It  is  to  avoid  this  difficulty 
that  we  have  adopted  the  definition  of  mid-point  given  in  §  40, 
Chap.  IIL  A  similar  remark  applies  to  the  definition  of  ratio  of 
collinear  point  pairs  in  §  43,  Chap.  IIL 

DEFINITION.  A  parallelogram  ABCD  whose  sides  do  not  pass 
through  double  points  of  the  absolute  involution  and  in  which  the 
point  pair  AB  is  congruent  to  the  point  pair  AD  is  called  a  rhombus. 
A  rhombus  wMch  is  also  a  rectangle  is  called  a  square. 
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.  IV 


EXERCISES 

1.  Prove  that  the  group  of  displacements  and  symmetries  could  be  defined 

as  the  group  of  al!  colllneations  leaving  Invariant  the  set  of  all  conies  obtain- 
able by  translations  from  a  fixed  central  conic. 

2.  The  parabolic  metric  group  consists  of  all  projeetive  collineations  trans- 
forming the  group  of  displacements  into  itself. 

3.  Two  point  pairs  on  nonminimal  lines  are  symmetric  if  and  only  if  they 
ate  congruent. 

4.  The  perpendicular  bisector  of  a  point  pair  AB  contains  all  points  P  such 
that  A  P  is  congruent  to  BP. 

5.  The  simple  quadrangle  A  BCD  is  a  rhombus  if  and  only  if  the  lines  AC  and 
BD  are  the  perpendicular  bisectors  of  the  point  pairs  BD  and  A  C  respectively. 

8,  A  parallelogram  A  BCD  is  a  rectangle  if  and  only  if  the  point  pair  AC 
is  congruent  to  the  point  pair  BD, 

7.  Specialize  the  quadrangle-quadrilateral  configuration  (§  18,  Vol.  I)  to  the 
ease  where  the  vertices  of  the  quadrangle  are  the  vertices  of  a  square. 

58.  Pairs  of  orthogonal  line  reflections.    THEOREM  8.  If  A15  A2,  A8 

are  three  orthogonal  line  reflections  whose  axes  pass  through  a  point 
0  (ordinary  or  ideal),  the  product  AgA2A1  is  an  orthogonal  line 
reflection  whose  axis 
passes  through  0. 

Proof.  In  ease  the 
three  axes  are  parallel, 
the  product  A3A2  is  a 
translation,  and  so  by 
Theorem  4  is  expressible 
in  the  form  A4Al,  where 
A4  is  an  orthogonal  line 
reflection  whose  axis  is 
parallel  to  the  other 
axes.  Hence 


.  48 


ft, 


In  ease  two  of  the 
axes  are  not  parallel,  the 
third  axis  must  pass 
through  their  common  point  0.  Let  P  be  any  point  not  collinear  with 
0  and  a  circular  point.  Let  Cz  be  the  conic,  existent  and  unique 
according  to  the  lemma  of  §  56,  which  passes  through  P,  has  0  as 
center,  and  has  the  absolute  involution  as  an  involution  of  conjugate 
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points.    If   Ql  be  any  point  of  €\  let  A^)-^,   A,(Ct)«<Jff 


According  to  this  construction  the  line  Q$^  is  parallel  to  Q^Q 
and  $2<>3  to  (?5<>6>  where  in  case  Qi  =  ^,  the  line  Q.QS  is  taken  to  mean 
the  tangent  to  Cr2  at  ft.  Hence,  by  Pascal's  theorem  (Chap.  V,  Vol.  I) 
or  one  of  Its  degenerate  cases,  it  follows  that  QZQ^  is  parallel  to  #e#  . 


and 

Since  Q1  is  an  arbitrary  point  of  C*, 

(A^A^l. 

The  transformation  A3A2A1  is  not  the  identity,  because  it  cannot  leave 
invariant  a  point,  different  from  0,  of  the  axis  of  Al  unless  A2  =  A3, 
and  In  the  latter  case  the  product  is  equal  to  Ar  Since  AgA2At  leaves 
invariant  the  line  Q^Q^  (or  the  tangent  at§1?  if  Q^=  Q4),  it  leaves  in- 
variant the  point  at  infinity  of  this  line  and  also  the  line  through  0 
perpendicular  to  it.  As  As&2Al  is  of  period  two,  it  follows  that  it  is 
an  orthogonal  line  reflection. 

COBOLLARY  1.  If  AI?  A2,  and  A3  are  any  three  orthogonal  line 
reflections  whose  axes  meet  in  a  point  or  are  parallel,  there  eosists  an 
orthogonal  line  reflection  A4  such,  that  A2AX  =  A3A4,  and  an  orthogf/nal 
line  reflection  A5  mch  that  A^  =  A5A8. 

Proof.  By  the  theorem,  A4  exists  such  that 


Hence 

In  like  manner,  Afi  exists  such  that 

Hence 

COROLLARY  2.  The  product  of  any  odd  number  of  orthogonal  line 
reflections  whose  axes  meet  in  a  point  or  are  parallel  is  an  orthogonal 
line  reflection. 

Proof.  By  the  theorem,  whenever  n  ^  3,  the  product  of  n  orthog- 
onal line  reflections  whose  axes  are  concurrent  reduces  to  a  product 
of  n  —  2.  Thus,  if  n  is  odd,  the  number  of  line  reflections  can  be 
reduced  by  successive  steps  to  one. 
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If  7i  is  even,  this  process  reduces  the  number  of  line  reflections  in 
the  product  to  two.  Thus  we  have 

COROLLARY  3.  Tie  product  of  any  even  number  of  orthogonal  line 
u  a  rotation  in  case  their  axes  meet  in  a  point,  and  is  a 
translation  in  case  the  axes  are  parallel 

COROLLARY  4.  An  orthogonal  line  reflection  is  not  a  displacement. 

COROLLARY  5.  The  set  of  all  rotations  having  a  common  center  is  a 
eomnnutatii'e  group. 

Proof.  A  rotation  is  defined  as  a  product  of  two  orthogonal  line 
reflections  whose  axes  meet  in  an  ordinary  point.  So,  by  definition, 
the  identity  is  a  rotation,  and  the  inverse  of  a  rotation  AyA.1  is  the 
rotation  A^Ay  The  product  of  two  rotations  is  a  rotation  by  Cor.  3. 
Hence  the  rotations  having  a  given  point  as  center  form  a  group. 
To  show  that  any  two  of  these  rotations  are  commutative  amounts 
to  showing  that 

(1)  A4A8AA  =  AAAA 

whenever  the  A's  are  orthogonal  line  reflections  whose  axes  concur. 
By  the  theorem  we  have 


and  hence 
(2) 

But  since  AAAi  —  A  AAs> 

AAAA=AAAA> 

which  combined  with  (2)  gives  (1). 

THEOEIM  9.  Any  displacement  leaving  a  point  O  invariant  is  a 
rotation  about  0. 

Proof.  The  given  displacement  is  a  product  of  an  even  number,  n, 
of  orthogonal  line  reflections,  A»  •  •  •  A^  Let  A/  he  the  line  reflection 
whose  axis  is  the  line  through  0  parallel  to  the  axis  of  A..  Then  the 
product  Tt  ==  AfA^  is  a  translation  {Theorem  3)  and 


Thus  AB---Al  =  TB4:..-T1A[) 

where  each  Tt.  is  a  translation.  But  by  Cor.  2,  Theorem  11,  Chap.  Ill, 
if  2  is  any  affine  collineation,  Tt-2  =  2T/,  where  T/  is  a  translation  or 
the  identity.  Hence 
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But  since  AB  •  •  -  Aj  and  A^  •  •  •  A(  leave  0  invariant,  the  product 
T^  •  •  •  Tj'  leaves  0  invariant,  and  hence,  by  Theorem  3,  Chap.  Ill,  is 
the  identity.  Hence 

A.-.-A^AJ-.-At 

where  A{,  •  *  *,  A^  are  orthogonal  line  reflections  whose  axes  pass 
through  0.  By  Cor.  3,  Theorem  8,  h!n  •  -  -  Af  is  a  rotation  about  0. 

59.  The  group  of  displacements.  THEOEEM  10.  Let  0  he  an  arbi- 
trary point  Any  displacement  can  be  expressed  in  the  form  PT,  where 
F  is  a  rotation  about  O  and  T  a  translation. 

Proof.  By  precisely  the  argument  used  in  the  last  theorem  the 
given  displacement  can  be  expressed  in  the  form 

A'    ...  A'T'    .  .  .  Tr 

-a->»  JV-1I2»  11J 

where  A?  (i  =  1,  •  •  *,  2  n)  is  an  orthogonal  line  reflection  whose  axis 
passes  through  0,  and  T/  (i  =  1,  •  -  •,  2  %)  is  a  translation  or  the  identity. 
The  product  T^re  -  •  -  T^  is,  by  Theorem  6,  Chap.  Ill,  a  translation.  By 
Cor.  3,  Theorem  8,  A!2n  -  •  •  A[  is  a  rotation  or  a  translation.  Since  it 
leaves  0  invariant,  it  is  a  rotation. 

COROLLARY  L  Any  displacement  can  also  le  expressed  in  the  form, 
TfP',  where  Tf  is  a  translation  and  T?!  a  rotation  with  0  as  center. 

COROLLARY  2.  Any  symmetry  is  a  product  of  a  line  reflection  whose 
axis  contains  an  arbitrary  point  and  a  translation, 

THEOREM  11.  Any  displacement,  except  a  translation  hawng  a 
double  point  of  the  absolute  involution  as  center  9  is  a  product  of  two 
orthogonal  line  reflections. 

Proof.  Let  O  be  an  arbitrary  point.  By  the  last  theorem  the  given 
displacement  reduces  to  PT,  where  T  is  a  translation  and  P  a  rotation 
about  0.  If  the  center,  L,  of  T  is  not  a  double  point  of  the  absolute 
involution,  by  Theorem  4, 

T  =  {«,}.  {a  j, 

where  ^  and  /2  meet  Z»  in  the  conjugate  of  L  relative  to  the  absolute 
involution  and  where  ls  passes  through  0.  By  Cor.  1,  Theorem  8,  there 
exists  an  orthogonal  line  reflection  {Mm}  such  that 


Hence  PT  ==  {Mm} 
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If  P  Is  not  the  identity,  it  is  clear  that  m  and  ^  cannot  be  parallel, 
and  hence  PT  is  a  rotation. 

In  case  T  is  a  translation  whose  center  is  a  double  point  of  the 
absolute  involution,  it  can  be  expressed  (Theorem  8,  Chap.  Ill)  as  a 
product  of  two  translations  Tx,  T2  whose  centers  are  not  double  points 
of  the  absolute  involution.  Hence,  if  P  is  not  the  identity,  PT2  is  a 
rotation,  and  thus  PT2Tt  is  also  a  rotation.  In  case  P  is  the  identity, 
we  have  the  exceptional  ease  noted  in  the  theorem. 

COEOLLAEY.  A  displacement  is  either  a  rotation  or  a,  translation. 

The  following  two  theorems  have  the  same  relation  to  the  para- 
bolic metric  group  and  the  group  of  displacements,  respectively,  that 
the  fundamental  theorem  of  projective  geometry  (Assumption  P)  has 
to  the  projective  group  on  a  line. 

THEOREM  12.  A  transformation  of  the  parabolic  metric  group 
leading  invariant  two  ordinary  points  not  collinear  with  a  double 
point  of  the  absolute  involution  is  either  an  orthogonal  line  reflection 
or  the  identity. 

Proof.  Denote  the  given  fixed  points  by  0  and  P,  and  let  (72  be  the 
conic  through  P  having  0  as  center  and  the  absolute  involution  as  an 
involution  of  conjugate  points.  Since  C2  is  uniquely  determined  by 
these  conditions  (cf.  the  lemma  in  §  56),  it  is  left  invariant  by  the 
given  transformation  F.  Now  T  leaves  0,  P,  and  the  point  at  infinity 
of  the  line  OP  invariant.  Hence  the  line  OP  is  point-wise  invariant, 
and  every  line  I  perpendicular  to  it  is  transformed  into  itself.  Since 
£7S  is  also  invariant  and  each  of  the  lines  perpendicular  to  OP  meets 
<72  in  at  most  two  points,  T  is  either  the  identity  or  of  period  two. 
If  of  period  two,  it  is  evidently  an  orthogonal  line  reflection. 

THEOREM  13.  A  displacement  leaving  invariant  a  point  0  and  a 
line  I  containing  0  Imt  not  containing  a  double  point  of  the  absolute 
involution  is  either  the  identity  or  a  point  reflection  with  0  as  center. 

Proof.  Let  P  be  any  ordinary  point  of  I  distinct  from  0,  and  let 
C*  be  the  conic  through  P  having  0  as  center  and  the  absolute  invo- 
lution as  an  involution  of  conjugate  points.  A  displacement  leaving 
0  invariant,  being  a  product  of  two  orthogonal  line  reflections  whose 
axes  meet  in  0,  must  leave  <72  invariant.  Hence  it  either  leaves  P 
invariant  or  transforms  it  into  the  other  point  in  which  the  line  OP 
meets  <72.  In  the  first  case  the  transformation  must,  by  Theorem  12 
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and  Cor.  4,  Theorem  8,  reduce  to  the  identity.  In  the  second  case  the 
given  displacement,  which  we  shall  denote  by  A,  multiplied  by  the 
orthogonal  line  reflection  A  whose  axis  is  the  line  through  0  perpen- 
dicular to  OP,  leaves  P  invariant.  Hence,  "by  Theorem  12, 

AA=Af, 

where  A7  is  a  line  reflection  having  OP  as  axis  or  the  identity.  Hence 

A  =  AfA 

Since  A  cannot  be  a  line  reflection,  A;  cannot  be  the  identity.  Since 
the  axes  of  A  and  A7  are  perpendicular,  A  is  a  point  reflection. 

EXERCISES 

1.  A  displacement  which  carries  a  point  A  to  a  point  B  and  has  a  point  0 
(ordinary  or  not)  as  center  is,  if  the  line  OA  is  not  minimal,  the  product  of 
an  orthogonal  line  reflection  whose  axis  is  OA  followed  by  one  whose  axis  is 
the  line  joining  0  to  the  mid-point  of  the  pair  AB. 

2.  If  three  of  the  perpendicular  bisectors  of  the  point  pairs  AB,BCf  CD, 
DA  of  a  simple  quadrangle  meet  in  a  point,  the  fourth  perpendicular  bisector 
passes  through  this  point. 

*3.  Any  affine  transformation  which  leaves  a  central  conic  invariant  is  a 
line  reflection  whose  center  and  axis  are  pole  and  polar  with  regard  to  the 
conic  or  a  product  of  two  such  line  reflections, 

#4.  In  case  the  absolute  involution  is  without  double  points,  the  group  of 
displacements  can  be  defined  as  the  group  of  transformations  common  to  the 
parabolic  metric  group  and  the  equiaffine  group.  Thus  two  ordered  point 
triads  are  congruent  if  they  are  both  equivalent  and  similar.  Develop  the 
theory  of  congruence  on  this  basis,  and  show  what  difficulties  arise  in  case 
the  absolute  involution  has  double  points. 

60.  Circles.  DEFINITION.  A  circle  is  the  set  of  all  points  [P]  such 
that  the  point  pairs  OP,  where  0  is  a  fixed  point,  are  all  congruent  to 
a  fixed  point  pair  OP^  provided  that  the  line  OJJ  does  not  contain  a 
double  point  of  the  absolute  involution.  The  point  O  is  called  the 
center  of  the  circle. 

Since  the  displacements  form  a  group,  it  is  clear  that  J^  may  be  any 
one  of  the  points  P.  It  has  already  been  proved  (§  57)  that  if  the 
line  O/J  contained  an  invariant  point  of  the  absolute  involution,  the 
set  [P]  would  consist  of  all  ordinary  points,  except  0,  of  the  line  OP^ 

THEOREM  14.  A  circle  consists  of  the  ordinary  points  of  a  conic  sec- 
tion having  (he  pairs  of  the  absolute  involution  as  pairs  of  conjugate 
points.  The  center  of  ike  circle  is  the  pole  of  I*  with  respect  to  the  circle. 
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Proof.  Let  0  be  the  center  of  the  circle  and  PB  any  point  of  the 
circle.  The  circle  consists  of  all  points  obtainable  from  1%  bj  displace- 
ments which  leave  0  invariant.  If  one  of  the  line  reflections  of  which 
each  of  these  displacements  is  a  product  be  taken  to  have  01^  as  axis 
(Cor.  1,  Theorem  8),  it  follows  that  the  circle  consists  of  the  points 
obtainable  from  2J  by  orthogonal  line  reflections  whose  axes  pass 
through  0.  But  the  system  of  points  so  obtained  is  identical  by 
construction  with  the  ordinary  points  of  the  conic  referred  to  in 
the  lemma  of  §  56. 

COEOLLARY.  In  case  the  absolute  involution  has  no  double  points, 
every  circle  is  a  conic  section.  In  case  the  circular  points  exist,  they 
and  the  points  of  any  circle  form  a  conic  section. 

THEOREM  15.  The  ordinary  points  of  any  proper  conic,  with  regard 
to  which  the  pairs  of  the  absolute  involution  are  pairs  of  conjugate 
points,  form  a  circle. 

Proof.  A  conic  <72  with  regard  to  which  the  pairs  of  the  absolute 
involution  are  conjugate  points  cannot  be  a  parabola,  since  all  points 
of  to  are  conjugate  to  the  point  of  contact  of  a  parabola.  Hence  C* 
has  an  ordinary  point  0  as  center.  Let  P  be  any  point  of  C*.  By 
definition  there  is  one  and  only  one  circle  through  P  which  has  O  as 
a  center.  By  Theorem  14,  this  circle  is  a  conic  through  P  having  O 
as  center  and  the  pairs  of  the  absolute  involution  as  pairs  of  conjugate 
points.  By  the  lemma  of  §  56  there  is  only  one  such  conic.  Hence 
the  circle  through  P  with  0  as  center  contains  the  ordinary  points  of  C\ 

THEOREM  16.  Three  noncollinear  points,  no  two  of  which  are  on  a 
minimal  line,  are  contained  in  one  and  only  one  circle. 

Proof.  Let  the  three  points  be  PQ,  Pv  and  J%.  Let  Z«  be  the  point 
at  infinity  of  the  line  JJJ?  and  I  the  perpendicular  bisector  of  the 
point  pair  J£IJ.  The  polar  of  L*  with  regard  to  any  circle  through  J£ 
and  J?  must,  by  Theorem  14,  pass  through  the  mid-point  of  PJE(  and 
the  conjugate  of  LM  in  the  absolute  involution.  Hence  the  polar  of 
Lm  with  regard  to  any  circle  through  J?J  and  JJ  must  be  L  In  like 
manner,  the  polar  of  the  point  at  infinity  Jf«  of  the  line  JfjJ|  with 
regard  to  any  circle  containing  JJ  and  J£  must  be  the  perpendicular 
bisector  m  of  JJJJ,  Since  the  points  P^  J^,  P%  are  not  collinear,  /  and 
m  intersect  in  an  ordinary  point  0,  which  must  be  the  pole  of 
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£.,  J£.  =  L  with  regard  to  any  circle  through  JJ,  JJ,  and  JJ-  Since, 
by  definition,  there  is  one  and  only  one  circle  through  P  with  0  as 
center,  there  cannot  be  more  than  one  circle  through  JJ,  JJ,  and  J^. 

Since  the  product  of 
the  orthogonal  line  re- 
flection with  OP$  as  axis 
by  that  with  I  as  axis 
transforms  the  point  pair 
OJjJ  into  the  point  pair 
0JJ,  the  circle  through 
JJ  with  0  as  center  con- 
tains JJ.  Alike  argument 
shows  that  it  contains  PT 
Hence  there  is  one  circle 
containing  JJ,  I£,  and  _^. 

Observe  that  we  do 
not  prove  at  this  stage 
that  a  circle  has  a  point  on  every  line  through  its  center.  This  could 
not  be  done  without  further  hypotheses  on  the  nature  of  the  plane 
than  we  are  making  at  present. 

EXERCISES 

1.  The  locus  of  the  points  of  intersection  of  the  lines  through  a  point -4 
with  the  perpendicular  lines  through  a  point  B,  not  on  a  minimal  line  through 
Af  is  a  circle  whose  center  is  the  mid-point  of  the  pair  AB. 

2.  A  tangeno  to  a  circle  is  perpendicular  to  the  diameter  through  the  point 
of  contact. 

3.  Any  two  conjugate  diameters  of  a  circle  are  orthogonal. 

4.  If  the  tangents  at  two  points  A  and  B  of  a  circle  meet  in  a  point  0, 
the  pairs  OA  and  OB  are  congruent. 

5.  If  I  is  the  perpendicular  bisector  of  a  point  pair  AB,  then  the  circles 
through  A  and  B  meet  I  in  pairs  of  an  involution  whose  center  (§  43)  is  tha 
mid-point  of  A  B. 

6.  The  system,  of  all  circles  having  a  common  center  meet  any  line  in  the 
pairs  of  an  involution. 

7.  A  parallelogram  which  circumscribes  a  circle  must  be  a  rhombus. 

8.  A  parallelogram  inscril^ed  in  a  circle  is  a  rectangle. 

9.  If  two  circles  have  two  points  in  common,  the  pair  of  tangents  at  one 
common  point  is  symmetric  to  the  pair  of  tangents  at  the  other. 

10.  The  feet  of  the  perpendiculars  from  any  point  of  a  circle  to  the  sides 
of  an  inscribed  triangle  are  collinear. 
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61.  Congrueat  and  similar  triangles.  Two  of  the  three  fundamental 
criteria  for  the  congruence  of  triangles  can  be  derived  at  the  present 
The  third  eriterioE,  that  in  terms  of  « two  sides  and  the  included 
angle/'  essentially  involves  order  relations  and  is  given  in  §  63. 

In  the  following  theorems  we  shall  restrict  attention  to  triangles 
none  of  whose  sides  pass  through  double  points  of  the  absolute  invo- 
lution. The  sides  of  a  triangle  ABC  which  are  opposite  to  the  vertices 
A,  B,  C  are  denoted  by  a,  J,  e  respectively.  It  win  be  observed  that 
instead  of  angles  we  refer  to  ordered  line  pairs. 

THEOREM  17.  Two  triangles  ABC  and  A!B!C?  are  congruent  in  such 
a  way  that  A  corresponds  to  A1  and  B  to  B1  if  the  point  pair  AB  is  con- 
gruent to  the  point  pair  AJBf  and  the  ordered  line  pairs  ea  and  cb  are 
congruent  to  the  ordered 
line  pairs  c*af  and  cV 
respectively. 

Proof.  By  hypothesis, 
there  is  a  displacement  T 
carrying  A  and  B  to  Af 
and  Bj  respectively.  Let 
)  =  ~bn,  and 


should  have  the  ordered 

line  pair  da!  congruent  to  FIG.  50 

eV,    and    hence    there 

would  be  a  transformation  leaving  B1  and  cr  invariant  and  carrying  a' 

to  a",  but  this  transformation,  by  Theorem  13,  would  be  the  identity 

or  a  point  reflection  with  B1  as  center  contrary  to  the  assumption  that 

a/!^  a!.    In  like  manner  it  follows  that  Vf=  V,  and  hence  that  Crf=  Cf. 

THEOREM  18.  If  in  two  triangles  ABC  and  AfBrCf  the  point  pairs 
ABy  BC,  CA  are  congruent,  respectively,  to  ArBf,  BfCr,  CrA',  the  pair  of 
lines  lc  is  congruent  to  the  pair  of  lines  Vcf.  The  two  triangles  are 
either  congruent  or  symmetric. 

Proof.  By  hypothesis,  there  is  a  displacement  which  carries  A*BJ  to 
AB.  Let  Cn  be  the  point  into  which  C  is  carried  by  this  displacement. 
Let  Cni  be  the  point  to  which  Cu  is  carried  by  the  orthogonal  line 
reflection  of  which  AB  is  axis.  Now  if  G  were  not  identical  with  Clf 
or  vlfl  we  should  have  three  congruent  point  pairs  AC>  ACfr9  AC111  and 
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three  other  congruent  point  pairs  BC,  BC^\  BCjjl.  That  is,  there  would 
be  two  circles,  one  with  A  as  center  and  one  with  B  as  center,  having 
three  points  in  common.  If  C,  C11,  C!JI  were  eollinear,  or  if  two  of  them 
were  on  a  minimal  line,  this  would  contradict  Theorem  14  ;  otherwise 
it  would  contradict  Theorem  16. 

The  conclusions  of  the  theorem  are  now  obvious. 

The  theorems  converse  to  the  above  are  not  difficult  and  are  stated  in 
the  exercises  below.  The  theorems  on  similar  triangles  (Exs.  3,  4,  5)  are 
proved  in  an  analogous  way,  using  Theorem  12  instead  of  Theorem  13. 
For  these  theorems  we  used  the  following  definition  : 

DEFINITION.  Two  figures  are  said  to  be  directly  similar  if  and 
only  if  one  can  be  transformed  into  the  other  by  a  similarity  trans- 
formation which  effects  on  L  the  same  transformation  as  some  dis- 
placement. A  transformation  of  this  sort  is  called  a  direct  similarity 
transformation* 

EXERCISES 

1.  If  two  ordered  point  triads  are  congruent,  the  corresponding  ordered  point 
pairs  and  line  pairs  are  congruent. 

2.  If  two  ordered  point  triads  are  symmetric,  the  corresponding  point  pairs 
are  congruent  and  the  corresponding  ordered  line  pairs  are  symmetric. 

3.  If  the  ordered  line  pairs  ab,  be,  ca  are  congruent,  respectively,  to  the  ordered 
line  pairs  a'b',  b'c',  c'af,  the  ordered  triad  abc  is  directly  similar  to  the  ordered 
triad  cfb'c'. 

4.  If  the  ordered  line  pairs  ab,  be,  ca  are  symmetric,  respectively,  to  the 
ordered  line  pairs  a'b',  b'c',  c'a',  the  ordered  triad  abc  is  similar  to  the  ordered 
triad  a'&V. 

5.  If  two  ordered  triads  abc  and  a'Vcf  are  directly  similar,  the  ordered  pairs 
dby  be,  ca  are  congruent  to  a'bf,  b'c',  c'af  respectively.  If  the  ordered  triads 
are  similar  but  not  directly  similar,  the  ordered  pairs  ab,  be,  ca  are  symmetric 
to  a'b',  b'c',  c'a'  respectively. 

6.  A  direct  similarity  transformation  is  a  product  of  a  displacement  and 
a  homology. 

62*  Algebraic  formulas  for  certain  parabolic  metric  groups*  Adopt- 
ing a  system  of  nonhomogeneous  coordinates  (x9  y)  for  which  L  is  the 
singular  line,  and  a  system  of  homogeneous  coordinates  for  which 

#1  #9 

•«•         r   rut  ^  ___   «. 

7~~  *         7~~y* 

XQ  ^0 

the  line  7»  has  the  equation  #0  =  0,  and  any  involution  on  it  can.  be 
written  in  the  form  (§§  54  58,  VoL  I), 
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If  the  coordinate  system  be  chosen  so  that  (0,  1,  0)  and  (0,  0,  1)  are 
conjugate  points  in  this  involution,  the  bilinear  equation  reduces  to 
(3)  ax^  +  cxfi  =  0. 

Here  the  point  (0,  1,  1)  is  paired  with  the  point  (0,  c,  -  a).  In 
case  the  involution  contains  two  pairs  of  points  which  are  harmoni- 
cally conjugate,  one  pair  may  be  chosen  as  (0,  1,  0)  and  (0,  0,  1)  and 
the  other  pair  as  (0, 1, 1)  and  (0, 1,  —  1).  In  that  case  (3)  reduces  to 

\    /  1    I  2    2  * 

For  the  rest  of  this  section  we  assume  that  the  absolute  involution 
contains  two  pairs  of  points  which  are  harmonically  conjugate  with 
respect  to  each  other.  Such  involutions  exist  in  every  plane  satis- 
fying Assumption  H ,  since  any  two  distinct  collinear  pairs  of  points 
determine  an  involution.  Hence  this  assumption  is  no  restriction  on 
the  nature  of  the  plane  in  which  we  are  working.  It  is,  moreover, 
easy  to  replace  the  formulas  which  we  shall  obtain  from  (4)  by  the 
more  general  but  more  cumbersome  formulas  based  on  (3). 

The  equations  of  the  transformation  required  to  change  (3)  into  (4)  are 

Hence  it  is  clear  that  in  the  complex  geometry  (§  5)  every  involution  may  be 
reduced  to  the  form  (4),  and  in  the  real  geometry  only  those  involutions  can 
be  reduced  to  this  form  which  are  sucli  that  a/c  >  0.  The  involutions  of  the 
latter  type  are  direct  (§  18). 

The  equations  of  the  affine  group  are 


(5) 


and  if  the  involution  (4)  is  to  be  transformed  into  itself,  all  pairs 
aj±,  x^  and  xl9  \  which  satisfy 


must  also  satisfy 

(a^+  6A)  (*&+  6^  +  (a^+  lp}  (afr+  1^  =  0, 
which  is  the  same  as 


Hence 


K  +  < 

l«A+« 
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are  the  necessary  and  sufficient  conditions  that  (5)  leave  (4)  invariant 

Combining  these  two  equations,  \ve  obtain 

a*a*  +  a*  -  l*c£  -  a*b*  =  0 

or  K  +  OK  -55  =  0. 

Thus  we  infer  #2=  ±  6L  and  ^=  =F  &2.   Hence 

THEOEEM  19.  ;?%£  equations  of  the  parabolic  metric  group  are 


y'«€( 

where  ^  =  1. 

Any  conic  section  has  an  equation  of  the  form  (§66,  VoL  I) 
(7)  awx*  +  auxf+  %2#|  +  2  %^1+  2  a^a^H-  2  a12^2=  0, 


which  determines  on  the  line  x0  =  0  an  involution  whose  double 
elements  satisfy  ^2  <  „   ~a  . 

ail^l     »    ^22^2  "« 


Gomj^ring  with  (4),  we  have  that  a  circle  must  satisfy  the  condition 
^=^=£0,         0U=*0. 

If  this  circle  is  to  have  (1,  0}  0)  as  center,  i.a  as  pole  of  #0=  0,  the 
equation  (7)  must  also  satisfy  the  condition 

a,    =  0  =  a 
01  02" 

Thus,  returning  to  nonhomogeneous  coordinates,  the  equation  of  a 
circle  with  the  origin,  as  center  must  be  of  the  form* 

(8) 


According  to  §  59,  the  transformations  of  the  parabolic  metric 
group  leaving  such  a  circle  invariant  are  all  displacements  or  sym- 
metries, and,  moreover,  all  displacements  and  symmetries  leaving  the 
origin  invariant  leave  this  circle  invariant.  Substituting  (6)  in  (8),  we 
see  that  a  displacement  or  symmetry  leaving  the  origin  invariant  is 
oftheform 


*  This  argument  does  not  prove  that  every  equation  of  this  form  represents  a 
circle.  The  answer  to  this  question  depends  on  the  value  of  &. 
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Since  any  displacement  or  symmetry  is  expressible  as  the  resultant 
of  one  leaving  the  origin  Invariant  and  a  translation  (Theorem  10, 
Cor.  1),  we  have 

THEOREM  20.   The  equations  of  the  group  of  displacements  and 

symmetries  are 

xf  =  ax  + 


where  a;2  +  £*  =  1  and  e2  =  1. 

By  §  54y  YoL  I,  a  transformation  of  the  form  (9)  effects  an  Involu- 
tion on  L  If  and  only  if  e  =  —  1.  By  Theorem  10,  Cor.  2,  any  symmetry 
leaving  the  origin  Invariant  is  a  line  reflection.  Hence 

THEOREM:  21.  The  displacements  are  the  transformations  of  the 
type  (9)  for  which  e  =  1  and  the  symmetries  those  for  which  e  =  —  1. 

EXERCISES 

1.  The  equation  of  a  circle  containing  the  point  (a252)  and  having  the 
point  (a^)  as  center  is 

(x  -  a,Y  +  <y  -  &03  =  (a,  -  «,)*  +  A  -  W* 

2.  Two  lines  aar  +  %  -f  c  =  0  and  a'x  +  b'y  -f  c"  =  0  are  orthogonal  if  and 
only  if  act'  -f  W  =  0. 

3.  In  case  the  absolute  involution  has  double  points,  the  equiaffine  trans- 
formations of  the  parabolic  metric  group  are  of  the  form  (9),  where  a2  +  yS2  =  c 
and  €  =  ±  1. 

63.  Introductioa  of  order  relatioES.  Let  us  now  assume  that  the 
plane  which  we  are  considering  is  an  ordered  plane  in  the  sense 
of  §  15.  We  may  therefore  apply  the  results  of  Chap.  II,  particu- 
larly of  §§  28-30.  Let  us  also  assume  that  the  absolute  involution 
satisfies  the  condition  referred  to  in  §  62,  that  there  exist  two  pairs 
of  points  conjugate  with  regard  to  the  absolute  involution  which 
separate  each  other  harmonically.  By  Theorem  9,  Chap.  II,  and  its 
corollaries,  It  follows  that  any  two  pairs  of  the  absolute  involution 
separate  each  other,  and  that  the  absolute  involution  has  no  double 
points.*  This  result  may  conveniently  be  put  in  the  following  form  : 

THEOREM  22.  Two  pairs  of  perpendicular  lines  intersecting  in  the 
same  point  separate  each  other.  No  line  is  perpendicular  to  itself. 

*  The  geometry  arising  from  the  hyperbolic  case  has  been  studied  by  Wilson  and 
Lewis  in  the  article  referred  to  in  §  48. 


§63J  BELATIOXS 

The  restrictions  which,  we  have  just  Introduced  enable  us  to  state 
the  fundamental  theorem  (Theorem  13)  about  the  group  of  displace- 
ments in  the  following  more  precise  form  : 

THEOREM  23.  The  onl^  displacement  leaving  a  ray  invariant  is 
the  identity. 

Proof.  Let  A  be  the  origin  and  B  any  point  of  the  ray.  Since  any  col- 
lineatlon  preserves  order  relations,  A  is  transformed  into  itself.  Since  the 
line  AB  is  invariant,  the  displacement  is  a  point  reflection  or  the  identity 
(Theorem  13).  But  a  point  reflection  would  change  B  into  a  point  of  the 
ray  opposite  to  the  ray  AB,  and  thus  not  leave  the  ray  AB  invariant. 

With  the  aid  of  this  theorem  we  can  complete  the  set  of  funda- 
mental theorems  on  congruent  triangles,  the  first  two  of  which  were 
given  in  §  61. 

THEOREM  24.  Two  triangles  ABC  and  A*  If  C*  are  congruent  if  the 
point  pairs  AB3  A  C  and  the  angle  &  CAB  are  congruent  respectively 
to  the  point  pairs  A*  Bf,  A!Cl  and  the  angle  &  G1  Af  Bf  » 

Proof.  Since  the  angle*  £  CAB  is  congruent  to  the  angle  4  CfAfBf, 
there  exists  a  displacement  A±  carrying  A  to  A'  and  the  rays  AC  and 
AB  to  A'Cf  and  A*B*  respectively.  Since  the  point  pair  AB  is  con- 
gruent to  AfBr,  there  is  also  a  displacement  \  carrying  A  to  A'  and  B 
to  B*>  and  since  A  C  is  congruent  to  AfCr,  there  is  a  displacement  Ag 
carrying  A  to  Af  and  G  to  Cr.  By  Theorem  23,  \  =  A2  and  \  =  A8. 
Hence  the  displacement  Ax  carries  the  triangle  AB  C  to  AfBfCf. 

EXERCISES 

1.  Two  triangles  ABC  and  A'&C'  are  congruent  if  the  point  pair  AB  is 
congruent  to  the  point  pair  A'B'  and  the  angles  4  CAB  and  4  CBA  are  con- 
gruent respectively  to  the  angles  4  CfA'I?  and  4  C'BfA'. 

2.  If  two  triangles  ABC  and  A'B'C  are  congruent  in  such  a  way  that  A 
corresponds  to  A'  and  B  to  &,  the  angles  £ABC,  &BCA,  4  CAB  are  con- 
gruent to  the  angles  &A'&C',  &B'C'A'i  4  CTA'S?  respectively. 

3.  If  two  triangles  AB  C  and  A'B'C'  are  symmetric  in  such  a  way  that  A 
corresponds  to  A/  and  B  to  B'9  the  angles  &ABC,  &BCA,  4  CAB  are  con- 
gruent to  the  angles  4  CPA',  &A'C'B',  &B'A'C'  respectively. 

4.  Let  Ay  B,  C  be  three  collinear  points  and  Poo  the  point  at  infinity  of  the 
line  joining  them  ;  B  is  between  A  and  C  if  and  only  if 


5.  An  orthogonal  line  reflection  interchanges  the  two  sides  of  its  axis. 
*  Note  that  an  angle  is  an  ordered  pair  of  rays  (§  28). 
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64.  The  real  plane.  Let  us  finally  assume  that  we  are  dealing 
with  the  geometry  of  reals.  la  consequence,  we  have  the  theorem 
(§  4)  that  any  one-dimensional  projectivity  which  alters  sense  (La  for 

which  A  <  0)  has  two  double  elements.   This  may  be  put  into  the 
following  form  as  a  theorem  of  the  affine  geometry. 

THEOREM  25,  If  Al  and  A^  are  any  two  points  of  an  ellipse,  any 


line  I,  meeting  the  line 
ellipse  i»  two  points. 

Proof.*  Let  us  de- 
note the  given  ellipse 
by  J?2,  and  let  A  be  a 
variable  point  on  it. 
Let  Lt  and  Z3  be  the 
points  in  which  I  is 
met  by  A^A  and  A^A 
respectively,  and  let  Ql 
and  Q,  be  the  points  in 
which  L  is  met  by  A^A 
and  AjA.  respectively.  A* 
Also  let  Qu  be  the 
point  in  which  AJL^ 
meets  I*.  By  construc- 
tion, and  by  the  defi- 
nition of  a  conic, 

A* 


in  a  point  between  At  and  A#  meets  the 


\ 


.  51 


The  projectivity  [$J  ^[<>J  is  direct,  because,  by  the  remark  at  the 
beginning  of  this  section,  if  the  projectivity  altered  sense  it  would 
iiave  two  double  points,  and  these,  by  the  definition  of  the  projec- 
tivity, would  be  points  of  intersection  of  L  with  U\  contrary  to  the 
hypothesis  that  E*  is  an  ellipse. 

Let  C  and  C*  be  the  points  of  intersection  of  A^A%  with  I  and  L 
respectively.  Also  let  LM  be  the  point  at  infinity  of  I.  Then,  by  the 
hypothesis  that  C  is  between  A1  an 


*A  simpler  proof  of  this  theorem,  which,  however,  involves  more  preliminary 

theorems,  is  given  in  the  next  chapter  (§  76)  * 
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But,  by  construction,      A^CA^C.  ==  QJL*  Q^ 
Hence,  by  Theorem  6,  Chap.  II, 


But  the  points  C.,  LX)  $2  are  carried  to  C»,  £„,  Q#  respectively,  by 
the  projectivity  [Q2]j^[Qz]9  indicated  in  (10).  Hence  the  projectivity 
[<2J  Ai^al  is  opposite.  Since  [Q^[Q^  is  direct,  [#Jx[<?J  is  oppo- 
site.  From  this,  since  Q^  and  Qz  are  carried  by  a  perspectivity  with 
A1  as  center  to  Ll  and  LZ  respectively,  it  follows  (Theorem  6,  Chap,  II) 
that  the  projectivity 


is  opposite.  By  the  remark  at  the  beginning  of  the  section  this  pro- 
jectivity must  therefore  have  two  double  points,  and  by  the  definition 
of  the  projectivity  these  double  points  must  be  points  of  intersection 
of  I  with  E\ 

COROLLARY  1.  The  points  in  which  I  meets  the  ellipse  are  separated 
6y  A1  and  A0  relative  to  the  order  relations  on  the  ellipse. 

Proof.  Let  D±  and  Z>2  (fig.  51)  be  the  two  points  in  which  I  meets 
the  ellipse,  and  let  A,  A^  A^  etc.  have  the  meanings  given  them  in 
the  proof  of  the  theorem.  Then  since  the  projectivity  [-kJ'A  [^2!  is 
opposite, 


Hence  the  lines  ADl  and  AD2  separate  the  lines  AA:  and  AA^  which, 
according  to  the  definition  in  §  20,  implies  that  the  pair  of  points  D^D^ 
separates  the  pair  A^A^  on  the  ellipse. 

COROLLARY  2.  The  points  in  which  I  meets  the  ellipse  are  on  opposite 
sides  of  the  line  A^A^ 

Proof.  Let  a  be  the  tangent  at  Af  By  the  first  corollary  the  lines 
a  and  A^A^  separate  the  lines  A^Dt  and  AJD#  Hence,  if  A1  denote  the 
point  in  which  a  meets  -Z\Z>2,  1\  and  D2  separate  A1  and  C.  Now  Ar 
is  not  between  D^  and  D2,  because  if  it  were,  the  line  a  would  meet 
the  ellipse  in  two  points  instead  of  only  in  one.  Hence  C  is  between 
A  and  D2>  and  hence  Dx  and  D  are  on  opposite  sides  of  I. 

THEOREM  26.  A  rotation  which  transforms  a  ywen  circle  into  itself 
transforms  any  triad  of  points  on  the  circle  into  a  triad,  of  points  in 
the  same  sense  relatively  to  the  order  relations  on  the  circle, 
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Proof.  Lefe  the  given  triad  of  points  be  A,  B,  C,  let  G  be  any  other 
point  of  tiie  circle,  and  let  A*,  B*t  O.  be  the  points  at  infinity  of  the 
lines  OAt  OB,  OC  respectively  ;  let  &>A',ff,  Cf,  XX,  CL  be  the  points 
to  which  0,  J,  B,  C,  J»,  B*,  C,,  respectively,  are  carried  by  the  given 
rotation  ;  let  A'l,  Bl,  Cl  be  the  poiBts  at  infinity  of  the  lines  OAf>  OB', 
OCj  respectively. 

The  given  rotation  effects  on  L  a  transformation  which  is  the  prod- 
uct of  two  hyperbolic  involutions.  Hence  S(A*B*C*)  —  S(ALBLC?~)* 
As  in  the  proof  of  Theorem  25,  the  projectivity  ALBLCL-^A^B^Cli 
is  direct  because  otherwise  It  would  have  double  points  and  these 
would  be  common  to  the  circle  and  Z».  Hence  S(A!aoBLCL)=^(A!J>B^Cr^ 
and,  therefore,  S(A*B*  C*)  =  3(AHB^Crl).  Projecting  from  0,  we  have, 
by  the  definition  of  sense  on.  a  conic  (§  20),  that 
S(ABC)  =  S(A'BfCJ). 

Theorem  26,  which  is  here  proved  only  for  a  real  space,  can  be  proved  for 
any  ordered  space  by  the  methods  of  the  next  chapter.  This  theorem  states 
one  of  the  most  intuitionally  immediate  properties  of  a  rotation.  In  fact, 
most  of  the  older  discussions  of  the  notions  of  sense  describe  sense,  without 

further  explanation,  as  "  sense  of  rotation." 


EXERCISES 


I.  If  4.  AOB  is  any  angle,  and  PQ  any  ray,  there  is  one  and  only  one  ray 
PR  on  a  given  side  of  the  line  PQ  such  that  4  A  OB  Is  congruent  or  symmetric 


*2.  Prove  that  Theorem  25  is  not  true  in  a  space  satisfying  Assumptions 
A,  E,  H,  Q. 

65.  Intersection^  properties  of  circles.  THEOREM  27.  If  A  and  B 
are  (my  two  distinct  points,  then  on  any  ray  having  a  point  O  as 
origin  there  is  one  and  only  one  point  P  such  that  the  pair  AB  is 
congruent  to  the  pair  OP. 

Proof.  Let  Bl  be  the  point  to  which  B  is  carried  by  the  translation 
which  carries  A  to  0.  The  circle  through  Bl  with  0  as  center  contains 
all  points  Q  such  that  OQ  is  congruent  to  AB.  Let  _Z?2  be  the  point 
to  which  Bl  is  transformed  by  a  point  reflection  with  0  as  center. 
Then  since  0  is  between  B1  and  Bz>  any  line  I  through  0  (and  distinct 
from  OB^  must  meet  the  circle  in  two  points,  according  to  Theorem  25. 
But  by  Theorem  23  neither  of  the  rays  on  I  which  have  0  as  origin 
can  contain  more  than  one  point  of  the  circle.  Hence  each  of  these 
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rajs  contains  just  one  point  of  the  circle.    Hence  each  raj  with  0  as 
origin  contains  a  single  point  P  such  that  AB  is  congruent  to  OP. 
Combining  this  theorem  with  Theorem  23,  we  have 

THEOREM  28.  There  is  one  and  only  one  displacement  carrying  a 
given  ray  to  a  given  ray. 

This  result  characterizes  the  group  of  displacements  in  the  same 
way  that  the  proposition  that  there  is  a  unique  projectivity  of  a 
one-dimensional  form  carrying  any  ordered  triad  of  elements  to  any 
ordered  triad  characterizes  the  one-dimensional  projeetive  group. 

THEOREM  29.  If  two  circles  are  such  that  the  line  joining  their 
centers  meets  them  in  two  point  pairs  which  separate  each  other,  the 
circles  have  two  points  in  common,  one  on  each  side  of  the  line  joining 
the  centers. 

Proof.  Let  the  two  circles  be  Of  and  C£,  and  let  them  meet  the 
line  joining  the  centers  in  the  pairs  J^Ql  and  J^Q^  respectively.  Let  A 
be  the  center  (§  43)  of  the  involution  F  in  which  J(Q^  and  J£#2  are 
pairs,  and  let  a  be  the 
perpendicular  to  the  line 
JJ2J  at  A. 

Since  1$  and  Q1  separate 
J^  and  Q2,  the  ordered 
triads  JFJ&JJ  and  Q^Q^ 
are  in  the  same  sense. 
The  involution  F  inter- 
changes these  two  triads 
and  hence  transforms  any 
triad  into  a  triad  in  the 
same  sense.  Hence  A  is  between  Jf^  and  Qr  Hence,  by  Theorem  25,  the 
line  meets  the  circle  C*  in  two  points  Al  and  A% ;  and  by  the  second 
corollary  of  this  theorem,  Al  and  A%  are  on  opposite  sides  of  the  line  I^Qr 

The  lines  A^  and  AlQl  are  orthogonal  since  P±  and  Ql  are  the  ends 
of  the  diameter  of  a  circle  through  A^  The  line  A^A  is  orthogonal  to 
the  line  through  At  parallel  to  JJ$r  Hence  the  involution  F  is  per- 
spective with  the  involution  of  pairs  of  orthogonal  lines  through  A^. 
Hence  Av  I£,  and  Qz  are  on  a  circle  whose  center  is  on  the  line  JJQ^ 
By  Theorem  16  this  circle  must  be  Cf.  Hence  C\  and  <722  have  Al 
in  common.  A  similar  argument  shows  that  A^  is  on  Cf  ainl  €%„ 


FIG.  52 
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66.  The  Euclidean  geometry.  A  set  of  assumptions.  In  the  geom- 
etry of  reals  the  coefficients  of  the  formulas  derived  in  §  62  are  real 
numbers.  The  formulas  given  for  displacements  in  that  section  are 
the  well-known  equations  for  the  "rigid  motions"  of  elementary 
Euclidean  geometry.  Hence  tie  geometry  of  the  parabolic  metric 
group  in  a  real  plane  u  the  Euclidean  geometry. 

This  result  can  also  be  established  by  considering  a  set  of  postu- 
lates from  which  the  theorems  of  Euclidean  geometry  are  deducible 
and  proving  that  these  postulates  are  theorems  of  the  parabolic 
metric  geometry.  It  then  follows  that  all  the  theorems  of  Euclidean 
geometry  are  true  in  the  parabolic  metric  geometry. 

As  a  set  of  assumptions  for  Euclidean  geometry  of  three  dimensions 
we  may  choose  the  ordinal  assumptions  I-IX  which  are  stated  in  §  29, 
together  with  the  assumptions  of  congruence  (X-XV3)  stated  below. 
For  our  immediate  purpose,  however,  a  set  of  assumptions  for  Euclid- 
ean plane  geometry  is  needed.  To  obtain  such  a  set  we  merely  replace 
VH  and  VIII  by  the  following: 

YIL  All  points  are  in  the  same  plane. 

Thus  our  set  of  postulates  for  Euclidean  plane  geometry  is  I— VI, 
VH,  IX™XVL 

Assumptions  X~~XVI  make  use  of  a  new  undefined  relation  between 
ordered  point  pairs  which  is  indicated  by  saying  "AB  is  congruent 
to  €I>"  It  must  be  verified  that  the  new  assumptions  are  valid 
when  this  relation  is  identified  with  the  relation  of  congruence 
defined  above. 

X.  Jf  A  =£  B>  then  on  any  ray  whose  origin  is  a  point  C  there  is 
one  and  only  one  point  D  such  that  AB  is  congruent  to  CD. 
Proof*  This  is  the  same  as  Theorem  27. 

XL  If  AB  is  congrumt  to  CD  and  CD  is  congruent  to  $}?,  then  AB 
is  congruent  to  J£M 

Proof.  This  is  a  consequence  of  the  fact  that  the  displacements 
form  a  group. 

XIL  If  AB  i$  congruent  to  ArBf,  and  BC  is  congruent  to  Br€r  and 
{ABC}  and  {A'ffC'},  then  AC  is  congruent  to  A'Cf. 

Proof.  By  Theorem  28,  there  is  a  unique  displacement  which 
carries  A  and  B  to  Af  and  Bf  respectively.  This  displacement  carries 
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C  to  a  point  Or  such  that  {A'B'C*},  because  a  collineation  preserves 

order  relations.  Moreover,  the  point  Cf  so  obtained  is  such  tliatBC  is 
congruent  toBfCf  and  A  C  to  Af€r;  and,  by  Theorem  27,  there  is  only 
one  point  C'  in  the  order  {A'ffC1}  such  that  EC  is  congruent  ioBfCf. 

XIII  AB  is  congruent  to  BA. 

Proof.  AB  is  transformed  into  BA  by  the  point  reflection  whose 
center  is  the  mid-point  of  AB. 

XIV.  If  A,  By  G  are  three  noncollinear  points  and  D  is  a  point  in 
the  order  {BCD},  and  if  AfBrCf  are  three  noncollinear  points  and  Df 
is  a  point  in  the  order  {BfC'Dr}  such  that  the  point  pairs  AB,  BC9 
CA,  BD  are  respectively  congruent  to  AfBf,  BfCf>  C!A'9  B{DJ,  then  AD 
is  congruent  to  AfDF. 

Proof.  Since  AB  is  cougruent  to  ATBf, 
there  exists  a  displacement  A  which 
carries  AB  to  A'ff.  Let  A  (€?)  =  €„ 
A(D)  =  2>r  Also  let  £7a  and  D2  be  the 
points  to  which  GI  and  D^  are  trans- 
formed by  the  orthogonal  line  reflection 
having  A'Br  as  axis. 

According  to  §  57,  the  pair  BC  is  con- 
gruent to  BfC:  and  to  B'C^  CA  to 


and  CzAJi  BD  to  BfDl  and  &Dg;  and 
AD  to  A'D   and  A'JD.    It  foUows  that 


CT  must  coincide   with  Cl   or   C^,  for 

otherwise  there  would  be  two  circles,  one  with  Ar  as  center  and  the 

other  with  Bf  as  center,  containing  the  three  points  Cl9  C2>  C'. 

If  C1  =  Olt  it  follows,  by  Theorem  23,  that  Df  =  D^  and  hence  that 
AD  is  congruent  to  AfDr.  If  Or  =  (7g,  it  follows,  similarly,  that  -£>'=I>2, 
and  hence  that  JD  is  congruent  to  AfDf. 

DEFINITION.  If  0  and  X0  are  two  points  of  a  plane  a,  then  the  set 
of  points  [JT]  of  a  such  that  OJT  is  congruent  to  OJT0  is  called  a  circle. 

XV.  I/7  the  line  joining  the  centers  of  two  coplanar  circles  meets  them 
in  pairs  of  points,  I^Qt  and  P^Q^  respectively,  such  that  {P&Q^  and 
{f\QiQ^»  the  circles  ham  two  points  in  common,  one  on  each  sidle  of 
the  line  joining  the  centers. 

Proof.   This  is  the  same  as  Theorem  29. 
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XVI  Jf  A,  B,  C  are  three  in  the  order  {ABC}  and  Sl9  B# 

J?$,  -  -  •  are  points  in  the  order  {ABB^,  {ABJBj,  •  -  -  suck  that  AB  is 
congruent  U  each  of  tie  point  pairs  BBl%  B^ * -  •,  then  there  are  not 
more  a  finite  number  of  the  points  B#  Bt,  •  •  •  between  A  and  C. 

Proof.  Let  JR.  be  the  point  at  infinity  of  the  line  AR  Then  ^  is 
the  harmonic  conjugate  of  A  with  respect  to  B  and  &,,  B^  is  the  har- 
monic conjugate  of  B  with  respect  to  B^  and  B» ;  and  so  on.  Thus  A,  J3, 
B  ,  B  ,  •  •  •  form  a  harmonic  sequence  of  which  B*  is  the  limit-point 
Since  C  has  a  finite  coordinate,  the  result  follows  from  §  8,  Chap.  I. 

The  set  of  assumptions  I-XVI  is  not  categorical  It  provides 
merely  for  the  existence  of  such  irrational  points  as  are  needed  in 
constructions  involving  circles  and  lines  (see  §  77,  below).  It  can  be 
made  categorical  by  adding  Assumption  XVII,  §  29.  It  must  be 
noted,  however,  that  when  XVII  is  added,  X-XVI  become  redundant 
in  the  sense  that  it  is  possible  to  introduce  ideal  elements  and  then 
bring  in  the  congruence  relations  by  means  of  the  definitions  in  this 
and  the  preceding  chapters. 

In  order  to  convince  himself  that  the  assumptions  given  above  are 
a  sufficient  basis  for  the  theorems  of  Euclid,  the  reader  should  carry 
out  the  deduction  from  these  assumptions  of  some  of  the  fundamental 
theorems  in  Euclid's  Elements.  An  outline  of  this  process  will  be 
found  in  the  monograph  on  the  subject  from  which  the  assumptions 
have  been  quoted.* 

In  making  a  rigorous  deduction  of  the  theorems  of  elementary 
geometry,  either  from  the  assumptions  above  or  from  the  general 
protective  basis,  it  is  necessary  to  derive  a  number  of  theorems  which 
are  not  mentioned  in  Euclid  or  in  most  elementary  texts.  These  are 
mainly  theorems  on  order  and  continuity.  They  involve  such  matters 
as  the  subdivision  of  the  plane  into  regions  by  means  of  curves,  the 
areas  of  curvilinear  figures,  etc.,  all  of  which  are  fundamental  in  the 
applications  of  geometry  to  analysis,  and  vice  versa.  In  so  far  as 
these  theorems  relate  to  circles,  they  have  been  partially  treated  in 
§§  64-65  and  will  be  further  discussed  in  the  next  chapter.  The 
methods  used  for  the  more  general  theorems  on  order  and  continuity, 
however,  are  less  closely  related  to  the  elementary  part  of  projective 
geometry  and  will  therefore  be  postponed  to  a  later  chapter. 

*  Foundations  of  Geometry,  "bj  Oswald  Veblen,  in  Monographs  on  Modem 
Mathematics,  edited  by  J.  W.  A.  Young,  New  York,  1911. 
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67.  Distance.  In  §  43  we  have  defined  the  magnitude  of  a  vector 
OB  as  its  ratio  to  a  unit  vector  OA  collinear  with  it ;  but  in  the 
affine  geometry  the  magnitudes  of  noncollinear  vectors  are  abso- 
lutely unrelated.  In  the  paraboEc  metric  geometry  we  introduce 
the  additional  requirement  that  any  two  unit  vectors  OA  and 
OrAf  shall  be  such  that  the  point  pair  OA  is  congruent  to  the 
point  pair  0}Ar. 

Thus,  if  a  given  unit  vector  OA  is  fixed  and  (72  is  the  circle  through 
A  with  0  as  center,  any  other  unit  vector  must  be  expressible  in 
the  form  Vect  (OP),  where  P  is  a  point  of  the  circle.  This  gives  two 
choices  for  the  unit  vector  of  any  system  of  eollinear  vectors,  and 
each  of  the  two  possible  unit  vectors  is  the  negative  of  the  other. 
Therefore,  while  it  is  possible  under  our  convention  to  compare  the 
absolute  values  of  the  magnitudes  of  noncollinear  vectors,  there  is 
110  relation  at  all  between  their  algebraic  signs.  This  corresponds  to 
the  fact  that  there  is  no  unique  relation  between  particular  sense 
classes  on  two  nonparallel  lines. 

Formulas  in  which  the  magnitudes  of  noncollinear  vectors  appear 
must,  if  they  state  theorems  of  the  Euclidean  geometry,  be  such  that 
their  meaning  is  unchanged  when  the  unit  vector  on  any  line  is  re- 
placed by  its  negative.  This  condition  is  satisfied,  for  example,  in 
Exs.  2  and  4,  §  71. 

The  ratio  of  two  collinear  vectors  is  invariant  under  the  affine 
group;  the  magnitude  of  a  vector  is  invariant  under  the  group  of 
translations;  but  the  absolute  value  of  the  magnitude,. of  a  vector, 
according  to  our  last  convention,  is  invariant  under  the  group  of 
displacements.  The  last  invariant  may  be  defined  directly  in  terms 
of  point  pairs  as  follows : 

DEFINITION.  Let  ^12?  be  an  arbitrary  pair  of  distinct  points  which 
shall  be  referred  to  as  the  unit  of  distance.  If  P  and  Q  are  any 
two  points,  let  C  be  a  point  of  the  ray  A3  such,  that  the  pair  AC  is 
congruent  to  the  pair  PQ.  The  ratio 

AC 
AB 

is  called  the  distance  from  P  to  Q,  and  denoted  by  Dist  (PQ).  If  J5 
is  any  point  and  /  any  line,  the  distance  from  L  to  the  foot  of  the 
perpendicular  to  I  through.  L  is  called  the  distance  from  L  to  L 
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It  f  clows  directly  from  the  theorem  above  that  Dist  (PQ)  is 
uniquely  defined  and  positive  whenever  P  3*  Q,  and  zero  whenever 

P  =  Q.   From  the   corresponding  theorems   on  the  magnitudes  of 
vectors  there  follows  the  theorem  that  if  {ABC},  then 

Dist  (AB)  +  Dist  (BC)  =  Dist  (AC). 

Other  properties  of  the  distance-function  are  stated  in  the  exercises. 

The  notion  of  the  length  (or  circumference)  o£  a  circle  may  be  defined  a: 
follows  :  Let  P19  P2J  -  •  •,  Pn  be  n  points  in  the  order  [P^P^  -  •  -  Pn}  on  a  circle, 

and  let 


It  can  easily  be  proved  that  for  a  given  circle  C2,  the  numbers  p  obtained  from 
all  possible  ordered  sets  of  points  Pv  Ps,  •  -  -,  PnJ  for  all  values  of  n,  do  not 
exceed  a  certain  number. 

DEFINITION.  The  number  c,  which  is  the  smallest  number  larger  than  all 
values  of  p,  is  called  the  length  or  circumference  of  the  circle  C2. 

The  proof  of  the  existence  of  the  number  c  will  be  omitted  for  the  reasons 
explained  below.  The  existence  of  c  having  been  established,  it  follows  with- 
out difficulty  that  if  c  and  c'  are  the  lengths  of  two  circles  with  centers  0  and 
O',  respectively,  and  passing  through  points  P  and  P',  respectively, 

c=  Dist  (OP) 


Choosing  the  point  pair  Q'P'  as  the  unit  of  distance  and  denoting  the  con- 
stant e'  by  2  w,  this  gives  the  formula 

(11)  c  =  27r-Dist(<9P). 

The  theory  of  the  lengths  of  curves  in  general  could  be  developed  at  the 
present  stage  without  any  essential  difficulty.  This  subject,  however,  is  very 
different  (in  respect  to  method,  at  least)  from  the  other  matters  which  we  are 
considering,  and  therefore  will  be  passed  over  with  the  remark  that,  starting 
with  the  theory  of  distance  here  developed,  all  the  results  of  this  branch  of 
geometry  may  be  obtained  as  applications  of  the  integral  calculus.  Even  the 
theory  of  the  length  of  circles  which  we  have  summarized  in  the  paragraphs: 
above  involves  the  ideas,  if  not  the  methods,  of  the  calculus. 

EXERCISES 

1.  Two  point  pairs  AB  and  CD  are  congruent  if  and  only  if  Dist  (AB)  = 
Dist  (CD). 

2.  If  A,  B,  C  are  noncollinear  points,  Dist  (AB)  +  Dist  (BC)  >  Dist  (A  C). 

3.  Two  triangles  ABC  Kn&A'B'C'  are  similar  in  such  a  way  that  .4  corre- 
sponds to^,  B  to  B\  and  C  to  C'  if  and  only  if 

Dist(^B)  =  Dist  (AC)  _  Dist(BC) 
Dist  (A'C')  ~ 
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4.  Relative  to  a  coordinate  system  in  which  the  axes  are  at  right  angles, 
the  distance  between  two  points  (jcv  yj,  (x2?  yz)  is 


the  positive  determination  of  the  radical  being  taken.  The  distance  from  a 
point  (s^)  to  a  line  ar-f&y-f<?  =  0is  the  numerical  value  of 

flaTj  -f  %4  c 
V«fl  +  62 

68.  Area.  The  area  of  a  triangle,  as  distinguished  from  the  measure 
of  an  ordered  point  triad,  may  be  defined  as  follows  : 

DEFINITION.  Relative  to  a  unit  triad  OPQ  (§  49)  such,  that  the 
lines  OP  and  OQ  are  orthogonal  and  the  point  pairs  OP  and  OQ  are 
congruent  to  the  unit  of  distance,  the  positive  number 


is  called  the  area  of  the  triangle  ABC,  and  denoted  by  a  (ABC). 

As  was  brought  out  in  Chap.  Ill,  the  theory  of  measure  of  polygons 
belongs  properly  to  the  affine  geometry.  But  the  standard  formula 
for  the  area  of  a  triangle  in  terms  of  base  and  altitude  (Ex.  1,  below) 
involves  the  ideas  of  distance  and  perpendicularity  and  hence  belongs 
to  the  parabolic  metric  geometry.  It  should  be  noticed  that  this 
formula  assumes  that  the  side  of  the  triangle  which  is  regarded  as 
the  base  does  not  pass  through  a  double  point  of  the  absolute  invo- 
lution. This  condition  is  satisfied  under  the  hypotheses  of  §§  63,  64, 
but  is  not  always  satisfied  in  a  complex  plane  ;  whereas  the  definitions 
of  equivalence  and  measure  as  given  in  Chap.  Ill  are  entirely  free  of 
such  restrictions. 

The  theory  of  areas  in  general  depends  on  considerations  of  order  and 
continuity  which  we  have  not  yet  developed,  and  which,  like  the  theory  of 
lengths  of  curves,  belongs  essentially  to  another  branch  of  geometry  than  that 
mth  which  we  are  concerned  in  this  chapter.  We  shall,  however,  outline 
the  definition  of  the  area  of  an  ellipse  from  the  point  of  view  of  elementary 
geometry,  because  the  derivation  of  the  area  of  an  ellipse  from  that  of  the 
circle  affords  rather  an,  interesting  application  of  one  of  the  theorems  about 
the  affine  group. 

Let  Pv  P2,  •  *  -,  Pn  be  any  finite  number  of  points  in  the  order  {PjPg  *  *  -P«} 
on  an  ellipse  Ez  with  a  point  0  as  center,  and  let 


It  can  easily  be  proved  that  there  exists  a  finite  number,  «(J£2),  which  is  the 
smallest  number  which  is  greater  than  all  values  of  A  formed  according  to 
the  rule  above. 
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DEFINITION.  The  number  a(E*)  is  called  the  area  of  the  ellipse. 

In  case  E*  is  a  circle,  C\  it  is  easj  to  prove  that 


where  *•  is  the  constant  deined  above  and  r  = 

2ST0W  suppose  E2  is  an  ellipse  with  two  perpendicular  conjugate  diameters 
OA  and  OB  which  meet  E2  in  A  and  B  respectively,  and  let  Cs  be  the  circle 
through  .4  with  0  as  center,  and  let  C  be  the  point  in  which  the  ray  OE 
meets  C2.  The  homology  T  with  OA  as  axis  and  the  point  at  infinity  of  O& 
as  center,  which  transforms  B  to  C,  is  an  affine  transformation  carrying  the 
ellipse  jB3  to  the  circle  C2.  This  homology  transforms  the  triangle  GAB  to 
the  triangle  OA  C;  and  the 
areas  of  these  triangles 
satisfy  the  relation 

a  (OA  C)  _  Dist  (PC)  =  ^ 
fl(a-ijB)     Dist  (OB) 

It  follows,  by  §  50,  that  the 
homology  transforms  any  tri- 
angle into  one  whose  area  is 
i  times  as  large.  By  the 
definition  of  the  area  of  an 
ellipse,  therefore, 


Dist  (OB) 

Denoting  Dist  (OA)  by  a  and 
Dist  (O£)  by  b,  this  gives 


.  54 


EXERCISES 

1,  The  numerical  value  of  the  measure  of  a  point  triad  ABC  is  equal  to 
Dist(yH?)  -Dist(CC"),  where  C'  is  the  foot  of  the  perpendicular  from  C  to 
the  line  AB. 

2,  If  abed  is  a  simple  quadrilateral  whose  vertices  are  on  a  conic  and  P  is  a 
variable  point  of  the  conic,      Dist(pg)  .Dist(pc) 

Dist  (Pi)-  Dist  (Pd) 
is  a  constant  (cf.  Ex.  2,  §  51), 

3,  If  a  projective  collineation  carries  a  variable  point  M  and  two  fixed  lines 
a,  b  to  Jif  ,  of,  V  respectively,  the  number 

J)i8t(Ma)  ,  Dist  (M V) 
Is  a  constant. 
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4.  Let  F  be  the  center  of  a  homology  P  and  /  the  vanishing  line, 

If  P  Is  a  variable  point  and  Q  =  T(P), 


where  &  is  a  constant. 

5.  The  area  of  an  ellipse  is  -jra/2,  where  a  is  the  area  of  any  inscribed 
parallelogram  whose  diagonals  are  conjugate  diameters. 

6.  Among  all  simple  quadrilaterals  circumscribed  to  an  ellipse,  the  ones 
whose  sides  are  tangent  at   the   ends*   of   conjugate   diameters  have   the 
least  area. 

7.  Among  all  simple  quadrilaterals  inscribed  in  an  ellipse,  the  ones  whose 
vertices  are  the  ends  of  conjugate  diameters  have  the  greatest  area. 

8.  Of  all  ellipses  inscribed  in  a  parallelogram,  the  one  which  has  the  lines 
joining  the  mid-points  of  opposite  sides  as  a  pair  of  conjugate  diameters  has 
the  greatest  area. 

9.  Of  all  ellipses  circumscribed  to  a  parallelogram,  the  smallest  is  the  one 
having  the  diagonals  as  conjugate  diameters. 

69.  The  measure  of  angles.  The  unit  of  distance  may  be  chosen 
arbitrarily,  because  any  point  pair  can  be  transformed  under  the  par- 
abolic metric  group  into  any  other  point  pair.  It  is  otherwise  with 
angles  or  line  pairs,  because,  for  example,  an  orthogonal  line  pair  can- 
not be  transformed  into  a  nonorthogonal  pair.  Therefore  the  systems 
of  measurement  for  angles  obtained  by  choosing  different  units  are, 
in  general,  essentially  different.  We  shall  give  an  outline  of  the 
generally  adopted  system  of  measurement,  basing  it  upon  properties 
of  the  group  of  rotations  leaving  a  point  0  invariant. 

Let  PQ  be  an  arbitrary  point  different  from  0,  and  (72  the  circle 
through  PQ  with  O  as  center.  Let  JJ  (fig.  55)  be  the  point  different  from 
PQ  in  which  the  line  J%O  meets  (T2,  and  let  P,  and  P»  be  the  points  in  which 
the  perpendicular  to  JJO  at  0  meets  (72.  By  Cor.  1,  Theorem  25,  these 
points  are  in  the  order  {I^P.I^P^  on  the  circle.  Let  a-  denote  the 


segment  l^RR.  Any  line  through  0  meets  <72  in  two  points  which 
are  separated  by  J£  and  JJ,  and  hence  meets  <r  in  a  unique  point. 
Let  J?  be  the  point  in  which  the  line  through  O  perpendicular  to 
PQP  meets  a.  And,  in  general,  let  [JJ],  n  =  1,  2,  •  •  -  be  the  set  such 

*  2^ 

that  J^  is  the  point  in  which  the  line  through  O  perpendicular  to  J^Pl 

&  a*1! 

meets  <r. 

*The  ends  of  a  diameter  are  the  points  in  which  it  meets  the  conic. 
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The  line  OJ?  obviously  meets  the  line  JJJ*  in  the  mid-point  of  the 
pair  JJjP?  and  the  mid-point  is  between  Pg  and  J*.  Hence,  by  Cor.  1, 
Theorem  25,  we 
have  the  order  re- 
lation {PfJ^?-P}, 
where  P1  denotes, 
for  the  moment, 
the  point  not  on 
<r  in  which  the 
line  QP^  meets  the 
circle.  Since  O  is 
between  J?  and  Pf, 
the  same  corollary 
gives  {J?j^Pf}. 

Since  J?  is  on  the 
segment  o-,  we  have 
either     {J?JJJJJ?} 
Qr{P0P,PJ$.   The 
second    of    these 
alternatives,  how- 
ever, when  combined  with 
trary  to  {JJJJ7JP'}.    Hence 
have  {PQPEE$.    In  like  manner  it  is  proved  that 
general,  that  /p       T>  r>         -p-p\ 

t-^o  '  *  *  -g./i    '  •  *  -^.-n/- 

Let  II  denote  the  rotation  (a  point  reflection  in  this  ease)  which 

leaves  0  fixed  and  transforms  -ZJ  to  P^  and  let  IT21*  denote  the  rotation 
transforming  PQ  to  Pv   The  rotation  11^,  being  the  product  of  the 

orthogonal  line  reflection  with  OE  as  axis  followed  by  that  with 
0J?  as  axis,  carries  the  point  pair  OP  to  the  point  pair  01$.  Hence* 

(n*)3=  n. 

In  like  manner  it  follows  that 


JFio.  55 


would  i 


con- 


is impossible,  and  we  must 
and,  in 


*  The  symbol  An,  where  A  is  any  transformation  and  »  a  positive  integer,  has 
been  defined  in  §  24,  Vol.  L 
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Let  us  denote  (II2*)*1  by  11%  where  TO  is  any  positive  or  negative  integer, 

and  II^(J>)  by  £, 

2* 

Now  all  rotations  are  direct  (Theorem  26),  Hence  £(JJjPJP)  = 
S(P^PkP£=S(P^IS.  Combining  these  relations  with  {^^},  we 
have  the  order  relation  {JJJ^PjPJJ},  and  in  general,  by  a  like  argument, 


Hence  we  have  {iJJy^J?},  whenever  Q<  —  <  —  <1,  as  can  easily 

2^2^  2*         2* 

be  seen  on  reducing  the  two  fractions  to  a  common  denominator, 

Since  II2  =  1,  it  follows  that  whenever  m/2R  is  expressible  in  the 
form  2  Jc  +  &,  &  being  an  integer, 

(12)  n2*+*=IP    and    ^*+tt  =  £. 


DEFINITION.  Let  w  be  the  constant  defined  in  §  67,  (11).  The 
number  a  •  TT,  where  a  =  m/2*,  is  called  the  measure  of  any  angle 
congruent  to  4-P^OP^  An  angle  whose  measure  is  air  is  also  said 
to  be  equal  to  2  a  right  angles. 

The  measure  of  an  angle  is  indeterminate  according  to  this  defi- 
nition. In  fact,  according  to  (12),  whenever  the  measure  of  an  angle 
is  /?,  it  is  also  2  &TT  +  /S,  where  k  is  any  positive  or  negative  integer. 
This  indetermination  can  be  removed  by  requiring  that  the  measure 
/?  chosen  for  any  angle  stall  always  satisfy  a  condition  of  the  form 
0  ^  £  <  2  TT,  or  —  TT  <  £  ^  TT. 

Since  the  rays  OJ^  do  not  include  all  rays  with  0  as  center,  the 

i5 
definition  just  given  does  not  determine  the  measures  of  all  angles. 

The  required  extension  may  be  made  by  means  of  elementary  con- 
tinuity considerations,  the  details  of  which  we  shall  omit.  The  essential 
steps  required  are  :  (1)  to  prove  that  if  P  be  any  point  in  the  order 
[-ZJPjP  J?},  there  exists  a  positive  integral  value  of  n  such  that  {P^^PPP^  ; 

>  «n        * 

(2)  hence  to  prove  that  if  P  be  any  point  on  the  circle  not  of  the  form 
,  the  points  of  the  form  Pm  fall  into  two  classes,  [j£]  and  [jg],  such 


2» 


that  {JJj£.PJ;;J},  and  there  is  no  point,  except  P,  on  every  segment  P^PP^ 
of  the  circle ;  (3)  having  required  that  0  <  a  <  0  <  2,  to  define  IP*+af 
is  an  integer,  positive,  negative,  or  zero,  and  x  is  the  inmater 
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such  that  a  <  x  <  ff  I  or  all  «Js  and  ffs)  as  the  rotation  about  0  carry- 
ing P^  to  P ;  (4)  to  show  that  If  x  is  a  rational  number  m/n,  (IF)*  =  ILm ; 
(5)  to  define  measure  of  angle  as  above,  but  with,  the  restriction  that 
a=sM/2*  removed;  (6)  to  prove  that  the  measure  of  the  sum  of  two 
angles  differs  from  the  sum  of  the  measures  by  2  ATTT,  the  sum  being 
defined  as  below. 

DEFINITION.  If  «,  6,  c  are  any  three  rays  having  a  common  origin, 
but  not  necessarily  distinct,  any  angle  4.a>lcl  congruent  to  &ac  is  said 
to  be  the  gum  of  any  two  angles  4«2&2  and  4S/8  such  that  4«2&2  is 
congruent  to  4a&  and  4&/a  Is  congruent  to  4&c.  The  sum  4^  is 
denoted  by  4^  +  4*^. 

For  some  purposes  it  Is  desirable  to  have  a  conception  of  angle  according 
to  which  any  two  numbers  are  the  measures  of  distinct  angles.  This  may  be 
obtained  as  follows  ; 

DEFINITION.  A  ray  associated  with  an  integer,  positive,  negative,  or  zero, 
is  called  a  numbered  ray.  An  ordered  pair  of  numbered  rays  having  the  same 
origin  is  called  a  numbered  angle.  If  the  measure  of  an  angle  4  hk  in  the  earlier 
sense  is  a,  where  o^a<2-7r,  the  measure  of  a  numbered  angle  in  which  h  is 
associated  with  m,  and  k  with  n,  is 

2(n—  m)7f  +  a. 

Defining  the  sum  of  two  numbered  angles  in  an  obvious  way,  it  is  clear  that 
the  sum  of  two  numbered  angles  has  a  measure  which  is  the  sum  of  their 
measures. 

The  trigonometric  functions  can  now  be  defined,  following  the 
elementary  textbooks,  as  the  ratios  of  certain  distances  multiplied 
hy  ±  1  according  to  appropriate  conventions.  This  we  shall  take  for 
granted  in  the  future  as  having  been  carried  out 

70.  The  complex  plane.  Instead  of  the  assumption  in  §  64,  we 
could  assume  that  the  Euclidean  plane  is  obtained  by  leaving  out  one 
line  from  the  complex  projective  plane  (A,  E,  J,  or  A,  E7  H,  C,  E,  I). 
All  the  results  of  Chap.  Ill  and  of  the  present  chapter  up  to  §  63  are 
applicable  to  this  case.  The  rest  of  the  theory,  however,  is  essentially 
different  from  that  of  the  real  plane,  because  the  absolute  involution 
necessarily  has  two  double  points  and  because  a  line  does  not  satisfy 
the  one-dimensional  order  relations.  Thus  the  minimal  lines  play  a 
principal  r61e  and  must  be  regarded  as  exceptional  in  the  statement  of 
a  large  class  of  theorems;  and  another  large  class  of  theorems  of 
elementary  geometry  (those  involving  order  relations)  disappears 
entirely. 
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For  the  present,  therefore,  we  shaH  confine  attention  to  the  geometry 
of  reals,  but  shall  make  use,  whenever  we  find  it  convenient  to  do 
so,  of  the  fact  (§  6)  that  a  real  space  S  may  be  regarded  as  immersed 
in  a  complex  space,  S;,  in  such  a  way  that  every  line  I  of  S  is  contained 
in  a  unique  line  V  of  Sf.  As  a  direct  consequence  it  follows  that  any 
conic  02  of  S  is  a  subset  of  the  points  of  a  unique  conic  of  Sr.  For 
any  five  points  of  C*}  regarded  as  points  of  Sf3  determine  a  unique 
conic  of  S;  which,  by  construction  (§  41,  Vol.  I),  contains  all  points 
of  <72  and  is  uniquely  determined  by  any  five  of  its  points.  Similar 
reasoning  will  show  that  any  plane  TT  of  S  is  contained  in  a  unique 
plane  *JTI  of  S';  and  like  remarks  may  be  made  with  regard  to  any 
one-,  two-,  or  three-dimensional  form. 

A  like  situation  arises  with  respect  to  transformations.  A  projective 
transformation  II  of  a  form  in  S  is  fully  determined,  according  to  the 
fundamental  theorem  of  projective  geometry,  by  its  effect  on  a  finite 
set*  of  elements  of  S.  Since  the  fundamental  theorem  is  also  valid  in 
S',  there  is  a  unique  projective  transformation  Tif  which  has  the  same 
effect  on  this  set  of  elements  as  II. 

Specializing  these  remarks  somewhat  we  have :  A  Euclidean  plane 
TT  of  S  is  a  subset  of  the  points  of  a  certain  Euclidean  plane  TT;  of 'S7. 
The  line  at  infinity  Z«  associated  with  TT  is  a  subset  of  the  line  at 
infinity  IL  associated  with  TT'.  The  absolute  involution  I  on  19  deter- 
mines an  involution  I'  on  II  in  which  all  the  pairs  of  I  are  paired. 
The  involution  F  has  two  imaginary  double  points,  the  circular  points 
(§  56),  which  shall  be  denoted  by  1^  and  1^  Since  a  circle  in  TT  is  a 
conic  having  I  as  an  involution  of  conjugate  points,  every  circle  in  TT  is 
a  subset  of  the  points  on  a  conic  in  irr  which  passes  through  1^  and  J2. 

The  problem  of  the  intersection  of  a  line  and  a  circle,  or  indeed  of 
a  line  and  any  ellipse,  can  now  be  discussed  completely.  In  the  proot 
of  Theorem  25  the  intersection  of  a  line  I  and  an  ellipse  j5?2  was  seen 
to  depend  on  finding  the  double  points  of  a  certain  projeetivity 
[ij  -£  [£J  on  I.  Any  three  points  L{,  L",  L[ff,  and  their  correspondents 
Lfz,  L^9  Z";,  determine  a  projeetivity  on  the  complex  line  lf  containing 
Z,  and,  by  the  fundamental  theorem  of  projective  geometry,  this  pro- 
jeetivity is  identical  with  [ZJ^-[jL2]  so  far  as  real  points  are  concerned. 
The  double  points  of  this  projeetivity  are  common  to  the  complex 

*For  example,  in  case  of  a  one-dimensional  form  any  three  elements  of  the  foim 
are  such  a  set. 
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Ike  containing  I  and  the  complex  conic  containing  S\  These  points 
are  real  if  the  hypothesis  of  Theorem  25  is  satisfied ;  they  are  real 
and  coincident  if  I  is  tangent  to  ^2;  otherwise  they  are  imaginary. 

A  similar  discussion  will  be  made  in  the  next  section  of  the  prob- 
lem of  the  intersection  of  two  circles,  but  first  let  us  make  certain 
definitions  and  conventions  which  will  simplify  our  terminology. 

According  to  the  definitions  in  §  6,  any  point  of  S;  is  said  to  be 
complex,  and  a  complex  point  is  real  or  imaginary  according  as  it 
is  contained  in  S  or  not.  In  the  case  of  lines,  however,  we  have 
three  things  to  distinguish :  a  line  of  the  space  S,  a  line  of  S'  which 
contains  a  line  of  S  as  a  subset,  and  a  line  of  Sf  which  contains 
no  such  subset.  In  current  usage  a  line  of  the  last  sort  is  called 
,  a  line  of  either  of  the  first  two  sorts  is  called  real,  and  a 
of  either  of  the  last  two  sorts  is  called  complex.  The  current 
terminology  therefore  permits  a  confusion  between  a  real  line  as  a 
locus  in  S  and  a  real  line  as  a  particular  kind  of  a  complex  line. 

In  most  cases,  however,  no  misunderstanding  need  be  caused  by 
this  ambiguity  of  language,  and  we  shall  in  future  usually  employ 
the  same  notation  for  the  real  line  I  of  S  and  the  line  V  of  S'  which 
contains  L  The  same  remarks  apply  to  conic  sections  and,  indeed,  to 
all  one-dimensional  forma 

DEFINITION.  Any  element  (point,  line,  or  plane)  or  set  of  elements 
of  S'  is  said  to  be  complex.  Any  element  or  set  of  elements  of  S  is 
said  to  be  real.  A  line  or  plane  of  S'  which  contains  a  line  or  plane, 
respectively,  of  S  is  said  to  be  a  real  line  or  real  plane  of  S'.  A  one- 
dimensional  form  of  S',  a  subset  of  whose  elements  are  real  elements 
of  Sf  and  contain  all  the  elements  of  a  one-dimensional  form  of  S,  is 
called  a  real  one-dimensional  form  of  S1.  An  element  or  one-dimen- 
sional form  of  S'  which  is  not  a  real  element  or  real  one-dimensional 
form  of  Sf  is  said  to  be  imaginary. 

DEFINITION".  A  protective  transformation  of  a  real  form  of  S7  is 
said  to  be  real  if  it  transforms  each  real  element  of  S'  into  a  real 
element  of  S;- 

Strictly  speaking,  these  definitions  distinguish  between  the  two 
senses  of  the  word  "real"  by  phrases  such  as  ** real  line  of  S'.n  But 
in  practice  we  shall  drop  the  u  of  S7."  The  one-dimensional  forms  as 
thus  far  defined  are  all  of  the  first  or  second  degrees,  but  the  defini- 
tion can  be  extended  without  essential  modification  to  forms  of  higher 
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degree  and  also  to  forms  of  more  than  one  dimension.  We  shall  take 
this  extension  for  granted  whenever  we  have  occasion  to  use  it. 

In  accordance  with  these  conventions,  the  points  Jx  and  I  which 
are  really  the  double  points  of  I'  will  be  referred  to  in  future  as  the 
double  points  of  the  absolute  involution  L  In  like  manner,  any  line  / 
and  circle  C*  which  have  no  real  points  in  common  will  be  said  to 
have  in  common  the  two  points  common  to  the  complex  line  and  the 
complex  conic  which,  contain  /  and  C?  respectively. 

The  utility  of  these  conventions  will  be  understood  by  the  reader 
if  he  will  write  out  in  full  the  discussion  of  pencils  of  circles  in  the 
following  section,  putting  in  explicitly,  in  notation  and  language,  the 
distinction  between  elements  of  S  and  S'. 

It  is  also  convenient  in  many  cases  to  extend  the  formulas  for 
distance,  area,  etc.  given  in  §§  67—69  to  imaginary  elements.  Thus, 
for  example,  in  case  (x^  y^  and  (x^  y^  are  imaginary  points  such  that 
(xi—  x<$  +  (%—  y^"  k  a  positive  real  number,  V^—  ajF  +  fa-yJ* 
will  be  referred  to  as  the  distance  from  (x^  y^  to  (#2,  y^.  Extensions 
of  terminology  of  this  self-evident  sort  will  be  made  when  needed, 
without  further  explanation. 

71.  Pencils  of  circles.  Consider  two  circles  CJ  and  Cf  in  a  real 
Euclidean  plane.  Let  their  centers  be  denoted  by  Cl  and  <72,  and  in 
case  C1  ^  <72,  let  5  denote  the  line  CtC^.  By  Theorem  25,  6  meets  each 
circle  in  a  pair  of  real  points  which  we  shall  denote  by  J^Ql  and  J^$2 
respectively.  The  two  pairs  may  be  entirely  distinct,  in  which  case 
let  F  denote  the  involution  on  &  transforming  each  pair  into  itself ;  or 
they  may  have  one  point  in  common,  in  which  case  the  line  through 
this  point  perpendicular  to  S  is  a  common  tangent  of  the  two  circles. 
The  two  pairs  cannot  coincide,  because  the  circles  would  then  coincide. 
Thus  four  cases  may  be  distinguished : 

(1)  The  circles  have  the  same  center. 

(2)  The  circles  have  a  common  tangent  and  point  of  contact. 

(3)  The  involution  F  is  direct. 

(4)  The  involution  F  is  opposite. 

A  circle  is,  by  §  60,  a  real  conic  which,  according  to  the  terminology 
of  the  last  section,  contains  the  double  points  of  the  absolute  invo- 
lution. Let  us  denote  these  points  (the  circular  points)  by  Jx  and  J^ 
and  apply  the  results  of  §  47,  VoL  I,  on  pencils  of  conies. 


158 


EUCLIDEAN  PLAXE  GEOMETRY 


[CHAP.  IV 


la  the  first  case  let  0  denote  the  common  center  of-  the  two  circles. 
The  lines  01^  and  QIZ  are  then  tangent  to  both  circles  at  /t  and  J2 
respectively.  Hence,  by  reference  to  §  47,  Vol.  I,  it  is  evident  that 
the  two  circles  belong  to  a  pencil  of  circles  of  Type  IV, 

IB  the  second  case  Cf  and  Cf  have  in  common  the  points  Jx  and  Is 
as  well  as  a  common  tangent  and  point  of  contact.  Hence  they  belong 
to  a  pencil  of  Type  II  which  contains  all  circles  touching*  the  given 
line  at  the  given  point. 

In  the  third  case,  since  the  involution  F  is  direct,  the  pairs  P1Ql 
and  %Q  separate  each  other.  Hence,  by  Theorem  29,  the  circles  have 
two  real  points,  Al  and  Av9  in  common.  Hence  they  belong  to  a  pencil 
of  Type  I  consisting  of  all  conies  through  A19  A2,  Iv  and  If  This  may 
also  be  seen  as  follows  : 

Since  the  involution  F  has  no  double  points  (§  21),  it  has  a  center 
(§  43}  which  we  shall  call  0.  Let  a  be  the  line  perpendicular  to  6  at  0. 
Then  by  the  argument  used  in  the  proof  of  Theorem  29,  0  is  between 
JJ  and  Qr   Hence  a  meets  C?  in  two  real  points  Al  and  A2  (fig.  52). 
The  pencil  of  conies  through  A^  A#  Jx,  J2  meets  5  in  the  pairs  of  an 
involution  among  which 
are  PlQl  and  0  and  the 
point    at    infinity   of   &. 
Hence  OS  is  a  conic  of 
the  pencil,  and  hence  a 
meets  Cf  in  A1  and  Af 
In  this   case,  therefore, 
the  two  circles  belong  to 
a  pencil  of  Type  I. 

In  the  fourth  case  the 
involution  F  cannot  have 
a  double  point  at  infinity, 
because  then  the  other 
double  point  would  have 
to  be  the  mid-point  of 
and  also  of  P^Q^  and 


.  50 


thus  CJ  and  C%  would  have  a  common  center.   Hence  in  this  case  also 
fche  center  0  of  the  involution  F  is  an  ordinary  point.    Let  a  denote 


*  A  conic  and  one  of  its  tangent  lines  are  said  to  touch  each  other  at  the  point  of 
contact.   Two  conies  tauchhw  a  line  at  the  same  point  are  said  to  towh  each  other. 
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the  perpendicular  to  &  at  0,  and  let  Al  and  Ja  be  the  points  in  which 

a  meets  Cf.  These  points  are  imaginary ;  for  otherwise.,  since  they 
are  interchanged  by  the  orthogonal  line  reflection  with  b  as  axis,  0 
would  be  between  them,  and  hence,  by  Cor.  1,  Theorem  25,  0  would 
be  between  JJ  and  Qlt  contrary  to  the  hypothesis  that  T  is  opposite. 
Precisely  as  in  the  third  case  it  follows  that  Al  and  A^  are  also  on  CJ. 
Hence  in  this  case  also  Cf  and  Cf  belong  to  a  pencil  of  Type  I. 

In  eacli  case  the  facts  established  make  it  clear  that  the  two  circles 
could  not  both  be  members  of  more  than  one  pencil  of  conies.  Since 
any  two  circles  fall  under  one  of  the  four  cases,  we  have 

THEOKEM  30.  DEFINITION.  Any  circle  contains  the  real  points  of  a 
certain  conic  in  the  complex  plane.  Two  conies  determined  ty  circles 
are  contained  in  a  unique  pencil  of  conies,  which  is  of  Type  I,  II,  or  IV, 
The  set  of  circles  which  the  conies  of  such  a  pencil  have  in  common  with, 
the  real  plane  is  called  a  pencil  of  circles.  If  the  pencil  of  conies  is 
of  Type  IV,  the  pencil  of  circles  is  the  set  of  all  circles  having  a  fixed 
point  as  center  ;  if  the  pencil  of  conies  is  of  Type  II,  the  pencil  of 
circles  is  the  set  of  all  circles  tangent  to  a  given  line  at  a  given  point ; 
if  the  pencil  of  conies  is  of  Type  I,  the  pencil  of  circles  is  the  set  of  all 
circles  having  a  given  pair  of  distinct  real  points  in  common,  or  else 
the  set  of  all  circles  with  centers  on  a  given  line  and  meeting  this  line 
in  the  pairs  of  an  involution  with,  two  ordinary  double  points. 

DEFINITION.  The  line  a  joining  the  centers  of  two  nonconcentric 
circles  is  called  the  line  of  centers  of  the  two  circles  or  of  the  pencil 
of  circles  which  contains  them.  If  the  circles  have  a  common  tangent 
and  point  of  contact,  this  tangent  is  called  the  radical  axis  of  the  two 
circles  or  of  the  pencil  of  circles ;  if  not,  the  line  perpendicular  to  a 
at  the  center  of  the  involution  in  which  the  circles  of  the  pencil  meet 
a  is  called  the  radical  astis.  The  double  points  of  this  involution  are 
called  the  limiting  points  of  the  pencil  of  circles.  Any  circle  of  the 
pencil  is  said  to  be  about  either  one,  or  both,  of  the  limiting  points. 

The  discussion  above  has  established 

THEOKEM  31.  The  radical  aods  of  two  circles  passes  through  all 
points  common  to  fhmi  which  are  not  on  fhe  Ime  at  infinity.  The 
limiting  points  of  the  pencil  which  (hey  determine  are  real  if  the  cir- 
cles meet  only  in  imaginary  points  and  imaginary  if  they  meet  in 
two  real  points. 
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THEOEEM  32.  The  circular  points,  the  limiting  points  of  a  pencil 
of  circles  of  Type  I,  and  the  two  points  not  at  infinity  in  which  the 
circles  of  the  pemtt  intersect  are  the  pairs  of  opposite  vertices  of  a 
e&mpkte  quadrilateral  The  sides  of  the  diagonal  triangle  of  this 
quadrilateral  are  L,  the  radical  axis,  and  the  line  of  centers  of  the 
pencil. 

Proof.  Let  A^  and  A^  (fig.  57*)  be  the  points  other  than  Jx  and  Iz 
common  to  the  circles  of  the  pencil,  and  let  B^  and  B^  be  the  points 
of  intersection  of  the  pairs  of  lines  J^1?  I2A2  and  1^,  1^  respectively. 
Whether  A1  and  A^  are 
real  or  imaginary,  the  line 
A^A%  =  a,  which  is  the  radi- 
cal axis,  is  real  Hence  its 
point  at  infinity  A&  is  real ; 
and  hence  the  line  B^B^ 
the  polar  of  Aa  with  regard 
to  any  circle  of  the  pencil, 
is  real 

Since  the  line  b=B^ 
is  the  polar  of  Aw9  it  con- 
tains the  centers  of  all 
conies  through.^  A^  Jx,  I2. 
Hence  5  is  the  line  of 
centers  of  the  pencil  of  circles  through  A1  and  A2.  The  points  B^ 
and  B^  being  diagonal  points  of  the  complete  quadrangle  A^AJ^ 
are  evidently  the  double  points  of  the  involution  in  which  the 
pencil  of  circles  meets  &,  and  hence  are  the  limiting  points  of 
the  pencil. 

Taking  Theorems  31  and  32  together,  we  see  that  any  pair  of  real 
points  A>  A%  determines  a  pair  of  imaginary  points  B^  B^  such  that? 
either  pair  is  the  pair  of  limiting  points  of  the  pencil  of  circles  through 
the  other  pair;  that,  conversely,  any  pair  of  imaginary  points  B19  B# 
which  are  common  to  two  circles,  determines  two  real  points  A19  At 
which  are  in  the  above  relation  to^,  B2;  and  that  the  three  pairs 
A^A#  BJB#  Jjjr  are  pairs  of  opposite  vertices  of  a  complete  quadri- 
lateral. The  relation  between  the  two  pencils  of  circles,  the  one 

*  Fig,  57  is,  of  course,  a  diagram  in  which  certain  imaginary  elements  are  repre- 
sented by  real  ones.  On. the  use  of  figures  in  general,  cf .  p.  16,  Vol.  I. 


FIG.  57 
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through  Al  and  A^  and  the  other  about  Al  and  A2,  is  thus  extremely 

symmetrical    It  can  be  described  in  purely  real  terms  by  means  of 
the  following  theorems  and  definition : 

THEOBEM  33.  DEFINITION.  If  two  circles  have  a  point  in  common 
such  that  the  tangents  to  the  two  circles  at  this  point  are  orthogonal, 
the  two  circles  have  another  such  point  in  common.  Two  circles  so 
related  are  said  to  he  orthogonal  to  each  other. 

Proof.  An  orthogonal  line  reflection  whose  axis  is  the  line  of  cen- 
ters transforms  each  circle  into  itself  and  transforms  the  given  point 
of  intersection  into  another  point  of  intersection.  Since  orthogonal 
lines  are  transformed  to  orthogonal  lines,  the  tangents  at  the  second 
point  are  also  orthogonal. 

THEOREM  34.  If  a  line  through  the  center  of  a  circle  C*  meets  the 
circle  in  a  pair  of  points  PlQl  and  meets  any  orthogonal  circle  l£*  in 
a  pair  of  points  P^Q^  the  pairs  I^Ql  and  JJ()2  separate  each  other 
harmonically.  Conversely,  if  I(Ql  and  P2Q%  separate  each  other  har- 
monically, any  circle  through  P%  and  Q2  is  orthogonal  to  O2. 

Proof.  Let  T  be  one  of  the  points  common  to  the  two  circles,  and 
let  t  be  the  tangent  to  the  circle  TI*Q2  at  T.  The  pencil  of  circles 
tangent  to  t  at  T  meets 


the  line  J?J^  in  the  pairs 

of  an  involution  F,  and 

hence  the  first  statement 

of  the  theorem  will  follow 

if  we  can  prove  that  If 

and  Q:  are   the   double 

points  of  this  involution. 

The    line    perpendicular 

to  t  at  T  and  the  line 

perpendicular  to  JJj^  at  JJ 

are  tangents  to  the  circle  TI^Q1  at  T  and  JJ  respectively,  and  hence 

(Ex.  4,  §  60)  meet  in  a  point  M  such  that  the  pairs  JDJ  and  MT  are 

congruent.   Hence  the  circle  through  T  with  M  as  center  is  tangent 

to  t  at  T  and  to  1^  at  JJ.  Hence  JFJ  is  a  double  point  of  F.  A  similar 

argument  shows  that  $t  is  also  a  double  point. 

To  prove  the  converse  proposition  we  observe  that  there  is  only 
one  circle  through  JJ  and  T  and  orthogonal  to  Cz.  One  such  circle,  by 


.  58 
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the  argument  above,  passes  through,  the  point  §2,  which  is  harmon- 
ically separated  from  P%  by  %  and  Qr  Hence  the  circle  P^T  is 
orthogonal  to  C\ 

As  a  corollary  we  have 

COROLLARY  1.  The  set  of  all  circles  orthogonal  to  a  pencil  of  Type  I 
u  the  pencil  of  circles  through  the  limiting  points  of  the  first  pencil. 

Another  form  in  which  this  result  may  be  stated  is  the  following  : 

COROLLARY  2.  Let  C'2  le  a  circle,  Al  any  point  not  its  center,  and  A2 
the  point  on  the  line  joining  A^  to  the  center  of  C2  which  is  conjugate 
to  A  with  regard  to  the  conic  C*.  Then  all  circles  through  At  and 
orthogonal  to  C2  meet  in  A^ 

DEFINITION.  Two  points  are  said  to  be  inverse  with  respect  to  a 
circle  if  and  only  if  they  are  conjugate  with  regard  to  the  circle  and 
coEiaear  with  its  center.  The  transformation  by  which  every  point 
corresponds  to  its  inverse  is  called  an  inversion  or  a  transformation 
Tyy  reciprocal  radii. 

Thus  the  center  of  the  circle  is  inverse  to  every  real  point  at  infinity. 
We  shall  return  to  the  study  of  inversions  in  a  later  chapter. 

EXERCISES 

1.  In.  case  the  limiting  points  of  a  pencil  of  circles  are  real,  the  radical  axis 
is  their  perpendicular  bisector. 

2.  If  0  is  any  point  of  the  plane  of  a  circle,  and  a  variable  line  through  O 
meets  the  circle  in  two  points  X,  F,  the  product  OX  •  OF  is  constant,  and  equal 
to  (0  J1)2  in  case  there  is  a  line  OT  tangent  to  the  circle  at  T.   The  product 
OX  •  OY  is  called  the  power  of  0  with  respect  to  the  circle. 

3.  The  power  of  any  point  of  the  radical  axis  of  a  pencil  of  circles  with 
i-espect  to  all  circles  of  the  pencil  is  a  constant,  and  this  constant  is  the  same 
for  all  points  of  the  radical  axis. 

4.  If  0  is  the  center  of  a  circle,  C  any  point  of  the  circle,  and  A±  and  A% 
any  two  points  inverse  with  respect  to  it, 


5.  Through  two  points  not  inverse  relative  to  a  given  circle,  there  is  one 
and  but  one  circle  orthogonal  to  it. 

6.  By  a  center  of  similitude  of  two  circles  is  meant  the  center  of  a  dilation 
(§  47)  or  translation  which  transforms  one  of  the  circles  into  the  other.  If  the 
circles  are  concentric,  they  have  one  center  of  similitude  ;  if  they  are  not  con- 
centric, they  have  two.   The  centers  of  similitude  harmonically  separate  the 
centers  of  the  two  circles.   The  one  which  is  between,  the  centers  of  the  two 
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circles  is  called  the  interior,  and  the  other  is  called  the  exterior,  center  of 
similitude.  The  common  tangents  of  two  circles  meet  in  the  centers  of 
similitude. 

7.  Three  circles  whose  centers  are  not  collinear  determine  by  pairs  sis 
centers  of  similitude  which  are  the  vertices  of  a  complete  quadrilateral  having 
the  centers  of  the  circles  as  vertices  of  its  diagonal  triangle.   Generalize  to  the 
case  of  n  circles. 

8.  If  a  circle  K*  meets  two  circles  <7|  and  Cf  in  four  points  at  which  the  pairs 
of  tangents  are  congruent  or  symmetric,  the  four  points  are  collinear  by  pairs 
with  the  centers  of  similitude  of  Cf  and  Cf  „   Prove  the  converse  proposition. 

72.  Measure  of  line  pairs.  The  circular  points  1^  J2  figure  in  a 
very  important  formula  for  the  measure  of  a  pair  of  lines.*  With  the 
exception  of  these  two  points,  and  two  lines  il9  i2  which  pass  through 
them,  all  the  points  and  lines  to  which  we  shall  refer  in  this  section 
are  reaL 

The  center  and  the  point  at  infinity  of  the  axis  of  an  orthogonal  line 
reflection  are  harmonically  conjugate  with  regard  to  JT  and  J0.  Hence 
any  orthogonal  line  reflection,  regarded  as  a  transformation  of  the 
complex  space,  interchanges  J1  and  J2,  and  any  displacement  leaves 
71  and  J2  separately  invariant.  Moreover,  there  exists  a  displacement 
transforming  any  (real)  point  of  £«to  any  other  (real)  point  of  fc.  Hence 
a  necessary  and  sufficient  condition  that  a  pair  of  points  P,  Pf  of  4>  be 
transformable  by  a  displacement  to  a  pair  Q,  Qf  of  I*  is 

(13)  *  (Pf,  J/2)  = 


Now  any  pair  of  lines  meeting  I*  in  P  and  Pr  can  be  transformed 
by  a  translation  into  any  other  pair  of  lines  meeting  it  in  P  and  P', 
and  any  pair  of  lines  meeting  £»  in  Q  and  Q1  can  be  transformed  by 
a  translation  into  any  other  pair  of  lines  meeting  it  in  Q  and  Qr. 
Hence  the  necessary  and  sufficient  condition  that  a  pair  of  lines 
meeting  L  in  P  and  P*  be  congruent  to  a  pair  of  lines  meeting  it 
in  Q  and  Qf  is  (13). 

This  suggests  as  a  possible  definition  of  the  measure  of  a  pair  of 
nonparallel  lines  lf  13, 


where  i^  and  i2  are  the  lines  joining  the  point  of  intersection  of  ^ 
and  l^  to  1^  and  J2  respectively.    It  would  satisfy  the  requirement  of 

*This  formula  is  due  to  A.  Cayley.  Cf  ,  Encydopfidie  der  Math.  Wiss.  HI  AB  9, 
p.  901,  footnotes  98  and  99. 
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being  unaltered  by  displacements.   In  the  case  of  measure  of  point 
pairs,  however,  we  have 


whenever  {ABC},  and  this  condition  is  not  satisfied  by  the  cross  ratio 
given  above.   We  have,  in  fact, 

(14)  B  <ys,  *A)  -  B  (y,,  vs)  =  B  <yf  ,  vf) 

whenever  Z1?  Za,  Z3  are  concurrent.  This  is  easily  verified  by  substituting 
in  the  formula  for  cross  ratio  (§  56,  Vol.  I). 
From  (14)  it  is  obvious  that  if  we  define 

(15)  m^HclogB^vJ, 
the  measure  of  line  pairs  will  satisfy  the  condition 


whenever  Zl?  Z2,  lz  are  concurrent.  Since  the  logarithm  is  a  multiple- 
valued  function,  we  must  specify  which  value  is  chosen;  and  we 
must  also  determine  the  constant  c  conveniently. 

Making  use  of  the  same  coordinate  system  as  in  §  62,  any  point  on 
lm  may  be  denoted  by  (0,  a,  J3).  In  case  a/  ft  is  real,  (a/  ft)*  >  0,  and  hence 
a  and  ft  may  be  multiplied  by  a  factor  of  proportionality  so  that 

(16)  c?+&=l. 

Throughout  the  rest  of  this  section  we  shall  suppose  a  and  ft  subjected 
to  this  condition.  This  is  equivalent  to  supposing  that 

a  =  cos  (0  +  2  TWT),     ft  =  sin  (0  +  2  wn), 

where  0  =  6  =  2  TT,  and  n  is  an  integer,  positive,  negative,  or  zero. 
The  double  points  of  the  absolute  involution  satisfy  the  condition 


and  so  may  be  written 

^=(0,1,^     and     Jf=(0,l,-t), 

where  i  =  V^"l.   Now  if  ^  and  Z2  meet  Z.  in  (0,  al9  fij  and  (0, 
respectively,  it  follows  that  (§  58,  Vol.  I) 
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The  numbers  a  =  0^+  yS^  and  /3  =  tfj/S,—  o^  satisfy  the  condition 
=  l.  In  fact,  if  o:1=  cos^  and  0^=8  cos^,  then  «s=cos$  and 
0,  where  0  =  ^—  0f+2n/ir.  Hence 


Here  again,  a  =  €^—  ft3  and  >8  =  2  aft  satisfy  the  condition 


In  fact,  ct  =  cos  2  8.   Thus 

(17)  B(/A,*A)  = 

=  cos  20  -ft  sin  2$ 
__/^ 
Hence 

(18)  log  B  (*£,*#=  2  1», 

where  2  $  is  real  and  may  be  chosen  so  that  0  ^  2  0  <  2  TT.  Hence, 

choosing  the  constant  e  in  (15)  as  -jr-  >  we  have 

2 


(19) 

where  #  may  be  chosen  so  that  0  ^  0  <  IT. 

The  formula  (19)  is  interesting  in  connection  with  the  theorem 
that  the  sum  of  the  angles  of  a  triangle  is  equal  to  two  right  angles. 
This  proposition  can  easily  be  established  without  the  consideration 
of  imaginaries,  on  the  basis  of  the  definitions  in  the  last  section.  From 
our  present  point  of  view,  however,  it  appears  as  follows:  Let  the 
three  sides  of  a  triangle  be  a,  &,  c,  and  let  them  meet  the  line  at 
infinity  in  X»,  B*»  On  respectively.  It  is  easily  verifiable  that 

B  (X-R,,  //J  *  B  (R.O.,  I/s)  •  B  (O.4.,  //,)  =  1, 
from  which  it  follows  by  (19)  that 

m  (db)  +  m  (be)  +  m  (ca)  =  IT. 

Here  we  have  a  theorem  on  the  line  pairs  rather  than  on  the  angles 
of  a  triangle.  Indeed,  (19)  is  necessarily  a  formula  for  the  measure 
of  a  pair  of  lines  and  not  of  an  angle,  because  of  the  fact  that  two 
opposite  rays  determine  the  same  point  at  infinity. 

The  number  m(al)  may  also  be  defined  as  the  smallest  value 
between  0  and  2  w,  inclusive,  of  the  measures  of  the  four  angles 
^aA  w^c^  ma7  ke  formed  by  a  ray  «1  of  a  and  a  ray  \  of  J. 

Following  the  common  usage,  we  shall  say  that  two  pairs  of  lines 
which  axe  congruent  make  equal  angles,  etc. 
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EXERCISES 


1.  If  A  and  B  are  any  two  points,  the  locus  of  a  point  P  such  that  the  rays 
PA  and  PB  make  a  constant  angle  is  a  circle. 

2.  If  in  two  protective  flat  pencils  three  lines  of  one  make  equal  angles  with 
the  corresponding  three  lines  of  the  other,  the  angle  between  any  two  Hues  of 
the  one  Is  the  same  as  the  angle  between  the  corresponding  lines  of  the  other. 

3.  If  OA,  OB,  OC\  OD  are  four  lines  of  a  flat  pencil, 


In  case  the  four  lines  form  a  harmonic  set, 
2cot4.AOB  =  cot4 

4.  If  Av  Azt  A%9  At  are  four  points  of  a  circle, 

A^Ai  •  A^At  =  AiA9  -  ASA±  +  A^4  -  A^, 

where  AtAj  represents  Dist  (AfAj)  or  -  Dist  (A{Aj)  according  as  S  (OA{Aj)  = 
S  (0.4r42)  or  not,  0  being  an  arbitrary  point  of  the  circle  and  5  (OA^A^ 
being  a  sense-class  on  the  circle. 

5.  If  a,  5,  c  are  the  sides  of  a  triangle  and  a^,  1^>V  c^c2  are  pairs  of  lines 
tkrongh  the  vertices  be,  ca,  ab  respectively,  the  six  lines  al9  a2,  bv  \9  clt  c2  are 
tangents  of  a  conic  if  and  only  if 

sin  («!&)    sin  (ajb)    sin  (^e)    sin  (&2c)  ^  sin  (gta)  ^  sin  (gga)  __  ^ 
sin  (a^)  "  sin  (0,0)  *  sin  (&xa)  *  sin  (&,a)     sin  (c^V)    sin  (c,6) 

6.  Th«  points  of  a  ray  having  (x,  y)  as  origin  may  be  represented  in 


where  a  and  ft  are  fixed  and  A.  >  0.  There  is  a  one-to-one  reciprocal  corre- 
spondence between  the  rays  having  (x9  y)  as  origin  and  the  ordered  pairs  of 
values  of  a  and  ft  which  satisfy  the  condition 

When  a  and  ft  satisfy  this  condition,  the  numerical  value  of  X  is  the  distance 
between  (x,  y)  and  (x  4-  Xo,  y  +  A/2). 

7.  Two  angles  formed  by  the  pairs  of  rays 

(x0  +  Ao,  I/Q  +  A£)  and  (#0  • 
(5?0  4-  Aia,  #0  4*  A/?)  and  £ 
respectively  are  congruent  if  and  only  if 

'   i     ttQ*  —  "~~"^f    j     QQ* 
OjCL    T  DO    •—•  CLCL    ~j~  DO  • 

8.  BeJative  to  the  homogeneous  coordinates  employed  above,  the  formula 
for  the  distance  between  (ar0,  xv  xs)  and  (^0,  ^1?  y2)  may  be  written 

,  i 


la 


o  i  -»• 
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73.  Generalization  by  projection.   The  relation  established  in  §  66 

between  Euclidean  and  projective  geometry  fumislies  a  source  of  new 
theorems  in  each.  A  theorem  which  has  been  proved  for  projective 
geometry  can  be  specialized  into  a  theorem  of  Euclidean  geometry,  or 
a  theorem  of  Euclidean  geometry  may  be  generalized  so  as  to  furnish 
a  theorem  of  projective  geometry. 

The  two  processes,  of  generalization  and  of  specialization,  may  often 
be  combined  in  a  happy  way  with  the  principle  of  duality  or  with 
other  general  methods  of  projective  geometry.  Thus  a  theorem  proved 
for  Euclidean  geometry  can  be  generalized  into  a  theorem  of  projective 
geometry  and  the  dual  of  the  general  theorem  specialized  into  a  new 
theorem  of  Euclidean  geometry.  As  an  example,  let  us  take  the 
theorem  of  Euclid: 

A.  The  perpendiculars  from  the  vertices  of  a  triangle  to  the  opposite 
sides  meet  in  a  point  (the  orthocenter). 

The  sides  of  the  triangle  meet  the  line  at  infinity  in  three  points, 
and  the  three  perpendiculars  are  lines  from  the  vertices  to  the 
conjugates  of  these  three  points  in  the  absolute  involution.  The 
Euclidean  theorem  is  therefore  a  special  case  of  the  following 
projective  theorem: 

B.  The  lines  joining  the  vertices  of  a  triangle  to  the  conjugates,  with 
respect  to  an  arbitrary  elliptic  involution  on  a  line  l>  of  the  points  in 
which  the  opposite  sides  meet  Z,  are  concurrent. 

This  is  a  portion  of  Theorem  27,  Chap.  IV,  Vol.  I,  the  orthocenter 
and  the  three  vertices  of  the  triangle  being  the  vertices  of  a  complete 
quadrangle.  But  though  the  Euclidean  theorem  is  a  special  case,  yet 
the  general  theorem  for  elliptic  involutions  in  real  geometry  may  easily 
be  proved  by  means  of  it.  For,  given  any  elliptic  involution  whatever 
and  any  triangle,  the  involution  can  be  projected  into  the  absolute 
involution  and  the  given  triangle  will  go  into  a  triangle  of  the  Euclid- 
ean plane.  Hence  the  general  theorem,  B,  that  certain  three  lines 
meet  in  a  point  could  fail  to  be  true  only  if  the  Euclidean  theorem, 
A,  failed. 

It  is  to  be  noted  that  this  proves  the  theorem  only  for  a  real  space  and 
an  elliptic  involution.  In  a  complex:  space  (§  5)  it  might  happen  that  any 
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transformation  which  carried  the  involution  into  the  absolute  involution 
would  cany  the  triangle  into  one  whose  sides  are  not  all  real. 

Now  consider  the  plane  dual  of  the  projective  theorem,  B. 

Bf.  The  points  of  intersection  of  the  sides  of  a  triangle  with  the 
conjugates  in  an  arbitrary  involution  at  a  point  L,  of  the  lines  joining 

the  vertices  to  L,  are  collimar. 

If  the  involution  at  L  is  taken  as  the  orthogonal  involution  we 

have  the  Euclidean  theorem: 

Af.  The  three  sides  of  a  triangle  are  met  in  three  collinear  points 
%  the  perpendiculars  from  a  fixed  point  to  the  lines  joining  this  point 
to  the  opposite  vertices, 

The  second  of  the  two  processes  which  we  are  here  emphasizing,  namely 
the  discovery  of  Euclidean  theorems  by  specializing  projective  ones,  is  bril- 
liantly illustrated  in  many  of  the  textbooks  on  projective  geometry.  We  may 
mention  the  following : 

L.  Cremona,  Elements  of  Projective  Geometry,  Oxford,  1894. 

T.  Reye,  Geometrie  der  Lage,  Leipzig,  1907-1910. 

R.  Starm,  Die  Lehre  von  den  Geometrischen  Verwandtschaften,  Leipzig,  1909. 

R.  Boger,  Geometrie  der  Lage,  Leipzig,  1900. 

H.  Grassnian,  Projective  Geometrie  der  Ebene,  Leipzig,  1909. 

J.  J.  Milne,  Cross-Ratio  Geometry,  Cambridge,  1911. 

J.  L.  S.  Hatton,  Principles  of  Projective  Geometry,  Cambridge,  1913. 

The  reader  will  find  material  for  the  illustration  of  the  second  process, 
namely  the  discovery  of  projective  theorems  by  generalizing  metric  ones,  in 
Euclid's  Elements,  and  even  more  in  such  books  as  the  following : 

J.  Casey,  A  Sequel  to  the  First  Six  Books  of  the  Elements  of  Euclid, 
Dublin,  1888. 

C.  Taylor,  Ancient  and  Modern  Geometry  of  Conies,  Cambridge,  1881. 

J".  W.  Russell,  Elementary  Treatise  on  Pure  Geometry,  Oxford,  1905. 

The  class  of  theorems  which  are  here  in  question  will  be  dealt  with  to  some 
extent  in  the  following  chapter,  and  the  methods  available  will  be  extended 
in  Chap.  VI  by  the  study  of  inversions.  But  on  account  of  the  magnitude  of 
the  subject  many  important  theorems  will  be  found  relegated  to  the  exercises 
and  many  others  omitted  entirely.  In  nearly  every  such  case,  however,  a  good 
treatment  can  be  found  in  one  or  another  of  the  books  on  projective  geometry 
referred  to  above. 

The  current  textbooks  do  not  often  classify  theorems  on  the  basis  of  the 
geometries  to  which  they  belong  (§  34)  and  the  assumptions  which  are  neces- 
sary for  their  proof  (§  17).  Some  progress  has  been  made  on  such  a  classifi- 
cation in  the  present  book  (cf.  §  83  below),  but  more  remains  to  be  done. 
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Another  criticism  on  current  books  is  that  they  employ  imaginary  points 
in  a  rather  shy  and  awkward  manner.  This  is  doubtless  due  to  the  fact  that, 
previous  to  a  logical  treatment  of  the  subject  based  on  definite  assumptions, 
the  geometry  of  reals  was  regarded  as  having,  somehow,  a  higher  degree  of 
validity  than  the  complex  geometry.  The  reader  will  often  find  it  easy  to 
abbreviate  the  proofs  of  theorems  in  the  literature  by  a  free  use  of  imaginary 
elements  (el  §  78). 

EXERCISES 

1.  Generalize  projectively  the  following  theorems: 
(a)  The  medians  of  a  triangle  meet  in  a  point. 

(&)  The  perpendiculars  at  the  mid-points  of  the  sides  of  a  triangle  meet 
in  a  point. 

(c)  The  diagonals  of  a  parallelogram  bisect  each  other. 

2.  Let  A  j,  Bv  CT  be  the  points  in  which  the  lines  joining  the  vertices  A,B9C, 
respectively,  of  a  triangle  to  the  orthocenter,  0,  meet  the  opposite  sides.  The 
circle  through  Av  El  and  Cx  contains  the  mid-points  of  the  pairs  AB,  EC,  CA 
and  of  the  pairs  OA,  OB,  OC.   This  circle  is  called  the  nine  point  or  Feuerbach 
circle  of  the  triangle.  Cf.  Ex.  7,  §  41. 

3.  A  hyperbola  whose  asymptotes  are  orthogonal  is  said  to  be  equilateral 
or  rectangular.  Every  hyperbola  passing  through  four  points  of  intersection 
of  two  equilateral  hyperbolas  is  an  equilateral  hyperbola. 

4.  All  equilateral  hyperbolas  circumscribed  to  a  triangle  pass  through  its 
orthocenter. 

5.  The  centers  of  the  equilateral  hyperbolas  circumscribed  to  a  triangle 
lie  on  the  nine-point  circle. 


CHAPTER  V* 

ORDINAL  AOT>  METRIC  PROPERTIES  OF  COOTCS 

74.  One-dimensional  projectivities.  The  general  discussion  of  one- 
dimensional  projectivities  in  Chap.  VIII,  Vol.  I,  has  a  great  many 
points  of  contact  with  the  ordinal  and  metric  theorems  of  the  last 
three  chapters.  For  example,  a  rotation  leaving  a  point  0  invariant 
transforms  into  itself  any  circle  C*  with  O  as  a  center.  The  transfor- 
mation effected  on  the  circle  by  the  rotation  is  a  one-dimensional 
projectivity  having  the  point  O  as  center  and  the  line  at  infinity  as 
axis.  The  defining  property  of  the  axis  of  the  projectivity  in  this  case 
is  that  if  a  pair  of  points  AB  of  the  circle  he  rotated  into  a  pair  ArBf 
(Le.  if  &AQB  he  congruent  to  2£.A'OBf),  then  the  line  AB*  is  parallel 
to  the  line  A!B,  which  is  a  well-known  Euclidean  theorem. 

The  proposition  that  any  rotation  is  a  product  of  two  line  reflec- 
tions corresponds  to  the  proposition  that  any  projectivity  is  a  product 
of  two  involutions.  The  point  reflection  with  0  as  center  is  commut- 
ative with  all  the  other  rotations  about  0  and  hence  effects  on  C*  an 
involution  which  (§  79,  VoL  I)  belongs  to  all  the  projectivities  effected 
on  C?  by  the  rotations  of  this  group.  This  involution  is  harmonic 
(§  78,  VoL  I)  to  the  involution  effected  on  C2  by  any  orthogonal  line 
reflection  whose  axis  contains  0,  and  hence  all  the  involutions  of  the 
latter  sort  form  a  pencil.  Thus  all  the  theorems  of  §  79,  Vol.  I,  can 
be  specialized  so  as  to  yield  theorems  about  the  group  of  rotations 
with  0  as  center. 

There  are  many  other  applications  of  the  theorems  in  Chap.  VI, 
VoL  I,  to  affine  and  Euclidean  geometry  (a  few  of  them  are  indicated 
in  the  exercises  below),  but  the  main  application  which  we  are  to 
consider  at  present  is  to  the  theory  of  order  relations.  Let  us  first 
recall  some  of  the  ordinal  theorems  which  have  already  been  estab- 
lished, and  interpret  them  on  the  conic  sections.  Extending  the 
definition  of  §  4,  we  shall  say : 

*  In  the  earlier  chapters  of  this  volume  we  have  used  only  the  first  seven  chap- 
ters of  Vol.  I.  The  present  chapter  may  advantageously  be  read  in  connection  with 
Chaps.  VIII-X,  VoL  I.  Chap.  IX  is  first  used  in  §  77  and  Chap.  X  in  §  86. 
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DEFINITION.  A  projectivity  of  a  one-dimensional  form  in  any 
ordered  space  is  hyperbolic,  parabolic*  or  elliptic  according  as  it 
has  two,  one,  or  no  double  points. 

With,  regard  to  involutions,  we  have  already  established  the  follow- 
ing propositions  (§21):  If  an  involution  preserves  sense,  each  pair 
separates  every  other  pair.  If  an  involution  alters  sense,  no  pair 
separates  any  other  pair.  An  involution  which  does  not  alter  sense 
is  elliptic  ;  that  is  to  say,  the  pairs  of  a  hyperbolic  involution  do  not 
separate  each  other.  The  double  points  of  a  hyperbolic  involution 
separate  every  pair  of  the  involution. 

DEFINITION.  If  A,  B,  C,  D  are  four  distinct  points  of  a  conic,  the 
point  0  of  intersection  of  the  lines  AB  and  CD  is  called  an  interior 
point  in  case  the  pairs  AB  and  CD  separate  each  other*  and  an 
exterior  point  in  case  these  pairs  do  not  separate  each  other.  The 
set  of  all  interior  points  is  called  the  interior  or  inside  of  the  conic, 
and  the  set  of  all  exterior  points  is  called  the  exterior  or  outside  of 
the  conic. 

The  pairs  AB  and  CD  are  conjugate  in  the  involution  with  0  as 
center.  Hence,  if  these  two  pairs  separate  each  other,  this  involution 
preserves  sense  and  is  such  that  any  two  of  its  pairs  separate  each 
other.  Hence  any  two  lines  through  0  which  meet  the  conic  meet  it 
in  pairs  of  points  which  separate  each  other.  That  is  to  say,  the  def- 
inition of  an  interior  point  is  independent  of  the  particular  choice  of 
the  points  Ay  B,  C,  D.  A  like  argument  applies  in  case  0  is  exterior. 
In  case  the  involution  with  0  as  center  has  double  points,  the  lines 
joining  O  to  these  points  are  tangent  to  the  conic.  Hence  the  next 
to  the  last  of  the  propositions  about  involutions  stated  above  implies 
that  there  are  no  tangents  through  an  interior  point.  These  results 
may  be  stated  as  follows : 

THEOREM  1.  The  points  coplanar  with  a  conic  fall  into  three 
mutually  exclusive  classes:  the  conic  itself,  its  interior  and  its 
exterior.  Each  interior  point  is  the  center  of  an  involution  on 
the  conic  which  preserves  sense,  and  each  exterior  point  of  one 
which  alters  sense.  All  points  of  a  tangent,  except  the  point  of 
contact,  are  exterior  points  of  the  conic. 

*  Cf .  §  20,  particularly  the  footnote. 
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Now  let  0  be  any  interior  point.  If  tf  is  any  point  conjugate  to  O 
with  regard  to  the  conic,  there  exists  (cf.  fig.  59)  a  complete  quad- 
rangle ABCD  whose  vertices  are  points  on  the  conic  such  that  AB 
and  CD  meet  in  O  and  AD  and  CB  meet  in  Of.  But  by  Theorem  7, 


.  59 


Chap.  II,  if  AB  separates  CD,  then  AD  does  not  separate  BO.  and 
hence  O^is  an  exterior  point.  Hence  the  polar  line  of  any  interior 
point  consists  entirely  of  exterior  points.  Hence 

THEOREM  2.  All  paints  conjugate  to  an  interior  point  are  exterior. 

Suppose,  further,  that  the  tangent  to  the  conic  at  B  meets  the  line 
00*  in  a  point  P  and  the  line  BD  meets  Off  in  a  point  Pr  (fig.  59). 
Then  P  and  P'are  conjugate  points  with  regard  to  the  conic.  Moreover, 

ABCDj-OPO'P'. 

Since  A  and  C  do  not  separate  B  and  D,  it  follows  that  the  pair  00' 
does  not  separate  the  pair  PPr.  That  is, 

THEOREM  3.  On  a  line  containing  an  interior  point  of  a  conic  the 
pairs  of  conjugate  points  with  regard  to  the  conic  do  not  separate 
one  another. 

By  elementary  propositions  about  poles  and  polar  there  follow 
at  once : 

COROLLARY  1.  The  pole  of  a  line  which  contains  an  interior  point 
is  an  exterior  point. 

COROLLARY  2.  The  polar  of  an  exterior  point  contains  some  in- 
terior points. 
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In  §  78,  VoL  I,  it  was  established  that  any  projectivity  is  a  product 
of  two  involutions  one  of  which  is  hyperbolic.  Since  a  hyperbolic 
involution  is  opposite,  it  follows  that  if  the  given  projectMty  is  direct, 
it  is  a  product  of  two  opposite  involutions ;  and  if  the  given  projec- 
tivity  is  opposite,  it  is  a  product  of  a  direct  and  an  opposite  involution. 
But  in  the  second  case  the  direct  involution  is,  by  the  argument  just 
made,  a  product  of  two  opposite  involutions.  Hence 

THEOEEM  4.  A  direct  projectimty  is  a  product  of  two  opposite 
involutions,  and  an  opposite  projectimty  is  a  product  of  three  opposite 
involutions.  An  opposite  projectimty  is  also  expressible  as  a  product 
of  a  direct  and  an  opposite  involution. 

In  the  case  of  projectivities  on  a  conic,  the  axis  of  the  product  of 
two  involutions  is  the  line  joining  their  centers.  Hence  we  have,  as 
consequences  of  this  theorem, 

COROLLARY  1.  Any  line  in  the  plane  of  a,  conic  contains  points 
exterior  to  the  conic. 

COROLLARY  2.  A  projectimty  whose  center  is  an  interior  point,  and 
whose  axis  therefore  consists  entirely  of  exterior  points,  is  direct. 

In  the  fourth  exercise,  below,  we  need  the  following  definition  : 

DEFINITION.  The  line  perpendicular  to  a  tangent  to  a  conic  and 
passing  through  its  point  of  contact  is  called  the  normal  to  the  conic 
at  this  point. 

EXERCISES 

1.  What  transformations  of  the  Euclidean  group  effect  projectivities  on 
L»  to  which  the  absolute  involution  belongs?   How  are  these  distinguished 
from  the  remaining  similarity  transformations  by  their  relation  to  the  cir- 
cular points?   What  transformations  of  the  Euclidean  group  are  harmonic 
on  /«  to  the  absolute  involution  ? 

2.  Show  that  the  measure  of  a  line  pair  as  defined  in  §  72  is  the  logarithm 
of  the  characteristic  cross  ratio  of  a  certain  projectivity  on  /«,.   Obtain  an 
analogous  formula  for  the  measure  of  an  angle  in  terms  of  the  characteristic 
cross  ratio  of  a  projectivity  on  a  circle. 

3.  Any  noninvolutoric  planar  coUineation  which  leaves  invariant  a  conic 
and  a  line  transforms  the  points  of  the  line  by  a  projectivity  to  which  belongs 
the  involution  of  conjugate  points  with  regard  to  the  conic. 
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4.  If  P  is  any  fixed  point  of  a  conic  and  RQ  a  variable  point  pair  suck 
that  &RPQ  is  a  right  angle,  the  Hues  RQ  meet  in  a  fixed  point  on  the 

normal  at  JP. 

5.  The  lines  joining  homologous  points  in  a  noninvolutoric  projectivity 
on  a  conic  are  the  tangents  of  a  second  conic. 

6.  If  P  is  any  fired  point  of  a  conic  and  EQ  a  variable  pair  of  points 
smcli  that  4BPQ  has  constant  measure,  the  lines  RQ  are  the  tangents  to  a 
second  conic. 

7.  If  a  projectivity  T  on  a  line  is  a  product  of  an  involution  having  double 
points,  AI  and  Bv  followed  by  another  involution,  and  if  T~I(Al)  =  A0  ^A^ 
and  IX/Cj)  =  J*,  then  Al  and  Bl  are  harmonically  conjugate  with  regard  to 
AQ  and  A%  whenever  A&  *  Atf  and  Bt  =  AQ  whenever  AQ  =  AT 

8.  If  A!  and  Bx  are  a  pair  of  an  involution  I  which  is  left  invariant  by  a 
projectivity  T,  and  if  P-*  (A)  =  ^o  *  A  and  r(^i)  =  ^2  *  ^®> tiiei1  ^o  an<* 
4a  are  harmonically  conjugate  with  regard  to  At  and  Br 

9.  Let  .4  and  A'  be  any  pair  of  an  involution  I.    If  A  ^  A',  any  projec- 
tivity H  which  transforms  I  into  itself  and  leaves  A  invariant  is  either  the 
involution,  with  A  and  A'  as  doable  points,  or  the  identity. 

10.  Generalize  §  80,  Vol.  I,  so  as  to  apply  to  the  group  of  translations  and 
the  eqiiiaffine  gronp,  using  the  fact  that  the  transformations  in  each  of  these 
groups  are  products  of  pairs  of  involutoric  projectivities. 

75.  Interior  and  exterior  of  a  conic. 

THEOREM  5.  Any  two  points  of  a>  conic  are  fhe  ends  of  two  linear 
segments  one  consisting  entirely  of  interior  points  and  tJie  other  entirely 
of  exterior  points. 

Proof.  Let  tlie  given  points  be  denoted  by  A  and  B,  let  C  and  D 
be  any  two  other  points  of  the  conic  which  separate  A  and  B,  and  let 
cr  and  <r  represent  the  segments  ACJB  and  ADB  on  the  conic.  By  the 
definition  of  the  order  relations  on  the  conic,  the  lines  joining  C  to 
the  points  of  <F  meet  the  line  AB  in  the  points  of  a  segment  af  whose 
ends  are  A  and  B,  and  these  points  satisfy  the  definition  of  interior 
points.  In  like  manner  the  lines  joining  C  to  points  of  cr  meet  the 
line  AB  in  a  segment  cr1  which  is  complementary  to  <rf  and  consists 
entirely  of  exterior  points. 

In  a  real  plane  the  following  theorem  is  a  consequence  of  what 
we  have  just  proved,  but  in  order  to  have  the  result  for  any  ordered 
plane  we  give  a  proof  which  is  entirely  general 

THEOEEM  6.  Any  two  interior  points  of  a  conic  are  the  ends  of  a 
segment  consisting  entirely  of  interior  points. 
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Proof (fig.  60).  Let  A  and  (7  be  two  interior  points.  Let  Al  be  any 
point  of  the  conic  not  on  the  line^C*.  The  lines  A  CoxA  A  A  are  not 
tangent  to  the  conic,  since  (Theorem  1)  the  involutions  at  A  and  £7  are 
both  elliptic.  Let  AQ  and  St  respectively  be  the  points,  distinct  from 
Al9  in  which  the  lines  A^A.  and  A^C  meet  the  conic.  The  two  segments 
of  the  conic  whose  ends  are  AQ  and  B3  are  projected  by  the  lines 
through  Al  into  the  two  segments  of  the  line  A  C  which  have  A  and 
0  as  their  ends.  We  shall  prove  that  the  segment  a-  of  the  line  AC 
which  is  the  projection  of  the  segment  complementary  to  A^ 
sists  entirely  of  interior  points. 

Let  B  be  any  point  of  a-.  The 
line  AJB  then  meets  the  conic  in 
a  point  C&  which  is  separated  from 
Al  by  AQ  and  B%.  Let  B^A  meet 
the  conic  in  C19  let  C^  meet  it  in 
A^  and  let  ^42(7  meet  it  in  B^  so 
that  A.BCAB  C  form  a  Pascal 

1      2      JL      2       12 

hexagon  whose  pairs  of  opposite 
sides  meet  in  A,  B,  C.  Since  A  is 
an  interior  point,  we  have  the 


^  Since  B  was  chosen  so  that  C^  and  Al  are  separated  by 
J52  and  .40,  we  have  {B2  O^AQA^  From  these  there  follows  {Bz  C^A^AJ. 
Transforming  this  by  the  involution  at  A  we  have  {CJS^  C^J.  Hence 
we  have  {B^CyA^OJS^A^.  Since  the  involution  with  center  at  C  is 
elliptic,  we  have  {B^B^A^A^.  Hence  we  have  {B^A^O^B^A^A^  Hence 
(72  and  A^  separate  A2  and  C^  and  hence  B  is  interior  to  the  conic. 

THEOREM  7.  Any  two  exterior  points  are  ends  of  a  segment  consist- 
ing entirely  of  exterior  points. 

Proof.  Let  the  two  exterior  points  be  El  and  2S^  If  the  line  E^ 
is  tangent,  all  points  on  it  except  the  points  of  contact  are  exterior, 
since  each  of  these  points  is  the  center  of  a  hyperbolic  involution 
on  the  conic.  In  this  case  the  theorem  is  obvious.  If  the  line  E^E^ 
meets  the  conic  in  two  points,  the  theorem  reduces  to  Theorem  5. 
If  the  line  E  E^  does  not  meet  the  conic,  and  both  the  segments  with 
El  and  E^  as  ends  should  contain  interior  points,  1^  and  j^  respectively, 
then  neither  of  the  segments  whose  ends  are  It  and  1^  could  consist 
entirely  of  interior  points,  contrary  to  .Theorem  6. 
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The  theorems  above  are  connected  with  the  following  algebraic  considera- 
tions :  Any  involution  can  be  written  in  the  form 


If  we  regard  a,  5,  c  as  a  set  of  homogeneous  coordinates  in  a  protective  plane, 
then  for  every  involution  (1)  there  is  one  and  only  one  point  (<z,  b,  c)  ;  and 
inversely  lor  every  point  (a,  b,  c)  there  is  a  unique  involution  (1),  provided 

that  the  point  does  not  satisfy  the  condition 

(2)  a2  +  be  =  0. 

By  §  18  the  projectivities  (1)  for  which 

(3)  a2  4-  be  >  0 
are  opposite,  and  those  for  which 

(4)  a2  -f  be  <  0 

are  direct. 

The  equation  (2)  represents  a  conic  section  of  which  the  points  satisfying  (3)  are 
the  exterior  and  those  satisfying  (4)  are  ike  interior.  This  may  be  proved  as  follows: 

The  conic  is  given  by  the  parametric  representation  (§  82,  Vol.  I) 
a  :  b  :  c  =  x  :  x*  :  —  1, 

and  any  involution  on  the  conic  is  given  by  the  transformation  (1)  of  the 
parameter  x.  The  center  of  the  involution  is  the  point  of  intersection  of  the 
lines  containing  pairs  of  the  involution.  The  point  (0,  0,  1)  of  the  conic  is 
given  by  the  value  0  of  the  parameter  x  and  thus  is  transformed  to  the  point 
given  by  the  value  x  =  —  b/a,  namely,  the  point  (—  ab,  62,  —  a2).  The  point 
(0,  1,  0)  of  the  conic  is  given  by  x  =  a>  and  thus  is  transformed  to  the 
point  given  by  x  —  a/c,  namely,  the  point  (ac,  a2,  —  c2).  The  point  of  inter- 
section of  the  lines  joining  (0,  0,  1)  to  (  —  ab}  W,  —  a2)  and  (0,  1,  0)  to 
(ae,  a2,  —  c2)  is  manifestly  (—  a,  b,  c).  Hence  (—a,  b,  c)  is  the  center  of  the 
involution  (1),  and  therefore  is  interior  to  the  conic  if  (4)  is  satisfied  and  the 
involution  direct,  and  exterior  to  the  conic  if  (3)  is  satisfied  and  the  involu- 
tion opposite. 

EXERCISES 

1.  Parabolic  projectivities  are  direct. 

2.  Two  of  the  three  vertices  of  any  self-polar  triangle  of  a  conic  are 
exterior  points. 

3.  The  center  of  a  hyperbola  is  an  exterior  point. 

4.  The  center  of  a  circle  is  an  interior  point. 

5.  In  a  Euclidean  plane  all  points  interior  to  a  circle  and  all  points  on  it 
(except  the  point  of  contact  of  the  tangent  in  question)  lie  entirely  on.  one 
side  of  any  one  of  its  tangents. 
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6.  If  a  segment  ^4 1B1  is  contained  in  a  segment  AtB3i  the  circle  the  ends 
of  whose  diameter  are  ^ij,  and  Bl  is  composed  of  points  interior  to  the  ciiclf 
the  ends  of  whose  diameter  are  As  and  By 

7.  la  a  Euclidean  plane  all  points  interior  to  an  ellipse  lie  entirely  on 
one  side  of  any  line  consisting  entirely  of  exterior  points. 

8.  Any  two  pairs  of  conjugate  diameters  of  an  ellipse  separate  each  other 
Two  pairs  of  conjugate  diameters  of  a  hyperbola  never  separate  each  other. 

9.  If  O  is  the  center  of  a  conic  K®,  the  polar  reciprocal  of  a  conic  C1 
with  respect  to  K^  will  be  an  ellipse,  parabola,  or  hyperbola  according  as  0 
is  interior  to,  on,  or  exterior  to  C2. 

10.  Consider  a  conic  C2  in  a  planar  net  of  rationality  satisfying  Assump- 
tion H.  The  points  of  the  net  exterior  to  the  conic  fall  into  two  classes  [-E] 
and  [F]  such  that  two  tangents  to  the  conic  can  be  drawn  from  any  point  E 
and  no  tangent  can  be  drawn  to  the  conic  from  any  point  F.  On  any  line  in 
which  one  E  is  conjugate  to  an  F  with  regard  to  C2,  every  E  is  conjugate  to 
an  F.  On  any  line  in  which  one  E  is  conjugate  to  an  JE9  every  E  is  conjugate 
to  an  E  and  every  F  to  an  F.   The  interior  points  fall  into  two  classes  [J] 
and  [«/]  such  that  the  pairs  of  conjugate  lines  on  a  point  I  either  both  meet 
C*  or  both  do  not  meet  C2,  whereas  one  member  of  any  pair  of  conjugate  lines 
on  a  point  J  meets  C2  and  the  other  member  does  not  meet  C2. 

11.  Let  the  equation  of  a  conic  be  f(xQ,  xly  x^)  =  0  and  let  the  determinant 
of  the  coefficients  off(xQ)  xvx^)  be 


00    "01    "02 


s*  0, 


A  point  (XQ,  x{>  z£)  is  interior  or  exterior  according  as  A*/(XQ,  x^  z£)  is 
greater  or  less  than  zero, 

76.  Double  points  of  projectivities.  The  preceding  theorems  hold 
for  any  ordered  space.  On  specializing  to  a  real  space  we  have  the 
additional  theorem  that  a  projectivity  which  alters  sense  has  two 
double  points  (§  4).  In  the  case  of  involutions  this  result  com- 
bined with  the  theorem  that  a  hyperbolic  involution  is  always 
opposite  gives 

THEOKEM  8.  The  pairs  of  an  elliptic  involution  always  separate 
one  another9  and  the  pairs  of  a  hyperbolic  involution  never  separate 
one  another. 

The  last  half  of  this  theorem,  combined  with  Theorem  3,  gives 
the  condition  for  the  intersection  of  a  line  with  a  conic,  a  condition 
which  has  already  been  given  in  a  more  special  form  in  §  64 
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THEOEEM  9.  On  any  line  through  an  interior  point  of  a  conic  the 
involution  of  conjugate  points  ,&  hyperbolic,  and  the  line  meets  the 
conic  in  the  double  points  of  this  involution. 

By  Cor.  2,  Theorem  3,  the  polar  of  an  exterior  point  is  a  line 
through  an  interior  point.  The  lines  joining  the  exterior  point  to 
the  points  of  intersection  of  its  polar  with  the  conic  are  tangents. 
Hence 

COKOLLABY  1.  Through  any  exterior  point  there  pass  two  tangents 
to  a  conic. 

COROLLARY  2.  Two  involutions,  one  at  least  of  which  is  elliptic, 
haw  one  and  only  one  common  pair. 

Proof.  The  center  of  an  elliptic  involution  represented  on  a  conic 
is  an  interior  point.  The  line  joining  this  point  to  the  center  of  any 
other  involution  meets  the  conic  in  two  points  which  are  pairs  of 
both  involutions.  Since  any  pair  of  an  involution  is  collinear  with 
the  center,  the  two  points  so  constructed  are  the  only  pair  common 
to  the  two  involutions. 

A  special  case  of  this  corollary  may  be  stated  in  the  following  form: 

COROLLARY  3.  In  a  given  one-dimensional  form  there  is  one  and 
only  one  pair  of  elements  which  are  conjugate  with  respect  to  a  given 
elliptic  involution  and  harmonically  separated  by  a  given  pair  of 
elements. 

Since  a  hyperbolic  involution  is  determined  by  its  double  points,  it 
is  evident  that  any  two  hyperbolic  involutions  are  equivalent  under 
the  group  of  all  projectivities  of  a  one-dimensional  form.  The  corre- 
sponding theorem  for  elliptic  involutions  is  best  seen  by  representing 
the  involutions  on  a  conic.  The  two  centers  J1?  1^  are  interior  points, 
and  the  line  joining  them  meets  the  conic  in  two  points  C19  C2  which 
do  not  separate  them  (Theorem  5).  Let  Ox  and  02  be  the  double 
points  (Theorem  8)  of  the  involution  in  which  J^  and  C^C^  are  pairs. 
An  involution  with  either  of  the  points  Ol  or  02  as  center  will 
evidently  transform  the  one  with  Jx  as  center  into  the  one  with  Iz 
as  center.  Hence 

COROLLARY  4.  Any  two  elliptic  involutions  in  the  same  real  one- 
dimensional  form  are  conjugate  under  the  projectile  group  of  thwt 
form. 
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EXERCISES 

1.  All  involutions  which  are  harmonic  to  (I.e.  commutative  with  and 
distinct  from)  an  elliptic  involution  are  hyperbolic. 

2.  If  two  points  -4,  B  of  a  line  separate  each  point  P(P  5*  A,  P  &•  B)  of 
die  line  from  its  conjugate  point  in  a  given  elliptic  involution,  A  and  B  are 
Conjugate  in  this  involution. 

3.  A  hyperbolic  projectivity  is  opposite  or  direct  according  as  a  pair  of 
homologous  points  does  or  does  not  separate  the  double  points. 

4.  Elliptic  projectivities  are  direct. 

5.  The  center  of  an  ellipse  is  an  interior  point. 

"     6.  The  involution  determined  on  the  line  at  infinity  of  a  Euclidean  plane 
by  an  ellipse  is  elliptic,  by  a  hyperbola,  hyperbolic. 

7.  Any  two  ellipses  are  conjugate  under  the  affine  group.* 

8.  An  involution  in  a  flat  pencil  is  either  such  that  every  pair  of  conju- 
gate  lines  is  orthogonal  or  there  is  one  and  only  one  orthogonal  pair  of 
conjugate  lines. 

9.  A  conic  having  two  pairs  of  perpendicular  conjugate  diameters  is 
a  circle. 

10.  If  Al  and  Az  are  the  real  limiting  points  of  a  pencil  of  circles,  each 
circle  of  the  pencil  either  contains  At  and  is  on  the  opposite  side  of  the  radi- 
cal axis  from  A&  or  contains  A9  and  is  on  the  opposite  side  of  the  radical 
axis  from  Ar 

11.  Of  two  circles  of  a  pencil,  both  containing  the  same  limiting  point, 
one  is  entirely  interior  to  the  other. 

12.  For  any  angle,  &ABC,  there  is  one  and  only  one  pair  J,  f  of  orthog- 
onal lines  through  £  which  separate  the  lines  BA  and  BC  harmonically.   One 
line,  J,  of  the  pair  contains  points  P  interior  to  £ABC,  and  &ABP  is  con- 
gruent to  &PBC.  The  line  I  is  called  the  interior  bisector,  and  the  line  I'  the 
exterior  bisector,  of  the  angle  &ABC~ 

13.  The  asymptotes  of  an  equilateral  hyperbola  bisect  any  pair  of  conju- 
gate diameters. 

14.  The  bisectors  of  the  angles  of  a  triangle  A  BC  meet  in  four  points,  one 
in  each  of  the  four  regions  determined  by  ABC  according  to  §  26.  These  four 
points  are  the  centers  of  four  circles  inscribed  in  ABC  and  are  the  vertices  of 
a  complete  quadrilateral  of  which  ARC  is  the  diagonal  triangle.  The  mid- 
point of  the  pair  BC  is  the  mid-point  of  the  points  of  contact  of  either  pair 
of  inscribed  circles  whose  centers  are  colHnear  with  A. 

15.  Let  V  and  V'  be  the  vanishing  points  (§  43)  of  a  projectivity  on  a 
line,  the  notation  being  so  assigned  that  the  point  at  infinity  is  trans- 
formed to   V*     There  exist  two  points  A,  B  which  are  transformed  to 
two  points  A'9  B/  such  that 

AV  =  VB  -  A'V  =  F'B'. 
*Cf.  §  S7,  Exs.  14  and  16. 
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77.  Ruler-and-compass  constmctioas*  The  discussion  in  Chap.  IX, 
YoL  I,  reduces  any  quadratic  problem  to  the  problem  of  finding  the 
points  of  intersection  of  an  arbitrary  line  with  a  fixed  conic.  Accord- 
ing to  Theorems  5  and  9  the  necessary  and  sufficient  condition  that 
a  line  coplanar  with  a  conic  meet  it  in  two  points  is  that  the  line 
pass  through  an  interior  point  of  the  conic.  Hence  this  condition 
will  serve  to  determine  the  solvability  of  any  problem  of  the  second 
degree  in  a  real  space.  Thus  the  discussion  of  linear  and  quadratic 
constructions,  under  the  projective  meaning  of  these  terms,  may  be 
regarded  as  complete. 

When  we  adopt  the  Euclidean  point  of  view,  the  fixed  conic  may 
be  taken  as  a  circle;  and  therefore  every  problem  of  the  second 
degree  is  reduced  to  the  problem  of  determining  the  points  of  inter- 
section of  an  arbitrary  line  with  a  fixed  circle  (ci  §  86,  Vol.  I). 

The  constructions  of  elementary  Euclidean  geometry  which  are 
known  as  ruler-and-compass  constructions  involve  the  determination 
of  the  points  of  intersection  (whenever  existent)  of  two  arbitrary  lines, 
or  of  an  arbitrary  line  with  an  arbitrary  circle,  or  of  two  arbitrary 
circles.  The  last  of  these  problems  has  been  shown  in  §  65  to  be 
reducible  to  the  first  and  second.  Hence  any  ruler-and-compass  con- 
struction may  be  reduced  to  the  problem  of  finding  the  intersection 
of  an  arbitrary  line  with  a  fixed  circle. 

On  account  of  the  special  character  of  the  line  at  infinity,  there  is 
not  a  perfect  correspondence  between  the  linear  constructions  of  pro- 
jective geometry  and  the  Euclidean  constructions  by  means  of  a  ruler. 
The  operations  involved  in  the  linear  constructions  of  projective 
geometry  are 

(a)  to  join  two  points  by  a  (projective)  line  ; 

(&)  to  take  the  point  of  intersection  of  any  two  lines. 

These  are  evidently  equivalent  to  the  following  Euclidean  operations  : 

(1)  to  join  two  ordinary  points  by  a  line  ; 

(2)  to  take  the  point  of  intersection  of  two  nonparallel  lines  ; 
(3;)  to  draw  a  line  through  a  given  point  parallel  to  a  given  line. 

The  first  of  these  operations  corresponds  to  the  proposition  that 
two  points  are  on  a  unique  line,  the  second  to  the  proposition  that 
two  nonparallel  lines  determine  a  unique  point.  These  operations 
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may  be  thought  of  as  carried  out  with  a  straightedge  or  ruler  whose 
length  is  not  limited. 

The  operation  (3!)  can  be  effected  by  means  of  (1)  and  (2),  together 
with  the  following  operation : 

(3)  to  tind  on  any  ray  through  a  point  A9  a  point  0  such  that  the 

point  pair  AC  is  congruent  to  a  preassigned  point  pair  ABJ* 

For  let  A  be  the  given  point  and  let  BC  be  the  given  line.  Let  O  be 
a  point  on  the  line  AB  in  the  order  {ABO}  such  that  BA  is  congruent 
to  BO.  Let  A  be  the  point  of  the  line  OC  in  the  order  OCA  such  that 
CO  is  congruent  to  CA.  Then  AA  is  evidently  parallel  to  BC. 

Thus  (1),  (2),  and  (3)  serve  as  a  basis  for  all  linear  operations  in 
the  protective  sense.  They  obviously  yield  also  a  certain  class  of 
quadratic  constructions;  but  they  do  not  suffice  for  all  quadratic 
constructions.  The  latter  may  be  provided  for,  as  explained  above, 
by  adjoining  the  operation  of  taking  the  point  of  intersection  with  a 
fixed  circle  of  an  arbitrary  line  through  an  arbitrary  interior  point. 

For  the  proof  that  (3;)  is  not  a  consequence  of  (1)  and  (2),  and 
that  (I),  (2),  (3)  do  not  provide  for  all  quadratic  constructions,  the 
reader  is  referred  to  Hilbert,  Grundlagen  der  Geometric,  Chap.  VII 
(4th  edition,  1913). 

EXERCISES 

1.  Given  three  collinear  points  A,  B,  C  such  that  AB  is  congruent  to  BC, 
show  how  to  construct  a  parallel  to  the  line  AB  through  an  arbitrary  point  P 
by  means  of  the  operations  (1)  and  (2)  alone. 

2.  Given  two  parallel  lines,  show  how  to  find  the  mid-point  of  any  pair  of 
points  on  either  of  the  lines  by  means  of  (1)  and  (2)  alone. 

3.  Given  a  parallelogram  and  a  point  P  and  a  line  I  in  its  plane.  Through 
JP  draw  a  line  parallel  to  /,  making  use  of  the  ruler  only. 

*  It  is  important  to  notice  that  the  pairs  A  B  and  AC  have  the  point  A  in  com- 
mon. Thus  (3)  provides  merely  for  drawing  a  circle  through  a  given  point  and 
with  a  given  other  point  as  center.  The  drawing  instrument  to  which  this  corre- 
sponds is  a  pair  of  compasses  which  snaps  together  when  lifted  from  the  paper,  so 
that  it  cannot  be  used  to  transfer  a  point  pair  AB  to  a  point  pair  A'&  unless 
A  =  A'.  This  will  be  understood  by  anyone  reading  the  second  proposition  in 
Euclid's  Elements,  which  shows  how  to  lay  off  a  point  pair  congruent  to  a  given 
point  pair  on  a  given  ray.  The  operation  (3)  may  be  replaced  by  the  operation  of 
finding  on  any  ray  AB  a  point  C  such  that  the  point  pair -4.  C  is  congruent  to  a  fixed 
point  pair  OP,  The  instrument  for  this  operation  may  be  thought  of  as  a  measur- 
ing rod  of  fxed  length  (say  unit  length)  without  subdivisions.  (Cf .  the  reference 
to  Hilbert,  Mor.) 


182  CONIC  SECTIONS 

4.  Given  a  point  pair  AC  and  its  mid-point  JB,  using  the  ruler  alone, 
construct  the  point  pair  AD  such  that 

AC 

_  =  „. 

5.  Given  four  collinear  points  A,  A'9  B,  B',  construct  the  fixed  point  of 
the  parabolic  projectivity  carrying  A  to  A'  and  B  to  B'. 

6.  Given  a  projectivity  on  a  line,  find  a  pair  of  corresponding  points  A 
and  A"  such  that  a  given  point  M  is  the  mid-point  of  the  segment  A  A'. 

7.  Inscribe  in  a  given  triangle  a  rectangle  of  given  area. 

8.  Given  four  tangents  of  a  parabola,  construct  a  tangent  parallel  to  a 
given  line. 

9.  Given  three  points  of  a  hyperbola  and  a  line  parallel  to  each  asymptote, 
find  the  point  of  intersection  of  the  hyperbola  with  a  line  paraUel  to  one  of 
the  asymptotes. 

10.  Construct  by  ruler  and  compass  any  number  of  tangents  to  a  conic 
given  by  five  of  its  points ;  also  any  number  of  points  of  a  conic  given  by 
five  of  its  tangents. 

11.  Construct  any  number  of  points  of  a  parabola  through  four  given 

points. 

12.  Construct  any  number  of  points  of  a  parabola  touching  three  given 
lines  and  passing  through  a  given  point. 

13.  Through  a  given  point  construct  an  orthogonal  pair  of  lines  conju- 
gate with  regard  to  a  conic.    (If  the  point  is  exterior  to  the  conic,  these 
lines  are  the  bisectors  of  the  angles  formed  by  the  tangents  to  the  -conic 
from  this  point.) 

78.  Conjugate  imaginary  elements.  It  has  "been  shown  in  §  6  that 
a  real  projective  space  S  can  be  regarded  as  immersed  in  a  complex 
protective  space  S'  in  such  a  way  that  every  line  of  S  is  a  subset  of 
a  unique  line  of  S'.  Certain  additional  definitions  and  conventions 
have  been  introduced  in  §  70.  But  in  both  these  places  little  use  was 
made  of  the  properties  of  imaginary  elements  beyond  their  existence 
and  the  fact  that  S'  satisfies  Assumptions  A,  E,  P.  We  shall  now 
prove  some  of  the  most  elementary  theorems  about  the  relation  be- 
tween elements  of  S  and  S'. 

DEFINITION.  Two  imaginary  points,  lines,  or  planes  are  said  to  be 
conjugate  relative  to  a  real  one-dimensional  form  of  the  first  or  second 
degree  if  and  only  if  they  are  the  double  elements  of  an  involution 
in  the  real  form. 

As  an  example  consider  a  real  conic  (72  and  a  line  I  exterior  to  it 
The  conic  and  the  line  have  in  common  the  double  points  of  an  ellip- 
tic involution  on  I.  But  these  points  are  also  the  double  points  of 
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the  involution  on  G2  whose  axis  is  L  Hence  the  points  common  to 
(T2  and  I  are  conjugate  Imaginaries  both  with  respect  to  C2  and  to  L 
Since  any  one-dimensional  form  of  the  first  or  second  degree  whose 
elements  are  points  is  a  line  or  a  point  conic,  and  since  the  double 
points  of  any  involution  on  a  conic  are  the  intersections  of  the  axis 
of  the  involution  with  the  conic,  we  have 

THEOREM  10.  Any  two  conjugate  imaginary  points  are  on  a 
real  line. 

By  duality  we  have  that  any  two  conjugate  imaginary  planes  are 
on  a  real  line. 

Two  conjugate  imaginary  lines  are  by  definition  on  a  real  point, 
line  conic,  cone  of  lines,  or  reguius.  If  they  are  on  a  real  line  conic, 
the  plane  dual  of  the  argument  above  shows  that  they  are  on  a  real 
point.  By  dualizing  in  space  we  obtain  the  same  result  for  conjugate 
imaginary  lines  of  a  cone  of  lines.  Hence  we  have 

THEOREM  11.  Any  two  conjugate  imaginary  coplanar  lines  are  on 
a  real  point  and  any  two  conjugate  imaginary  concurrent  lines  are 
on  a  real  plane, 

Conjugate  imaginary  lines  on  a  reguius  will  be  considered  in  a 
later  chapter. 

THEOREM  12.  The  lines  joining  a  real  point  to  two  conjugate 
imaginary  points  not  collinear  with  it  are  conjugate  imaginary  lines. 

Proof.  The  conjugate  imaginary  points  are  double  points  of  an 
elliptic  involution  on  a  real  line.  From  any  point  not  on  this  line 
this  involution  is  projected  into  an  involution  of  lines  whose  double 
lines  are  the  projections  of  the  given  points. 

THEOREM  13.  If  A^AZ  and  B^B^  are  two  pairs  of  conjugate  imagi- 
nary points  on  different  lines,  the  lines  ~dlB1  and  -AJfr^  meet  in  a  real 
point  and  are  conjugate  imaginary  lines. 

Proof.  By  hypothesis  the  lines  A^  and  B^  are  real  and  hence 
they  meet  in  a  real  point  C.  Let  B  be  the  conjugate  of  C  in  the  elliptic 
involution  with  A1  and  A^  as  double  points.  By  Corollary  3,  Theorem  9, 
there  are  two  real  points  P  and  Q  which  are  paired  in  this  involution 
and  separate  B  and  C  hazncioiiically.  Let  A  be  the  conjugate  of  C  in  the 
elliptic  involution  with  Bl  and  B^  as  double  points,  and  let  M  and 
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the  two  real  points  which  are  paired  in  this  involution  and  separate 
A  and  C  harmonically.  Since  any  two  harmonic  sets  are  projective, 

CBPQ  =  CAMS    and     CBPQ  =  CASE. 

The  centers  of  these  two  perspectives  are  two  real  points  Ct  and  O2, 
and  since  each  perspectivity  transforms  two  pairs  of  the  elliptic  invo- 
lution on  the  line  A^  into  two  pairs  of  the  elliptic  involution  on  the 
line  B  Bz>  it  transforms  A^  and  A^  to  B1  and  Bf  Hence  one  of  the 
points  V*  and  Ca  is  the  intersection  of  the  lines  Al%l  and  A^B2  and 
the  other  that  of  the  lines  A&  and  A^.  By  Theorem  12  each  of 
these  pairs  of  lines  is  a  pair  of  conjugate  imaginaries. 


The  complete  quadrilateral  whose  pairs  of  opposite  vertices  are 
AA,BB,  and  C  Cs  is  analogous  to  the  quadrilateral  considered  in 
§  71  whose  vertices  were  J^  and  the  limiting  points  of  two  orthog- 
onal pencils  of  circles  (cf.  fig.  57).  With  regard  to  the  existence  of 
such  quadrilaterals  we  have 

THEOREM  14.  Let  A^9  B^B#  C&  le  the  pairs  of  opposite  vertices 
of  a  complete  quadrilateral.  If  A^A^  and  B^z  are  pairs  of  conjugate 
imaginary  points,  then  Cl  and  Cz  are  real  and  the  diagonal  triangle  of 
the  complete  quadrilateral  is  real.  IfAl  and  A^  are  real  and  Bl  and 
2?2  are  conjugate  imaginaries,  then  C1  and  C2  are  conjugate  imaginaries 
and  the  diagonal  triangle  is  real. 

Proof.  In  the  first  case  Ct  and  <72  are  determined  as  in  the  proof 
of  the  last  theorem  and  hence  are  real  The  diagonal  triangle  has  for 
its  sides  the  three  real  lines  A,  BB  ^ 
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In  the  second  case  let  a  be  the  line  through  J2  which  is  harmon- 
ically conjugate  to  A9Ai  with  respect  to  the  pair  of  lines  Af>Bl  and 
At2Bf  Since  the  latter  two  lines  are  conjugate  imaginaries  and  A^Al 
is  real,  a  is  real.  The  harmonic  homology  with  A^  as  center  and  a  as 
axis  transforms  Bl  and  J^  to  C1  and  C+.  Hence  Cl  and  Ca  are  conjugate 
imaginaries  and  the  line  C^  is  real. 

Eelatively  to  a  real  frame  of  reference  a  real  involution  is  repre- 
sented by  a  bilinear  equation  with  real  coefficients  (§  58,  Vol.  I),  and 
its  double  points  appear  as  the  roots  of  a  quadratic  equation  with  real 
coefficients.  Hence  the  coordinates  of  a  pair  of  conjugate  imaginary 
points  are  expressible  in  the  form 


where  XQS  xlt  x^  x#  yQ,  ylt  y2,  y^  are  real.  Like  remarks  can  be  made 
with  regard  to  the  coordinates  of  a  plane  or  a  line,  and  Theorems  10-14 
can  easily  be  proved  analytically  on  this  basis.  The  following  theorem 
appears  to  be  easier  to  prove  analytically  than  synthetically  : 

THEOREM  15.  A  complex  line  on  a  real  plane  contains  at  least  one 
real  point. 

Proof.   Let  the  equation  of  the  line  be 


This  may  be  expressed  in  the  form 


where  ufQ,  uf0ff  etc.  are  reaL   This  equation  is  equivalent,  if  XQ,  xlt 
are  required  to  be  real,  to 

0, 


two  equations  which  are  satisfied  by  at  least  one  real  point. 

EXERCISES 

1.  A  conic  section  through  three  real  and  two  conjugate  imaginary  points 
is  real. 

2.  A  pair  of  conjugate  imaginary  points  cannot  be  harmonically  conjugate 
with  regard  to  another  pair  of  conjugate  imaginary  points. 

3.  An  imaginary  point  is  on  one  and  only  one  r6al  line  and  has  one  and 
only  one  conjugate  imaginary  point, 
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79.  ProjectiYe,  affine,  and  EucUdean  classificatioa  of  comics.  Let  us 
regard  a  real  plane  TT  as  immersed  in  a  complex  plane  wf,  and  consider 
al  conies  in  TT*  with  respect  to  which  the  polar  of  a  real  point  is  always 
a  real  line.* 

Throughout  the  rest  of  this  chapter  the  word  "conic"  shall  be  used 
in  this  sense.  The  involution  of  conjugate  points  with  regard  to  such  a 
conic  is  one  in  which  real  points  are  paired  with  real  points.  Hence, 
if  a  conic  contains  one  real  point,  every  real  nontangent  line  through 
this  point  contains  another  point  of  the  conic,  and  the  conic  is  real 
The  conies  under  consideration  therefore  fall  into  two  classes,  the  real 
conies  t  and  those  containing  no  real  point. 

By  §  76,  Vol.  I,  any  two  real  conies  are  equivalent  under  the  group 
of  projective  collineations.  The  same  proposition  holds  also  for  any  two 
conies  of  the  other  class,  as  we  shall  now  prove.  Let  two  such  conies 
be  denoted  by  C?  and  C*.  On  an  arbitrary  real  line  I  they  each  deter- 
mine an  elliptic  involution  of  conjugate  points.  By  Cor.  4,  Theorem  9, 
there  is  a  projectivity  of  the  line  /  carrying  the  involution  determined 
by  CJ  into  that  determined  by  Of.  Any  projectivity  of  the  real  plane 
which  effects  this  transformation  on  I  will  carry  CJ  into  a  conic  CJ 
which  has  the  two  conjugate  imaginary  points  A^  Az  on  I  in  common 
with  CJ.  A  collineation  leaving  I  invariant  will  now  carry  the  pole 
of  Z  with  regard  to  083  to  the  pole  of  I  with  regard  to  0*;  and  therefore 
carries  Cl  to  a  conic  C*  which  has  Av  A.2  and  the  tangents  at  these 
points  in  common  with  CJ.  Let  L  be  the  pole  of  Z  with  regard  to  Of 
and  L  be  any  real  point  of  Z.  By  Cor.  3,  Theorem  9,  there  is  a  pair  of 
points  MMl  which  are  conjugate  with  respect  to  (7?  and  harmonically 
separate  L  and  ^  and  also  a  pair  M!M[  conjugate  with  respect  to 
Cl  and  harmonically  separating  L  and  ir  The  homology  with  Z  as 
axis,  L  as  center,  and  carrying  Mf  to  M carries  <742  to  Cf.  Hence  we  have 

THEOREM  16.  Any  two  real  conies  or  any  two  imaginary  conies 
with  real  polar  systems  are  conjugate  under  the  group  of  real  pro- 
jective  collineations. 

*  In  §  85  this  condition  is  seen  to  be  equivalent  to  the  condition  that  the  equa- 
tion of  the  conic  relative  to  a  frame  of  reference  in  TT  shall  be  expressible  with 
real  coefficients.  For  the  present  discussion,  however,  we  do  not  need  the  general 
theory  of  correlation  which  is  used  in  §  85. 

t  According  to  some  usage  any  complex  locus  which  has  a  real  equation  is  called 
real.  Cf .  Pascal's  Repertorium  der  Ho'heren  Mathematik,  Vol.  II  (1910),  Chap.  XIII 
(Berzolari).  According  to  this  definition  both  of  the  above  classes  of  conies  would 
be  called  real. 
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If  the  line  I  be  taken  as  the  line  at  infinity  of  a  Euclidean  plane 
the  argument  above  shows  that  any  two  imaginary  conies  are  also 
conjugate  under  the  affine  group.  Since  these  conies  do  not  meet 
any  real  line  in  real  points,  they  are  analogous  to  ellipses  no  matter 
how  the  line  at  infinity  is  chosen.  Hence  we  make  the  definition : 

DEFINITION.  An  imaginary  conic  with  a  real  polar  system  is  called 
an  imaginary  ellipse. 

The  results  just  established,  together  with  those  stated  in  Ex.  7, 
§  76,  and  Exs.  14  and  15,  §  37,  may  be  summarized  as  follows: 

THEOBEM  17.  Under  the  affine  group  the  conies  with  real  polar 
systems  fall  into  four  classes,  parabolas,  hyperbolas,  real  ellipses, 
imaginary  ellipses.  Any  two  conies  of  the  same  class  are  equivalent 

Under  the  Euclidean  group  conies  must  be  characterized  by  their 
relations  to  the  circular  points  J^  IQ.  Since  a  real  conic  which  does 
not  meet  4,  in  real  points  meets  it  in  conjugate  imaginary  points, 
any  real  conic  through  Jx  also  contains  J2  and  is  therefore  a  circle. 
For  the  same  reason  the  imaginary  conic  determined  by  an  elliptic 
polar  system  must  contain  J2  if  it  contains  Jr 

DEFINITION.  An  imaginary  ellipse  with  respect  to  which  the  pairs 
of  conjugate  points  on  19  are  pairs  of  the  absolute  involution  is  called 
an  imaginary  circle. 

THEOREM  18.  Any  two  real  circles  or  -any  two  imaginary  circles 
are  similar. 

Proof.  Let  the  centers,  necessarily  real,  of  two  circles  Cz  and  JT2 
be  01  and  02  respectively.  The  center  Ol  Baay  be  transformed  to  02  by  a 
translation  Tr  This  carries  (72  to  a  circle  Cf.  Any  real  line  I  through 
02  meets  Cf  in  two  points  <7X  and  O2  and  X2  in  two  points  K^  and  Jf2. 
Since  each  of  these  pairs  is  harmonically  conjugate  with  respect  to  #2 
and  the  point  at  infinity  Om  of  ly  the  homology  T2  with  02  as  center 
and  /»  as  axis  which  carries  C^  to  Kl  also  carries  Cz  to  K^  This  homol- 
ogy evidently  carries  all  real  points  to  real  points  if  Cl9  <72,  JT1?  JT2  are 
real  If  C^C^  and  -K^  are  pairs  of  conjugate  imaginary  points,  con- 
sider (§  77)  the  real  pair  of  points  PPf  harmonically  conjugate  with 
regard  to  C^C^  and  00*  and  the  real  pair  QQf  harmonically  conjugate 
with  regard  to  JT^  and  00W.  The  homology  T2  must  carry  P  and  P! 
to  Q  and  Qr  and  therefore  carries  all  real  points  to  real  points  in 
this  case* 
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Now  the  conic  Cf  is  fully  determined  by  its  points  Iv  I2,  Cv  <72  and 
Its  center  02  and  K*  is  fully  determined  by  Il9  I2,  Kv  K^  and  O2.  Hence 
T2  carries  Cf  to  A"2.  The  product  TJ1  carries  €'2  to  K\ 

THEOREM  19.  Any  two  paratolas  are  similar. 

Proof.  Let  Cf2  and  JT2  be  two  parabolas  and  let  CL  and  -5T«  be  their 
points  of  contact  with  /».  Let  Tx  be  any  rotation  carrying  CL  to  .£» 
and  let  T1(C'2)  =  {712.  Let  JC  be  the  conjugate  of  _&«_in  the  absolute 
involution  and  let  c  be  the  ordinary  line  through  K*  tangent  to  Cf 
and  C  its  point  of  contact;  also  let  Js  be  the  ordinary  line  through 
K*  tangent  to  J£*,  and  K  its  point  of  contact.  The  translation  Ta 


carrying  C  to  Jf  carries  c  to  A  and  CJ  to  a  conic  (7|  touching  L  at  JT«. 
Any  line  Z  through  -BT,  not  containing  ^"»  or  Kmy  meets  (7|  in  a  point 
O;  and  IT2  in  a  point  K*.  The  homology  Ts  with  JT  as  center,  L  as 
axis,  and  carrying  Cr  to  KT  carries  (7|  to  ^2.  The  product  T8T2T1  is  a 
similarity  transformation  carrying  <72  to  K\ 

No  theorem  analogous  to  the  last  two  holds  for  ellipses  and  hyper- 
bolas. Suppose  an  ellipse  or  a  hyperbola  <72  meets  ln  in  C^  and  C^  and 
another  ellipse  or  hyperbola  JT3  meets  it  in  -S^  and  K^.  In  case  a 
similarity  transformation  carries  C^  and  C^  into  ^  and  JT2, 

(5)  » (j/2,  (7^)= %  (j/s,  jrxz-2). 

Conversely,  if  C2  and  J572  satisfy  the  condition  (5)  there  evidently 
ezists  a  rotation  carrying  Ol  and  Cz  to  JTt  and  JT2.  This  rotation  carries 
(72  to  a  conic  C?  which  passes  through  jS^  and  J5TS.  By  an  argument 
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analogous  to  the  proof  of  Theorem  18  it  can  be  shown  that  if  Of  and 
JT2  are  both  real  ellipses,  or  both  imaginary  ellipses,  or  both  hyper- 
bolas, there  is  a  similarity  transformation  carrying  Cf  to  JS?.  Hence 
THEOREM  20.  Two  real  ellipses  or  two  imaginary  dlipses  or  two 
hyperbolas  which  meet  I*  in  pairs  of  points  C^  and  K^K^  are 
similar  if  and  only  if  B{J/2,  6^)= 


EXERCISE 

A  hyperbola  for  which  B  (I-J*,  K^K^)  =  —  1  is  rectangular  (Ex.  3,  §  73). 

SO,  Foci  of  the  ellipse  and  hyperbola.  Let  C2  be  any  hyperbola  or 
real  or  imaginary  ellipse,  and  let  llt  12  be  the  tangents  to  (72  through 
Jx  and  Zg,  Z4  the  tangents  to  <72  through  If  The  circular  points  Jx,  J2 
are  one  pair  of  opposite  vertices  of  the  complete  quadrilateral  l^^ 
Let  the  other  two  pairs  of  opposite  vertices  be  F^FZ  and  F[F±  respec- 
tively (fig.  63),  let  a  be  the  line  F^,  I  the  line  F[Fr^  and  0  the  point 
of  intersection  of  a  and  5.  Also  let  A*  and  JB*  be  the  points  at  infinity 
of  the  lines  a  and  "b  respectively.  The  triangle  OA^B^  is  self-polar 
with  respect  to  C\  Hence  O  is  the  center  of  (72  and  is  therefore  real 

Let  X  be  any  real  point  not  on  l^  lz,  19,  l^  or  C*.  By  the  dual  of  the 
Desargues  theorem  on  conies  (§  46,  Vol.  I)  the  tangents  to  C*  through 
X  are  paired  in  the  same  involution  with  XI^  XI2  and  XF^  XF^  and 
XF[9  XFy  The  double  lines  x1Jf  xz  of  this  involution  are  harmonically 
conjugate  with  regard  to  XI^  XI^  and  to  the  tangents  to  tf2.  Hence 
they  are  paired  both  in  the  involution  of  orthogonal  lines  at  X  and 
the  involution  of  lines  conjugate  with  respect  to  O2  at  X.  Hence 
by  Cor.  2,  Theorem  9,  xl  and  a?2  are  real,  and  are  the  unique  pair  of 
orthogonal  lines  on  X  which  are  conjugate  with  regard  to  (T2. 

In  particular,  if  JT=  0  it  follows  that  a  and  6  are  real  and  are  the 
only  pair  of  orthogonal  and  conjugate  diameters  of  C*.  Hence  A*  and 
2?w  are  also  real.  If  X  is  not  on  a,  5,  or  L,  the  lines  a^  and  #2  meet  a 
in  a  pair  of  real  points  X^  X^  distinct  from  A*>  and  0.  Since  F^  and  Ft 
are  harmonically  conjugate  with  respect  to  the  real  pairs  X^  and  A»  0, 
they  are  either  real  or  conjugate  imaginaries.  But  since  J4  and  J2  are 
conjugate  unaginaries,  by  Theorem  14  if  one  of  the  pairs  F^F^  and 
F[F^  is  a  pair  of  real  points,  the  other  is  a  pair  of  conjugate  imagi- 
naries, and  conversely.  Henc$  the  notation  may  be  so  assigned  that 
Fl  and  F2  are  real  and  F^  and  J?J  axe  conjtigate  i 
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Let  Al  and  Az  be  the  points  in  which  a  meets  €*  and  5X  and  -#s  the 
points  in  which  b  meets  C\  By  construction  neither  of  the  lines  a 
and  "b  can  be  tangent  to  C'  so  that  each  of  the  pairs  A^  and  5^  is 
either  real  or  a  pair  of  conjugate  imaginaries. 

In  case  (7s  is  an  imaginary  ellipse,  both  A^  and  B^  are  neces- 
sarily pairs  of  conjugate  imaginaries.  In  case  Cf2  is  a  real  ellipse,  the 
line  L  does  not  meet  it  in  any  real  point,  and  hence  0,  the  pole  of  £w, 
is  an  interior  point.  Hence  both  a  and  5  meet  C*  in  real  points. 
Hence  if  Uz  is  an  ellipse,  A19  A#  B#  \  are  all  red.  Whether  C*  is 
an  ellipse  or  a  hyperbola,  the  tangents  to  (72  from  JF  are  conjugate 
imaginary  lines  since  they  join  the  real  point  J^  to  the  conjugate 
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imaginary  points  Jx  and  J2.  Hence  F^  is  interior  to  C2,  as  is  also  jP2 
by  a  like  argument.  Hence  the  line  F^  meets  (72  in  real  points. 
Hence  if  6f2  is  a  hyperbola,  Al  and  ^2  are  real.  But  if  <72  is  a  hyper- 
bola, 0  is  an  exterior  point,  and  hence  A*,  which  is  harmonically 
separated  from  0  by  A^  and  A^>  must  be  an  interior  point.  Hence  &, 
the  Dole  of  A^  does  not  meet  C*  in  real  points,  and  consequently  B^ 
and  B^  are  conjugate  imaginaries. 

Lefc  the  polars  of  F19  F2,  F[,  Fl  relative  to  C2  be  denoted  by  dlt  d^ 
dl^  &[  respectively.  Then  d±  and  d%  being  the  polars  of  real  points  are 
real  ;  and  since  their  point  of  intersection  is  polar  to  a,  it  is  £*,,  and 
hence  tbey  are  parallel  to  b.  In  like  manner  dl  and  drz  pass  through 
JL+  and  are  conjugate  imapinaries. 


jao] 
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DEFINITION.  The  lines  a  and  &  defined  above  are  called  the  axes  of 
the  conic  O2,  a  being  called  the  major,  or  principal,  axis  and  5  the 
minor,  or  secondary,  axis.  Each  of  the  points  J^,  J^,  F[,  F^  is  called  a 
focus,  and  each  of  the  points  A^  Az,  B#  B^  a  vertex,  of  the  conic  C\ 
Each  of  the  lines  dlt  d23  d[y  d%  is  called  a  directrix  of  C*. 
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In  the  course  of  the  discussion  of  the  complete  quadrilateral  l}}}± 
we  have  established  the  following  propositions : 

THEOREM  21.  If  C*  is  a  hyperbola  or  a  real  or  imaginary  ellipse 
which  is  not  a  circle,  its  axes  are  the  unique  pair  of  conjugate  diam- 
eters which  are  mutually  perpendicular.  Two  of  the  foci  and  two  of  the 
directrices  are  real.  The  real  foci  lie  on  the  major  axis  and  the  real 
directrices  are  perpendicular  to  it.  The  other  two  foci  are  conjugate 
imaginaries  and  lie  on  the  minor  axis.  If  G2  is  real,  the  real  foci  are 
interior  points  and  the  real  directrices  are  exterior  lines.  If  C*  is  a 
real  ellipse,  all  four  of  the  vertices  are  real;  if  C*  is  a  hyperbola,  the 
two  vertices  on  the  major  axis  are  real  and  those  on  the  minor  axis 
are  conjugate  imaginaries. 

The  two  tangents  to  (72  through  F^  pass  also  through  JTt  and  J2. 
Pairs  of  conjugate  lines  at  J^  are  separated  harmonically  by  these 
two  tangents  and  hence  meet  £«  in  pairs  of  the  involution  whose 
double  points  are  1^  and  J2.  If  we  limit  attention  to  real  elements, 
this  may  be  expressed  by  saying  that  the  pairs  of  conjugate  lines  with 
respect  to  C*  which  pass  through  a  focus  are  orthogonal.  Conversely, 
if  the  pairs  of  orthogonal  lines  at  any  point  P  are  conjugate  with 
respect  to  C*>  the  double  llnea  of  the  involuitiom  of  orthogonal  lines  at 
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P  would  have  to  coincide  with  the  double  lines  of  the  involution  of 
conjugate  lines,  and  hence  P  would  be  a  focus.  Hence 

THEOREM  22.  The  real  foci  of  a  hyperbola  or  a  real  or  imaginary 
ellipse  are  the  unique  pair  of  real  points  at  which  all  pairs  of  con- 
jugate lines  are  orthogonal. 

The  set  of  all  coaics  tangent  to  the  four  minimal  lines  lv  ?2,  /g,  Z4 
form  a  range  (§  47,  Vol.  I).  Hence  the  pairs  of  tangents  to  these  conies 
through  any  point  P  not  on  the  sides  of  the  diagonal  triangle  OA*>B* 
form  an  involution  among  the  pairs  of  which  are  the  pairs  of  lines 
PI19  PI3;  PP1?  PPS;  and  PF[,  PF^  Now  if  P  is  on  C2,  there  is  only 
one  tangent  to  (72  at  P,  and  this  tangent  is  therefore  a  double  line  of 
the  involution.  This  and  the  other  double  line  have  to  be  harmon- 
ically conjugate  with  respect  to  PJf  and  PJ2;  that  is,  if  C2  and  P 
are  real,  the  two  double  lines  have  to  be  orthogonal.  These  double 
lines  must  be  harmonically  conjugate  also  with  respect  to  PFl 
and  PPW.  Thus  we  have  a  result  which  may  be  expressed  as  follows 
(ci  Ex.  12,  §76): 

THEOKEM  23.  The  tangent  and  the  normal  to  a  real  ellipse  or 
hyperbola  at  any  real  point  are  the  bisectors  of  the  pair  of  lines 
joining  this  point  to  the  real  foci. 

In  the  proof  of  this  proposition  we  have  excepted  the  vertices  of 
the  conic,  but  the  validity  of  the  proposition  for  these  points  is  self- 
evident.  Another  proposition  which  follows  directly  from  the  discus- 
sion above  is  the  following,  in  which  we  make  use  of  the  fact  that  the 
pair  of  real  foci  determines  the  pair  of  imaginary  ones,  and  vice  versa. 

THEOBEM  24.  DEFINITION.  The  system  of  all  conies  having  two 
real  or  two  imaginary  foci  in  common  is  a  range  of  conies  of  Type  I. 
The  two  conies  of  the  set  which  pass  through  any  real  point  have 
orthogonal  tangents  at  this  point.  Such  a  range  of  conies  is  called  a 
system  of  confocal  conies  or  of  confocals. 

The  construction  for  the  foci  which  has  been  considered  in  this  section, 
when  applied  to  a  circle,  reduces  to  a  very  simple  one.  The  tangents  to  the 
circle  at  1^  and  72  meet  in  the  center  of  the  circle.  The  center  of  the  circle 
is  therefore  sometimes  referred  to  as  the  focus  and  the  line  at  infinity  as  the 
directrix. 

The  term  "  focus  "  is  derived  from  the  property  stated  in  Theorem  23,  in 
consequence  of  which,  if  the  conic  he  regarded  as  a  reflecting  surface,  all  rays 
of  light  diverging  from  one  focus  will  be  reflected  back  to  the  other  focus. 
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In  the  rest  of  the  chapter  the  foci,  center,  directrices,  and  axes  of 
an  ellipse  or  a  hyperbola  will  be  denoted  by  the  same  letters  as  in  this 
section.  The  notation  has  been  assigned  so  that  for  an  ellipse  the  points 
are  in  the  order 


and  for  the  hyperbola  in  the  order 


where  Dl  and  Ds  denote  the  points  of  intersection  of  the  principal 
axis  with  the  directrices  d^  and  dz  respectively. 

81.  Focus  and  axis  of  a  parabola.  Let  C*  be  any  parabola  Since 
it  is  tangent  to  /«,  there  are  two  ordinary  tangents  to  it  through  1^ 
and  J9  respectively  ;  let  these  be  denoted  by  /x  and  /2  respectively. 
Let  their  point  of  intersection  be  denoted  by  Fy  their  points  of  contact 
with  C*  by  L^  and  L2  respectively,  and  the  line  L^2  by  d.  Also  let 
the  point  of  contact  of  Cz  with  L  be  denoted  by  Ax,  the  line  A^F  by 
a,  and  the  point,  other  than  A*,  in  which  a  meets  O2,  by  A. 

DEFINITION.  The  point  F  is  called  the  focus,  the  line  d  the  direct 
trix,  the  line  a  the  axis,  the  point  A  the  vertex,  of  the  parabola  C\ 


FIG.  66 


That  the  focus,  directrix,  etc.  of  a  parabola  are  real  may  be  proved 
as  follows:  The  transformation  from  pole  to  polar  with  regard  to 
C*2  transforms  the  absolute  involution  to  an  involution  of  the  lines 
through  A*  and  transforms  It  and  J2  into  AJL^  and  A*L^  respectively. 
The  involution,  in  the  lines  at  Aw  is  perspective  with  an  involution 
among  the  points  of  C*  which  tas  LI  and  i2  as  double  points.  Hence 
£f  and  L^  are  conjugate  imaginary  points*  Hence  by  Theorem  10  tbe 
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line  d  Is  real.  Hence  its  pole*  Fy  Is  real  Hence  the  line  a  joining 
jP  to  A*  is  real,  and  also  the  point  A. 

Since  the  two  tangents  to  Cz  through  F  pass  through  It  and  J2, 
any  two  conjugate  lines  through  -F  are  perpendicular.  Conversely,  if 
the  pairs  of  conjugate  lines  at  any  point  are  orthogonal,  the  tangents 
through  this  point  must  contain  I2  and  Js  respectively.  Hence  F  is 
the  only  such  point.  Since  the  tangents  through  F  are  imaginary,  F 
is  interior  to  G~9  and  hence  all  real  points  on  d  are  exterior. 

The  tangent  at  A  is  parallel  to  d,  and  hence  by  the  construction  of 
d  perpendicular  to  a.  Since  the  tangent  at  any  other  ordinary  point 
of  C2  is  not  parallel  to  d,  it  follows  that  the  line  a  is  the  only  diameter 
of  C'2  which  is  perpendicular  to  its  conjugate  lines.  These  and  other 
obvious  consequences  of  the  definition  may  be  summarized  as  follows : 

THEOREM  25.  The  axis  of  a  parabola  is  real  and  is  the  only 
diameter  perpendicular  to  all  its  conjugate  lines.  The  foeits  of  a 
parabola  is  real  and  lies  on  the  axis.  The  focus  is  the  unique  point 
at  which  all  pairs  of  conjugate  lines  are  orthogonal.  It  is  interior  to 
the  parabola.  The  directrix  is  real,  is  the  polar  of  the  focus,  and  is 
perpendicular  to  the  axis.  All  real  points  of  the  directrix  are  exterior 
to  the  parabola.  The  vertex  is  real  and  is  the  mid-point  of  the  focus 
and  the  point  in  which  the  directrix  meets  the  axis. 

The  system  of  alLconics  tangent  to  l±  and  Z£  and  to  I*  at  A*  forms  a 
range  of  Type  II  (§  47,  Vol.  I)  which  consists  of  all  paraholas  having 
F  as  focus  and  a  as  axis.  The  pairs  of  tangents  to  these  conies 
through  any  real  point  P  of  the  plane  are  by  the  dual  of  Theorem  20, 
Chap.  V,  VoL  I,  the  pairs  of  an  involution  in  which  P/t  is  paired  with 
PI2  and  PJ?  with  PA*.  The  tangents  to  the  two  conies  of  the  range 
which  pass  through  P  are  the  double  lines  of  this  involution  and 
hence  separate  P/t  and  P/2  harmonically.  Thus  we  have 

THEOREM  26.  The  parabolas  with  a  fixed  focus  and  axis  form  a 
range  of  Type  II.  The  two  parabolas  of  the  range  which  pass  through 
a  given  point  have  orthogonal  tangents  at  this  point. 

The  tangent  to  either  parabola  through  P  is  therefore  normal  to  the 
other.  Since  these  two  lines  separate  PF  and  PAM  harmonically,  we  have 

THEOREM  27.  The  tangent  and  the  normal  to  a  parabola  at  any 
point  are  the  bisectors  of  the  pair  of  lines  through  this  point  of  which 
one  passes  through  the  focus  and  the  other  is  a  diameter. 
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EXERCISES 

1.  If  P  is  any  point  of  an  ellipse,  the  normal  at  P  is  the  interior  bisector 
of  4  F^PF^.  If  P  is  any  point  of  a  hyperbola,  the  tangent  at  P  is  the  interior 
bisector  of  4.  F^Fy 

2.  At  any  nonfocal  point  in  the  plane  of  a  conic  there  is  a  unique  pair  of 
orthogonal  lines  whieh  are  conjugate  with  regard  to  the  conic.   In  case  of  an 
ellipse  or  a  hyperbola  these  lines  harmonically  separate  the  real  foci.    In  case 
of  a  parabola  they  meet  the  axis  in  a  pair  of  points  of  which  the  focus  is 
the  mid-point. 

3  For  any  point  P  of  an  axis  of  a  conic  there  is  a  unique  point  Pf  on 
the  same  axis  such  that  any  line  through  P  is  orthogonal  to  its  conjugate 
line  through  P/.  The  pairs  of  points  P  and  Pf  are  pairs  of  an  involution 
(called  &  focal  involution)  whose  double  points  are  the  foci  of  the  conic,  or,  in 
case  of  a  parabola,  the  focus  and  the  point  at  infinity  of  the  axis.  If  P  and 
P"  are  on  the  minor  axis,  4  PP1P/  is  a  right  angle.  If  the  conic  is  a  parabola, 
F  is  the  mid-point  of  the  pair  PP*. 

4.  Of  two  confocal  central  conies  having  a  real  point  in  common,  one  is 
an  ellipse  and  the  other  a  hyperbola. 

5.  The  tangents  at  the  points  in  which  a  conic  is  met  by  a  line  through 
a  focus  meet  on  the  corresponding  directrix. 

6.  If  two  conies  have  a  focus  in  common,  the  poles  with  regard  to  the 
two  conies  of  any  line  through  this  focus  are  collinear  with  the  focus. 

7.  Let  P  be  any  point  of  a  conic,  and  Q,  the  point  in  whieh  the  tangent  at 
P  meets  a  directrix.   If  F  is  the  corresponding  focus,  £PFQ  is  a  right  angle. 

8.  If  a  circle  passes  through  the  two  real  foci  and  a  point  P  of  a  conic,  it 
will  have  the  two  points  in  which  the  tangent  and  normal  at  P  cut  the  other 
axis  as  extremities  of  a  diameter. 

9.  If  a  variable  tangent  meets  two  fixed  tangents  in  points  P  and  Q 
respectively,  and  F  is  a  focus,  the  measure  of  4  PFQ  is  constant. 

10.  Let  tj_  and  t%  be  two  tangents  of  a  central  conic  meeting  in  a  point  T; 
the  pair  of  lines  tv  TFl  is  congruent  to  the  pair  TFZ,  tz. 

11.  The  line  joining  the  focus  to  the  point  of  intersection  of  two  tangents 
to  a  parabola  makes  with  either  tangent  the  same  angle  that  the  other  tangent 
makes  with  the  axis. 

12.  Let  p  be  a  variable  tangent  of  a  parabola,  and  P  a  point  of  p  such  that 
the  line  PF  makes  a  constant  angle  with  p.  The  locus  of  P  is  a  tangent  to 
the  parabola. 

13.  The  foci  of  all  parabolas  inscribed  in  a  triangle  lie  on  a  circle. 

14.  A  circle  circumscribed  to  a  triangle  which  is  circumscribed  to  a 
parabola  passes  through  the  focus. 

15.  The  circles  circumscribing  four  triangles  whose  sides  form  a  complete 
quadrilateral  pass  through  a  point  which  is  tlie  focus  of  tlie  parabola  having 
the  sides  of  th0  quadrilateral  as  tangents. 
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16.  Let  P  be  any  point  coplanar  with,  but  not  on  an  axis  of,  a  conic  C2. 
The  lines  which  are  at  once  per|«0dieular  to  and  conjugate  with  regard  to  :  " 
to  the  lines  through  P  are  the  tangents  of  a  parabola  (the  Steiner  parabola). 
The  axes  of  C2  are  tangents  of  this  parabola. 

17.  If  P  and  P"  are  a  pair  of  one  focal  involution  of  a  central  conic,  and 
Q  and  Q"  a  pair  of  the  other,  P,  P,  Qf  Q'  are  on  an  equilateral  hyperbola, 
which  may  degenerate  into  a  pair  of  orthogonal  lines. 

18.  Given  five  points  of  a  conic,  construct  by  ruler  and  compass  the  center, 
the  azes,  the  vertices,  the  foci,  and  the  directrices.    Construct  the  same 
elements  when  five  tangents  are  given. 

82.  Eccentricity  of  a  conic.  Let  I*  be  a  real  focus,  and  d  the  cor- 
responding directrix,  of  a  conic  6t2  which  is  not  a  circle.  Let  a  be  the 
major  axis  of  C2,  and  h  the  line  parallel  to  d  such  that  if  a  meets  d 
in  a  point  D,  and  A  in  a  point  H,  D  is  the  mid-point  of  the  pair  FH. 
Then  d  is  the  vanishing  line  (§  43)  of  the  harmonic  homology  T  with 
F  as  center  and  h  as  axis. 


Since  F  is  a  focus,  the  tangents  to  <72  through  F  pass  also  through 
the  circular  points.  Hence  the  transformation  T  changes  C2  into  a 
circle  J£*  with  F  as  center.  Now  if  P  is  any  point  of  the  circle, 
Pf  the  point  of  C2  to  which  P  is  transformed  by  T,  and  Df  the 
point  in  which  the  line  through  Pr  parallel  to  FD  meets  d,  it  follows 
by  Cor.  2,  Theorem  21,  Chap.  Ill,  that 


Dist(P'Z>') 
Since  Dist  (PF)  and  Dist  (FD)  are  constants,  it  follows  that 

THEOREM  28.  DEFINITION.  The  ratio  of  the  distances  of  a  point 
of  d  conic  to  a  focus  and  to  the  corresponding  directrix  is  a  constant 
vailed  the  eccentricity. 
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The  conic  C72  is  a  parabola  if  and  only  if  the  circle  JC*  is  tangent 
to  d,  the  Yanishing  line  of  F.  In  this  case 

Dist  (FD)  =  Dist  (PF), 

and  hence  the  eccentricity  is  unity.   The  conic  C*  is  a  hyperbola  if 
and  only  if  JT2  meets  d  in  real  points.   In  this  case 

Dist  (FD)  <  Dist  (PF)9 

and  hence  the  eccentricity  is  greater  than  one.  Applying  a  like 
remark  to  the  ellipse  we  have 

THEOBEM  29.  A  conic  section  is  an  ellipse,  hyperbola,  or  parabola 
according  as  its  eccentricity  is  less  than,  greater  tJian,  or  equal  to 
unity. 

A  circle  is  said  to  have  eccentricity  zero,  because  if  P  and  F  be  held 
constant,  and  D  be  moved  so  as  to  increase  FD  without  limit,  tie  ratio 
Dist  (P.F)/ Dist  (.FD)  approaches  zero. 

The  eccentricity  of  a  hyperbola  or  an  ellipse  is  evidently  the  same 
relatively  to  either  of  its  real  foci,  because  the  two  foci  and  the 
corresponding  directrices  are  interchangeable  by  an  orthogonal  line 
reflection  whose  axis  is  the  minor  axis  of  the  conic. 

As  an  immediate  corollary  of  the  definition  of  eccentricity  we  have 

THEOREM  30.  Two  real  conies  are  similar  if  and  only  if  they  have 
the  same  eccentricity. 

On  comparing  this  theorem  with  Theorem  20,  it  is  evident  that  the 
eccentricity  is  a  function  of  the  cross  ratio  of  the  double  points  of 
the  absolute  involution  and  the  points  in  which  the  conic  meets  L. 
As  an  example  of  this  relation  we  have  (by  comparison  with  §  72) 
the  theorem  that  any  two  hyperbolas  whose  asymptotes  make  equal 
angles  have  the  same  eccentricity.  The  formula  connecting  the  eccen- 
tricity of  a  hyperbola  with  the  angular  measure  of  its  asymptotes  is 
given  in  Ex.  7,  below,  and  the  formula  for  the  eccentricity  in  terms 
of  the  cross  ratio  referred  to  in  Theorem  20  is  given  in  Ex.  9. 

Since  a  real  focus  of  any  conic  is  an  interior  point,  the  line  through, 
a  real  focus  (e.g.  J* ,  fig.  64)  perpendicular  to  the  principal  axis  meets 
the  conic  in  two  points,  Q^  The  number  Dist  (Q&)  is  evidently 
the  same  for  both  foci  of  an  ellipse  or  hyperbola,  and  hence  is  a  fixed 
number  for  any  conic  C\ 
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DEFINITION.  The  number  p  =  Dist  (Q&)  is  called  the  parameter, 
or  latits  rectum,  of  the  conic  C2. 

In  the  following  exercises  e  will  denote  the  eccentricity  and  p 
the  parameter  of  any  conic.  For  an  ellipse  or  hyperbola  a  denotes 
Dist  (OAJ  and  c  denotes  Dist  (OFJ.  For  an  ellipse  6  denotes 
Dist  (OZJj).  For  a  hyperbola  b  denotes  VV2  —  a\ 

In  all  cases  a  radical  sign  indicates  a  positive  square  root. 

EXEHCISES 

1.  If  P  is  any  point  of  an  ellipse,  Dist  (FJ>)  +  Dist  (F2P)  =  2  a. 

2.  If  P  is  any  point  of  a  hyperbola,  Dist  (FjP)  -  Dist  (F2P)  =  ±  2  a. 

3.  In  an  ellipse  Dist  (B^)  =  a  and  a3  =  //3  +  c2. 

4.  Dist  ( J .FJ  •  Dist  (F, J2)  =  /A   c  2 p 

5.  In  an  ellipse  or  hyperbola  e  =  -  and  p  —  - — 

6.  In  a  parabola  Dist  (AF)  =  jp/4.  fl  ° 

7.  The  measure  0  (§  67)  of  the  pair  of  asymptotes  of  a  hyperbola  is 
determined  by  the  equation  2 

CQS0  =  1  —  —  • 
C 

8.  For  an  equilateral  hyperbola  e  =  V§. 

9.  The  cross  ratio  B  (CjCg,  ^/g)  =  F  referred  to  in  Theorem  20  is  con- 
nected with  the  eccentricity  by  the  relation 


in  case  of  an  ellipse,  and  by    e2  = — — ~ 

JL  ~—   ^u  1C  ~T"   Aw 

in  case  of  a  hyperbola. 

10.  Let  Az  and  B2  be  the  circles  with  0  as  center  and  passing  through  the 
vertices  A:  and  J3F  respectively,  of  an  ellipse,  and  let  a  variable  ray  making 
an  angle  of  measure  0  with  the  ray  OA  meet  these  circles  in  X  and  Y 
respectively.   Then  the  line  through  7  parallel  to  OA  l  meets  the  line  through 
X  parallel  to  OBl  in  a  point  P  of  the  conic.   If  x  and  y  are  the  coordinates 
of  P  relative  to  the  axes  of  the  conic, 

x  =  a  cos  6,    y  =  b  sin  6. 
B  is  called  the  eccentric  anomaly  of  the  point  P. 

11.  Relative  to  a  nonhomogeneous  coordinate  system  in  which  the  prin- 
cipal axis  of  a  conic  is  the  ar-axis,  and  the  tangent  at  a  vertex  the  y-axis,  the 
equation  of  a  parabola,  ellipse,  and  hyperbola,  respectively,  can  be  put  in 
the  form  ^  _  „„ 
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12.  Relative  to  the  asymptotes  as  axes,  the  equation  of  a  hyperbola  may 
be  written 


13.  Relative  to  any  pair  of  conjugate  diameters  as  axes,  an  ellipse  has  the 
equation  .        - 

_  +  H  =  i 

and  a  hyperbola,  £-  —  JC  - 1. 

If  A'  is  a  point  in  which  the  ar-axis  meets  the  conic,  Bist  (OA*)  =  a'.  In 
the  case  of  an  ellipse,  if  B'  is  one  of  the  points  in  which  the  s/-axis  meets  the 
conic,  Dist  (QB')=V. 

14.  The  measure  of  the  ordered  point  triads  OA'B'  is  a  constant. 

15.  The  numbers  a*  and  tf  satisfy  the  conditions  a/2  -f-  5'2  =  a2  -f  J2  in  case 
of  an  ellipse  and  a'2  —  &'2  =  a2  —  IP  in  case  of  a  hyperbola. 

16.  The  equation  of  a  system  of  confocal  central  conies  relative  to  a  sys- 
tem of  nonhomogeneous  point  coordinates  in  which  the  axes  of  the  conies 

are  x  =  0  and  y  =  0  is  ^  * 

L.  — IL —  i 

a2-A      ^-A 

where  A  is  a  parameter.  In  the  homogeneous  line  coordinates  such  that 
u^x  -h  u2y  +  UQ  =  0  gives  the  condition  that  the  point  (x,  y)  be  on  the  line 
[wm  uv  M2],  the  equation  of  a  system  of  confocals  is  u*  =  (a2  —  A)  u*  +  (^2  —  A)«|. 

17.  Relative  to  point  coordinates  in  which  the  origin  is  the  focus,  y  =  0 
the  axis  of  the  parabolas,  and  x  =  0  perpendicular  to  the  axis,  the  equation 
of  a  system  of  confocal  parabolas  is 


-  X)=  0. 
In  the  corresponding  homogeneous  line  coordinates  this  is  (cf.  Ex.  16) 


83.  Synoptic  remarks  on  conic  sections.  An  inspection  of  the 
literature  will  convince  one  that  it  would  not  be  practical  to  include 
a  complete  list  of  the  known  metric  theorems  on  conic  sections  in  a 
book  like  this  one.  The  theorems  which  we  have  derived,  however, 
are  sufficient  to  indicate  how  the  rest  may  be  obtained  either  directly 
as  special  cases  of  projective  theorems  or  as  consequences  of  the  focal 
and  affine  theorems  given  in  this  chapter  and  Chap.  III. 

The  theorems  on  conic  sections  have  been  classified  according  to 
the  geometries  to  which  they  belong.  The  most  general  and  elemen- 
tary which  we  have  considered  are  those  which  belong  to  the  proper 
projective  geometry  (§  17),  the  geometry  corresponding  to  the  projec- 
tive group  in  any  space  satisfying  Assumptions  A,  E*  P.  Theorems 
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of  this  class  are  given  in  Vol.  I,  particularly  in  Chaps.  V,  VIII,  X. 
A  second  large  class  contains  those  theorems  which  belong  to  the 
affine  geometry  in  any  proper  protective  space.  These  are  treated 
somewhat  fully  in  Chap.  III. 

The  theorems  of  the  class  considered  in  §§  74,  75  of  this  chapter 
belong  to  the  protective  geometry  of  an  ordered  space.  The  theorems 
of  §  76  belong  to  the  projeetive  geometry  of  a  real  space.  Finally, 
in  §§  80-82  we  have  been  considering  theorems  of  the  Euclidean 
geometry  of  a  real  space. 

It  is  quite  feasible  to  make  a  much  finer  classification  of  theorems 
on  conies.  This  would  mean,  for  example,  distinguishing  those  proper- 
ties of  foci  which  hold  in  a  parabolic  metric  geometry  in  a  general 
space,  then  those  which  hold  in  an  ordered  space,  and  then  those 
which,  are  peculiar  to  the  real  space. 

The  theorems  which  have  been  under  discussion  in  the  remarks 
above  refer  in  general  to  figures  composed  of  one  conic  section  and  a 
finite  number  of  points  and  lines.  Theorems  regarding  more  than 
one  conic  at  a  time  have  not  been  considered  in  any  considerable 
number,  and  the  theory  of  families  of  conies  has  not  been  carried 
beyond  pencils  and  ranges.  For  an  outline  of  this  subject  the  reader 
is  referred  to  the  Encyclopadie  der  Math.  Wiss.,  Ill  Cl,  §§  56-90. 

EXERCISES 

1.  The  diagonals  of  the  rectangle  formed  by  ths  tangents  at  the  vertices 
of  an  ellipse  are  conjugate  diameters  for  which  a'  =  V.   The  angle  between 
this  pair  of  conjugate  diameters  is  less  than  that  between  any  other  pair  of 
conjugate  diameters.  For  this  pair  of  conjugate  diameters  a'+  b'  is  a  maxi- 
mum.  It  is  a  minimum  for  of  =  0,  If  =  b. 

2.  If  two  orthogonal  diameters  of  a  conic  meet  it  in  P  and  Q, 

J^+J^=I+I 

OP*      OQ2     a*     b2 

for  an  ellipse,  and  ^  /I      1 


for  a  hyperbola. 

3.  The  locus  of  a  point  from  which  the  two  tangents  to  a  conic  C2  are 
orthogonal  is  a  real  circle  in  case  C2  is  an  ellipse  or  a  hyperbola  for  which 
a  >  b  ;  is  a  pair  of  conjugate  imaginary  lines  through  the  center  and  the  cir- 
cular points  in  case  C2  is  a  hyperbola  for  which  a  =  b  ;  is  an  imaginary  circle 
in  "ise  C2  is  a  hyperbola  for  which  a  <  b  ;  is  the  directrix  in  case  C2  is  a  parab- 
«..  u  The  circle  thus  denned  is  called  the  director  circle  of  C2.  Construct  it 
by  ruler  and  compass. 
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4.  A  variable  tangent  to  a  central  conic  is  met  by  the  lines  through  a  focus 
which  make  a  fixed  angle  with  it  in  the  points  of  a  circle.   In  particular,  the 
locus  o!  the  foot  of  a  perpendicular  from  a  focus  to  a  tangent  is  a  circle. 

5.  If  t  Is  a  variable  tangent  of  a  central  conic,  Dist  (F^)  -  Dist  (Fjt)  =  A* 
If  f  is  the  other  tangent  parallel  to  /,  Dist  (*\t)  -  Dist  (F/)  =  &. 

6.  If  F  is  a  focus  of  a  conic  and  P19  P2  the  points  of  intersection  of  an 
arbitrary  line  through  F  with  the  conic, 


^    _ 

P.F     FP* 

is  a  constant. 

7.  If  the  tangent  to  a  conic  at  a  variable  point  P  meets  the  axes  in  two 
points  Tl  and  2"2,  and  the  normal  at  P  meets  them  in  X1  and  Ara,  then 

Dist  (PTj)  -  Dist  (PTt)  =  Dist  (P.Vj)  -  Dist  (PaV2) 
=  Dist  (PFj)  -  Dist  (PF2). 


8.  There  is  a  unique  circle  which  osculates*  a  given  conic  at  a  given 
point  P.   This  is  called  the  circle  of  curvature  at  P.    Its  center  is  called  the 
center  of  curvature  for  P  and  lies  on  the  normal  at  P. 

9.  Construct  by  ruler  and  compass  the  center  of  the  circle  of  curvature 
at  an  arbitrary  point  of  a  given  conic. 

10.  The  circle  of  curvature  of  a  conic  C2  at  a  point  P  meets  C2  in  one  and 
only  one  other  point,  Q.   The  line  PQ  is  the  axis  and  the  point  P  the  center  of  an 
elation  which  transforms  Kz  into  C2.    The  center  of  curvature  is  transformed 
by  this  elation  into  the  center  of  the  involution  on  C2  in  which  the  pairs  of 
orthogonal  lines  at  P  meet  C2. 

11.  The  tangent  and  normal  at  any  point  P  of  a  conic  C2  are  both  tangent 
to  the  Steiner  parabola  (Ex.  16,  §  81)  determined  by  this  point.   The  point 
of  contact  of  the  normal  with  the  parabola  is  the  center  of  the  circle  of  cur- 
vature of  C2  at  P,  and  the  point  of  contact  of  the  tangent  with  the  parabola 
is  tha  pole  of  the  normal  with  respect  to  C2.    (For  further  properties  of  the 
circle  of  curvature,  cf.  Encyelopadie  der  Math.  Wiss.,  Ill  Cl,  §  36.) 

12.  The  polar  reciprocal  of  a  circle  with  respect  to  a  circle  having  a 
point  0  as  center  is  a  conic  having  0  as  a  focus.    (A  set  of  theorems  related 
to  this  one  will  be  found  in  Chap.  VIII  of  the  book  by  J,  W.  Russell  referred 
to  in  §  73.) 

84.  Focal  properties  of  collimeations.  The  focal  properties  of  conic 
sections  are  closely  related  to  a  set  of  theorems  on  collineations 
some  of  which  are  given  in  the  exercises  below.  A  good  treat- 
ment of  the  subject  is  to  be  found  in  the  Collected  Papers  of 
TL  J.  S.  Smith,  Vol.  I,  p.  545,  and  further  references  in  the 
Encyclopadie  der  Math.  Wiss.,  Ill  AB  5,  §  9. 

*  Cf  .  §  47,  Vol.  i 
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Let  II  be  any  real  projective  collineation  which  does  not  leave  /„ 
invariant,  and  let  p  and  q  be  its  vanishing  lines ;  so  that  II  (p)  =  L 
and  II  (L)  =  3.  If  Ij  and  Z,  ate  the  circular  points,  let  II-1  (/J  =  Plt 
II-1  (/2)  =  J|,  H  (/,)  =  ^  II  </*)  =  ft-  By  the  theorems  of  §  78  the 
lines  JJ/!  and  JJ/a  meet  in  a  real  point  A19  and  JJ/2  and  JJJX  meet 
in  a  real  point  A^  If  H  (J,)  =  ^  and  H  (^a)  -  *„  it  is  clear  that 
the  complete  quadrilateral  whose  pairs  of  opposite  vertices  axe 
j  /  j>j^9  A^A  is  transformed  into  one  whose  pairs  of  opposite 
vertices  are  *Q*Qt,  J/2,  B&  The  following  propositions  are  now 
easily  verifiable,  and  are  stated  as  exercises. 

EXERCISES 

L  Al  is  such  that  any  ordered  pair  of  lines  meeting  at  Al  is  transformed 
by  II  into  a  congruent  pair  of  lines.  A^  is  such  that  any  two  lines  meeting  in 
A*  are  transformed  by  H  into  a  symmetric  pair  of  lines.  No  other  points 
have  either  of  these  properties. 

2.  Every  conic  having  a  focus  at  A:  or  A%  goes  to  a  conic  with  a  focus  at 
BI  or  U2  respectively. 

3.  The  range  of  conies  having  Jt  and  Az  as  foci  is  transformed  by  IE  into 
the  range  of  conies  with  B^  and  £2  as  foci ;  and  this  is  the  only  system  of 
confocals  which  goes  into  a  system  of  confocals. 

4.  The  pencil  of  circles  with  Av  A2  as  limiting  points  is  transformed  by  n 
into  that  having  B^  B%  as  limiting  points ;  and  these  are  the  only  two  pencils 
of  circles  homologous  under  II.   The  radical  axes  of  the  two  pencils  are  the 
two  vanishing  lines. 

5.  If  P  is  any  point  and  n  (P)  =  /",  then  the  ordered  point  triad  A±PA2 
is  similar  (but  not  directly  similar)  to  the  ordered  point  triad  B^By 

6.  At  a  point  of  a  Euclidean  plane  there  is  in  general  one  and  only  one 
pair  of  perpendicular  lines  which  is  transformed  into  a  pair  of  perpendicular 
lines  by  a  given  affine  collineation. 

7.  In  any  two  projective  pencils  of  lines  there  is  a  pair  of  correspond- 
ing orthogonal  pairs  of  lines.  The  line  pairs  which  are  homologous  with 
congruent  line  pairs  form  an  involution. 

8.  Any  projective  collineation  which  does  not  leave  /»  invariant  is  express- 
ible as  a  product  of  a  displacement  and  a  homology. 

85.  Homogeneous  quadratic  equations  in  three  variables.   Eevers- 

ing  tlie  process  which  is  common  in  analytic  geometry,  it  is  possible 
to  derive  certain  classes  of  algebraic  theorems  from  the  theory  of 
conic  sections.  We  shall  illustrate  this  process  in  a  few  important 
cases  and  leave  the  development  of  further  algebraic  applications  to 
the  reader. 
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The  general   homogeneous   equation   of  the   second  degree   can 
be  written  in  the  form 


(6)  +  «10^0  +  *„«? 

+  <Wo  +  avF&i  4-  ««a?|  =  0, 


where  a^  =  ajt.   [Let  us  first  suppose  that 
(7)  As 


In  §  98,  Vol.  I,  it  has  been  shown,  from  the  point  of  view  of  general 
projective  geometry,  that  every  protective  polarity  is  represented  hy 
a  bilinear  equation  of  the  form 


(8) 


where  a^  =  aj{  and  where  A  =£  0. 

It  was  also  shown  that  every  bilinear  equation  of  this  form,  subject 
to  the  condition  A  =£  0,  represents  a  polarity  ;  that  the  equation  in 
point  coordinates  of  the  fundamental  conic  of  the  polarity  is  (6), 
which  is  obtained  from  (8)  by  setting  x[  =  #,.;  and  that  the  equation 
of  this  conic  in  line  coordinates  is 

(9)  AjttfAj^Q, 

where  Ay  is  the  cofactor  of  afj  in  A. 

The  coefficients  a{J  are  elements  of  the  geometric  number  system. 
Therefore  in  the  case  of  the  real  plane  they  are  real  numbers,  and 
we  have 

THEOEEM  31.  Every  equation  of  the  form  (6)  with  real  coefficients 
such  that  aif=aji  and  A  =£  0  represents  a  conic  whose  polar  system 
transforms  real  points  into  real  lines.  Conversely,  every  conic  witTi 
regard  to  which  real  points  have  real  polars  has  an  equation  of  the 
form  (6)  with  real  coefficients  such  that  &#=&#  and  A  3*  0. 
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In  §  79  we  have  seen  that  any  conic  having  a  real  polar  system  is 
in  one  of  two  classes,  and  that  any  two  conies  of  the  same  class  are 
protectively  equivalent  Sow  it  is  obvious  that 


(10} 

is  the  equation  of  an  imaginary  cordc,  and  that 
(11)  atf+a?-«?=0 

is  the  equation  of  a  real  conic.   Hence  we  have 

THEOREM  32.  Any  quadratic  equation  in  three  homogeneous  vari- 
ables whose  discriminant  A  does  not  vanish  is  reducible  ly  real  linear 
homogeneous  transformation  of  the  variables  to  the  form  (10)  or  to 

the  form  (11). 

Algebraic  criteria  to  determine  whether  a  given  conic  <72  whose 
equation  is  in  the  form  (6)  belongs  to  one  or  the  other  of  these  classes 
may  easily  be  determined  by  the  aid  of  simple  geometric  considera- 
tions. In  case  (7s  contains  no  real  points,  the  line  #0=  0  has  no  real 
point  in  common  with  it,  and  the  point  ^=  0  (which  is  on  the  line 
x  =  0)  is  on  no  real  tangent  to  it.  On  the  other  hand,  if  the  line  XQ  =  0 
contained  no  real  point  of  <72,  and  (72  were  real,  this  line  would  consist 
entirely  of  exterior  points,  and  hence  there  would  be  a  tangent  to  C* 
through  the  point  ^=0.  Hence  a  pair  of  necessary  and  sufficient 
conditions  that  <72  contain  no  real  points  are  (1)  #0=  0  is  on  no  point 
of  C,2  and  (2)  ^=  0  is  on  no  tangent  of  Cz. 

Substituting  #0=  0  and  xr0  =  0  in  (8),  we  have  the  equation  of  an 
involution  ,  , 


which,  by  §  4,  is  elliptic  if  and  only  if  Aw  >  0.  By  a  dual  argument 
applied  to  (9),  the  necessary  and  sufficient  condition  that  there  be  no 
real  tangents  to  (72  through  the  point  u^  0  is 


(13) 


a 


By  a  well-known  theorem  on  determinants  (or  a  simple  computation) 

this  reduces  to  .  ^  A 

#„  -  A  >  0. 
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Hence  we  have 

THEOREM  33.  The  imaginary  conies  are  those  far  which 
A^>  0  and&ll'A>  0, 

and  the  real  ones  are  those  for  which  not  both  of  thme  conditions 
are  satisfied  and  for  which  A  =£  0. 

In  these  conditions  it  is  obvious  that  Am  and  an  may  be  replaced 
by  Au  and  a#9  where  i,  j  =  0,  1,  2,  provided  that  i  ^j. 

Let  us  now  investigate  the  cases  where  -4  =  0,  and  first  the  case  in 
which  not  all  the  cofactors  Am,  Allt  An  are  zero.  To  fix  the  notation, 
suppose  that  Am=£  0.  Then  the  bilinear  equation  (8)  is  satisfied 
by  xQ=A^  ^==^^2=4^  B0  Better  what  values  are  taken  by 
xrQ9  x[,  scfT  Hence  in  this  case  (8)  determines  a  transformation,  F,  of 
all  the  points  (x!Q,  xl13  x!2)  distinct  from  (A^  Aol,  A^)  into  lines  through 
(Am,  AolJ  A^).  A  collineation  which  transforms  (A^  AQ1,  A^  to  (1,  0, 0) 
must  reduce  (8)  to 


ln=z\ 

It  is  to  be  noted  that 


,n  I™ 

*»    °2* 


because  if  this  determinant  vanished,  T  would  transform  all  points 
(xfQ,  a?J,  aig)  into  a  single  line,  and  hence  Aw  would  vanish.  Hence  F 
transforms  any  point  (x^  x[,  x%)  into  the  line  paired  in  a  certain  invo- 
lution with  the  line  joining  (a^,  x[,  x^  to  (A^  AQl,  A^).  The  double 
lines  of  the  involution  must  satisfy  the  quadratic  equation  (6). 

Comparing  with  the  definitions  in  §  45,  Vol.  I,  we  have  that  when 
A—Q  and  not  all  the  cofactors  A^,  An,  A^  are  zero,  (6)  represents  a 
degenerate  conic  consisting  of  two  distinct  lines  and  that  (8)  represents 
the  polar  system  of  the  conic.  Since  the  lines  represented  by  (6)  are 
the  double  lines  of  a  real  involution,  they  are  either  real  or  a  pair  of 
conjugate  imaginaries.  In  the  first  case  (6)  can  evidently  be  trans- 
formed by  a  collineation  to 

(15)  aj?-a£=sO, 

and  in  the  second  case  to 
(16) 
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The  criteria  to  distinguish  the  two  cases  may  be  found  by  considering 
the  intersection  with  (fi)  of  a  line  x£=  0.  This  yields  imaginary  points 
(Just  as  in  the  nondegenerate  case)  if  and  only  if  4*  >  0,  and  real 
points  if  and  only  if  Ati  m  0.  Hence  the  case  where  (6)  represents  a 
pair  of  real  lines  occurs  if  and  only  if  Jn-  =  0,  for  i=  0,  1,  2. 

Finally,  suppose  that  40=41==4>t==^=  0.  In  view  of  the  identity, 

this  implies  that  all  the  cofactors  Ay  are  zero,  and  hence  that  (8) 
represents  the  same  line,  no  matter  what  values  are  substituted  for 
xf5V,  xl  Hence  (6)  represents  a  single  real  line  (Le.  two  coincident 
real  lines),  and  the  polar  system  (8)  transforms  all  points  not  on  this 
line  into  this  line.  If  this  line  be  transformed  to  ^=  0,  (6)  obviously 
becomes 

(18)  «?  =  0. 

A  degenerate  point  conic  is  two  distinct  or  coincident  lines.  These 
may  always  be  represented  by  a  quadratic  equation  which  is  a  product 
of  two  linear  ones.  For  such  a  quadratic  A  =  0,  because  if  A  3*  0,  the 
equation  has  been  seen  to  represent  a  nondegenerate  conic.  Hence 
the  theory  of  degenerate  point  conies  is  equivalent  to  that  of  homo- 
geneous quadratic  equations  for  which  A  =  0. 

The  complete  projective  classification  of  conies,  degenerate  or  not, 
may  now  be  stated  as  an  algebraic  theorem  in  the  form : 

THEOREM  34.  Any  homogeneous  quadratic  equation  in  three  vari- 
ables may  be  reduced  T)y  a  real  linear  homogeneous  transformation, 

(19)  <: 

to  one  of  the  normal  forms  (10),  (11),  (16),  (15),  (18).  The  criteria 
which  determine  to  which  one  of  these  forms  an  equation  (6)  is  reducible 
may  be  summarized  in  the  following  table : 


IMAGINARY 
CONIC 

REAL  CONIC 

IMAGINARY 
LINE  PAIR 

REAL 
LINE  PAIR 

COIKOIBENT 

REAL  LINE  PAIR 

anA  >  0 

AQQ>() 

auA  ^  0 
or  AQQ  ^  0 

^loo>0 
or  AII  >  0 
or  ^22  >  0 

AW<Q 

or  AH  <  0 
or  A**  <  0 

^oo  =  0 
^n  =  0 

^22  =  0 
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Since  the  algebraic  expressions  in  the  above  criteria  determine  conditions 
on  the  conic  which  are  independent  of  the  choice  of  coordinates  and  thus  are 
invariant  under  the  projective  group,  it  is  natural  to  inquire  whether  they  are 
algebraic  invariants  in  the  sense  of  §  00,  Vol.  I.  A  direct  substitution  will 
readily  verify  that  A  is  a  relative  invariant  of  (6). 

Suppose  we  regard  the  coefficients  of  (6)  as  homogeneous  coordinates 
(%>*  aiv  a22»  aov  aio»  Gis)  °f  a  point  in  a  five-dimensional  space.  Then  A  ~Q 
determines  a  certain  cubic  locus  in  this  space  the  points  on  which  represent 
degenerate  conies.  $"ow  if  there  were  any  other  invariant  of  (6)  under  the 
projective  group,  say  «£  (a0-),  the  equation  <f>  (a%)  =  0  would  represent  a  locus 
in  this  five-dimensional  space.  But  since  each  nondegenerate  conic  is  projec- 
tively  equivalent  to  every  other  nondegenerate  conic,  this  locus  would  have  to 
be  contained  in  the  locus  of  A  =  0.  From  this  it  can  be  proved,  by  the  general 
theory  of  loci  represented  by  algebraic  equations,  that  the  locus  of  <f»  (Oy-)  =  0 
coincides  with  that  of  A  =  0,  and  that  hence  <£  (*z^)  is  rationally  expressible 
in  terms  of  A.  Thus  A  is  essentially  the  only  invariant  of  (6)  under  the 
projective  group. 

The  question,  however,  arises  whether  there  are  not  other  rational  func- 
tions of  the  coefficients  of  (6)  which  are  invariant  whenever^  =  0.  If  there 
were  such  a  function,  say  <j>  (ay-),  the  conies  for  which  $  (a^-)  =  0  would 
be  a  subclass  of  the  degenerate  conies  which  is  transformed  into  itself  by 
all  complex  projeetive  collineations.  The  only  class  of  this  sort  consists 
of  the  coincident  line  pairs  which  are  given  by  two  conditions,  AQQ  =  0, 
-^11 =  Q-  ^n  yiew  °f  *ne  theorem  that  a  locus  represented  by  two  inde- 
pendent algebraic  equations  cannot  be  the  complete  locus  of  a  single 
algebraic  equation,  this  shows  that  there  is  no  other  invariant  of  (6)  even 
for  the  cases  in  which  A  =  0. 

This  reasoning  could  be  expressed  still  more  briefly  by  saying  that,  while 
the  set  of  all  conies  is  a  five-parameter  family,  and  the  set  of  degenerate 
conies  a  four-parameter  family  given  by  one  condition,  the  only  invariant 
subset  of  the  degenerate  conies  is  the  two-parameter  set  of  coincident  line 
pairs  which  have  to  be  given  by  two  conditions  and  so  cannot  correspond  to 
a  single  invariant  in  addition  to  A. 


EXERCISES 

1.  In  case  A  =  0,  the  lines  represented  by  (6)  intersect  in  the  point 
(VZao,  V311,  VZ22),  unless  the  three  cof  actors  AH  vanish,  in  which  case  (6) 
represents  the  coincident  line  pair 


2.  In  case  (6)  represents  a  pair  of  distinct  lines,  (9)  represents  their  point 
of  intersection  counted  twice.    In  c*ase  (6)  represents  a  pair  of  coincident 
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86.  Nonhomogemeoiis  quadratic  equations  in  two  variables.   The 
affine  theory  of  point  conies  corresponds  to  the  theory  of 


(20) 


where  the  aJs  satisfy  the  same  conditions  as  in  the  last  section. 
The  theorem  that  any  nondegenerate  conic  is  an  imaginary  ellipse, 
real  eEipse,  hyperbola,  or  parabola,  and  that  any  two  conies  of  the 
same  class  are  equivalent  under  the  affine  group,  translates  into  the 
following :  Any  quadratic  equation  in  two  variables,  for  which  A  =£  0^ 
is  transformable  by  a  transformation  of  the  form 

(21)  X~  ^       ^ 

into  one  of  the  following  four  forms : 
(22) 
(23) 
(24) 
(25) 

To  know  this  it  is  merely  necessary  to  observe  that  these  equations 
represent  conies  of  the  four  types  respectively. 

The  criteria  to  determine  in  which  class  a  given  conic  C2  belongs 
may  be  inferred  from  the  discussion  in  the  last  section  if  we  set 
x  =  %J\  and  y  =  #2/#0.  It  is  then  evident  that  A^  >  0  for  an  ellipse, 
Am  =  0  f or  a  parabola,  and  Aw  <  0  for  a  hyperbola.  Hence  the 
affine  classification  of  cases  where  A  ^  0  may  be  summarized  in  the 
following  table : 


IMAGIKARV  ELLIPSE 

REAL  ELLIPSE 

HYPERBOLA 

PARABOLA 

Ax>>0 
auA  >  0 

-4oo>0 
auA  ^  0 

^oo  <0 

^oo=0 

The  cases  where  A  =  0  correspond,  as  in  the  last  section,  to  degener- 
ate conies.  Geometrically  the  types  of  figures  are  obvious,  and  to 
obtain  the  algebraic  criteria  we  need  only  combine  with  considera- 
tions already  adduced,  the  observation  that  when  A^  =  0  and  either 

a   •»  0  or  a^  =  0,  then  #    =  #    =  0. 
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CONJUGATE 
IMAGINARY  LINES 

DISTINCT  REAL  LINES 

COINCIDENT 
BEAL  LINES 

Concurrent 
at  ordinary 
point 

Parallel 
pair 

Concurrent       p&rallel 
at  ordinary  ,            ir 
point       !        F 

One  at 
infiaity 

Ordinary 

i 
At  infinity 

^oo  >0 

AM=0, 

^oo  <0 

A  m 

-o, 

**  A 

-4W  =  -^u 

=  ^.  =  0; 

or 

or 

A&  >0 

^2S<0; 

flu^O 

flu^O 

or 

an    fl^-0 

or 

au=OM=0 

As  normal  forms  for  the  first  six  cases  we  may  take 

(26) 
(27) 

(28)  ^-^==0, 

(29)  as*-l  =0, 

(30)  aj=0, 

(31)  ^  =  0. 

The  case  of  coincident  real  lines  at  infinity  does  not  correspond  to 
any  equation  in  nonhomogeneous  coordinates. 

Summarizing  these  results  we  have  the  following  algebraic  theorem : 

THEOEEM  35.  Any  quadratic*  equation  in  two  variables  may  le 
reduced  to  one  and  only  one  of  the  normal  forms  (22)-(31)  "by  a 
transformation  of  the  form  (21).  TJu  normal  form  to  which  it  is 
reducible  is  determined  ~by  the  criteria  in  the  two  tables  above. 

The  question  of  invariants  of  (20)  under  the  affine  group  may  be 
investigated  in  the  manner  indicated  for  the  corresponding  projective 
problem  in  the  fine  print  at  the  end  of  the  last  section.  The  results 
of  such  an  investigation  are  given  in  the  exercises  below. 

There  are  no  absolute  invariants  of  conies  under  the  projective 
and  affine  groups,  because  two  conies  would  fail  to  be  equivalent 
under  the  one  group  or  the  other  if  they  determined  different  values 
of  an  absolute  invariant,  and  this  would  contradict  the  fact  that 
there  are  only  a  finite  number  of  conies  distinct  under  the  affine 


CONIC  [Caur.Y 

EXERCISES 

L  A  and  Am  mre  invariants  of  (20)  under  the  affine  group. 

2.  la  case  A  =  Am  =  %  An/a&  and  -•iM/au  are  invariants  of  (20)  under 
the  group. 

3.  The  homogeneous  coordinates  of  the  center  of  (20)  are  (A^*  -AQV  -4w)* 

4.  I!  J  an  #  0,  the  translation  x  =  x-^9y**y-^  transforms  (20)  into 


5,  If  ^4  &  0  and  .4TO  9*  0,  the  asymptotes  of  (20)  are  given  by  the  equation 

«uxs  -f-  2  «lsx|  +  %2y«  =  0. 

6.  Any  diameter  of  a  parabola  is  parallel  to  anx  +  ais$  =  0  an<i  ^ 

alsx  -I-  Ojgjf  =  0. 

87.  Euclidean  dassfficatioE  of  point  conies.  "With  respect  to  a  non* 

homogeneous  coordinate  system  in  which  the  pair  of  lines  x  =  0  and 
y  =  0  is  orthogonal  and  bisected  by  the  lines  x  =  y  and  x=z-*y,  the 
traasformatioas  of  the  Euclidean  group  take  the  form  (21)  subject  to 
the  conditions 

(32)  <  +  *S  =  &t  +  ^,         «A  +  «A  ==  °> 

and  the  displacements  are  subject  to  the  additional  condition 


(33) 


=  1. 


Since  any  ellipse  or  hyperbola  is  congruent  to  one  whose  principal 
axes  are  x  =  0  and  y  =  0,  and  since  any  parabola  is  congruent  to  a 
parabola  with  the  origin  as  vertex  and  y  =~0  as  its  principal  axis,  it 
follows  that  any  conic  is  congruent  to  a  conic  having  one  of  the 
following  equations : 

(34)  ^  +  ^  +  1  =  0, 

(35)  |  +  ^-1=0' 

(36)  l-f^-^0' 

(37)  y*-jw=0. 

The  normal  forms  to  which  degenerate  point  conies  can  be  reduced 
by  displacements  axe  evident  when  one  recalls  that  two  pairs  of  non- 
parallel  lines  are  congruent  when  they  have  the  same  cross  ratio  with 
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the  circular  points  and  that  two  pairs  of  parallel  lines  are  congruent 

If  the  lines  of  each  pair  are  the  same  distance  apart.*  By  comparison 
with  the  second  table  (A  =  0)  in  §  86  we  find 

(38)  ^+/=0, 
iff 

(39)  ^  +  ^=0, 

(40)  J-^=°> 

(41)  a-3-c2  =  0, 

(42)  x  =  0, 

(43)  0^=0. 

The  group  of  displacements  is  extended  to  the  group  of  similarity 
transformations  by  adjoining  transformations  of  the  form 

,.'_  T,v 

(44)  °-f^ 


Transformations  of  this  sort  will  reduce  the  equations  (34)  -(43)  to 
normal  forms  in  which  5,  c,  and  p  are  all  unity. 

The  criteria  for  determining  to  which  of  these  normal  forms  a 
conic  is  reducible  under  the  group  of  displacements  or  that  of  simi- 
larity transformations  are  the  same  as  those  already  found  for  the 
affine  group.  Two  conies  whose  equations  can  be  reduced  to  the  same. 
normal  form  are  evidently  equivalent  under  the  group  of  displace- 
ments if  and  only  if  they  determine  the  same  values  for  a  and  6  or  c 
or  p,  and  under  the  Euclidean  group  if  they  determine  the  same  value 
for  am  The  numbers  a>  b,  c,  p  are  evidently  absolute  invariants  of  the 
corresponding  conies  under  the  group  of  displacements,  and  a  in  (38) 
and  (40)  also  tinder  the  Euclidean  group. 

Hie  problem  of  determining  a,  I,  c,  p  in  terms  of  the  coefficients 
of  (20)  presents  no  special  difficulty,  and  will  be  left  to  the  reader  to 
be  considered  in  connection  with  the  exercises  below  and  those  at  the 
end  of  the  next  section. 

When  6,  c,  p  are  all  unity,  a  is  a,  function  of  the  eccentricity  given  by 
the  equations  in  Exs.  7  and  9,  §  82.  The  same  reference  gives  the  con- 
nection between  the  eccentricity  and  the  invariant  V—  A^/(au+  a^. 

*The  distance  apart  is  the  distance  of  an  arbitrary  point  on  one  of  the  parallel 
lines  from  the  other  line.  The  formula  for  distance  is  applied  to  the  case  of  a  pair 
of  conjugate  imaginary  lines  as  explained  in  §  70. 
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EXERCISES 
1*  If  A  ^  0  and  Am  &  0,  the  angular  measure  of  the  asymptotes  is  0,  where 


Moreover,  *  =  -  1  log  B  (^(7,,  IJJ, 

Ct  and  C7a  are  the  points  in  which  the  conic  meets  /«,  and  7X  and  J,  are 
the  circular  points.  IM  =  0  and  jiw  5*  0,  these  formulas  give  the  angular 
measure  of  the  liaes  represented  by  (20).  Derive  from  this  the  formula  for  a 
in  (35)  and  (4<»)  in  terms  of  the  coefficients  of  (20). 

2.  AM  and  au  +  aw  are  absolute  invariants  of  (20)  under  the  group  of 
displacements,  and  V-  Am/(an  -f  «22)  under  the  Euclidean  group.    If  A&Q 
and  au-f  OM  =  Of  (20)  represents  an  equilateral  hyperbola;   if  A  =  0  and 
a    +  fl^  =  0,  it  represents  a  pair  of  orthogonal  lines  or  /.  and  an  ordinary  line, 

3.  if  -4  5*  0  and  J^  ?*  0,  the  axes  of  (20)  are 


where  5  &nd  y  are  defined  as  in  Ex.  4,        . 

4.  For  an  ellipse  the  constants  a  and  §  are  \rr~~T"  an<*  \~A~~\~  '  w^ere  ^i 
and  X,  are  the  roots  of  %  ^^  *  "^ 

(45)  X*-  (au  +  aas)  X  -I-  ^M  =  0  ; 


and  for  a  hyperbola  a  and  #  are  *\-  ............  '  •  and  -%      •  •-:•"• 

'  °A  M  - 


'  -   The  discriminant  of 


5.  If  .4  5*  0  and  Am=  0,  the  parabola  (20)  touches  7«  at  (0,  als»  -  an), 

which  is  the  same  as  (0,  a^  —  <%).  The  axis  is 

(46) 


88.  Classificatioii  of  line  conies.  The  projectlve  classification  of  line 
Goaies  is  entirely  dual  to  that  of  point  conies  and  so  need  not  be  con- 
sidered separately.  The  affine  classification,  however,  corresponds  to 
a  new  algebraic  problem.  If  the  line  coordinates  are  chosen  so  that 


is  the  condition  that  the  point  (a?0,  %1%  ^  be  on  the  line  [u^  uv  u^y  the 
point  coordinates  being  the  same  as  already  used,  we  have  the  problem 
of  reducing  equations  of  the  form  (9)  to  normal  forms  by  means  of 
transformations  of  the  form 


«i», 

^2      S 
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These  are  the  transformations  which  leave  the  line  [1,  0,  0] 
Invariant.  If 

(47)  is  the  same  collineation  as  (21). 

The  affine  classification  of  nondegenerate  line  conies  is  of  course  the 
same  as  that  of  nondegenerate  point  conies.  To  express  the  criteria 
in  terms  of  the  equation  (9)  regarded  as  given  primarily,*  let  us  write 


(48) 


cc  = 


where  the  ^'s  are  the  coefficients  of  (9),  and  let  a$  denote  the 
cofactor  of  A^  in  a.  The  point  conic  associated  with  (9)  must  have 
the  equation 

(49)  ^«&^/=0. 

By  the  criteria  already  worked  out,  this  is  an  ellipse,  hyperbola,  or 
parabola  according  as  the  value  of 


is  greater  than,  less  than,  or  equal  to  zero;  and,  in  the  case  of  an 
ellipse,  real  or  imaginary  according  as  an  >  0  or  an  ^  0.  Thus  we  have 

a  j±  0 


IMAGINARY  ELLIPSE 

EEAL  ELLIPSE 

HYPERBOLA 

PAKABOLA 

<X.AQO>® 
aru>0 

a-Aw>  0 
tfn^O 

a-  J.oo<0 

^oo  =  0 

The  normal  forms  for  these  four  classes  are  respectively 

(51)  ^02—  uf  —  %2  =  0, 

(52)  u*  -  u*  +  <  =  0, 

(53)  ul  -  uz  =  0. 

The  projective  classification  of  degenerate  line  conies  is  dual  to 
that  of  degenerate  point  conies,  and  therefore  yields  the  following 
three  cases :  (1)  two  distinct  real  points,  a  =  0,  au  ^  0,  one  at  least 

*  Instead  of  IB  terms  of  the  coefficients  of  (ft)* 
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of  a^  «n,  an  zero ;  (2)  coincident  real  points, 

a:  =  au  =  aa=:  mu  =  0 ;  (3)  conjugate  imaginary  points,  a  =  0,  «u  >  0 
for  at          one  value  of  i 

For  the  classification  let  us  observe  that  since  [1,  0,  0] 

is  the  line  at  infinity,  the  condition  that  at  least  one  factor  of 
1 9)  a  point  at  infinity  is  -4^=0.    The  following  criteria 

are  now  evident. 


CO2f  J  CO  ATE 

XMAGIXABY  POINTS 

DISTINCT  REAL  POINTS 

KEAL  POIKTS 

OrctiBSLry 

At  infinity 

Both       j        One 
ordinary     j    ordinary 

Both  at 
infinity 

Ordinary 

At  infinity 

«n>0 

am>Q 

au<0 

a0o<6 

am  =  an 

=  ^  =  0 

or 

or 

an  =  0 

oc*a>® 

an  =  flr«=0 

aj2<0 

m                oo—      j      n 

-4(X)  9^  0 

Ago      0 

The  normal  forms  for  these  cases  are  respectively 

(54) 
(55) 

(56)  <-<  =  0, 

(57)  ^M,  =  0, 

(58)  u^  =  0, 

(59)  <  =  0, 

(60)  <=0. 

EXERCISES 

1.  The  two  pairs  of  foci  of  (9)  are  the  degenerate  eonios  of  the  range 


n  -  p)  «| 


(61) 


which  are  given  by  the  values  of  p  satisfying 

(62)  A^ff  -  (c4l  +  a,,  )  p  4  a  =  0. 

The  discriminant  of  this  quadratic  is  (au  —  a^,)2 


=  0, 


by 
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2.  In  case  a  =  0  and  Am  &  Q,  the  distance  between  the  points  represented 


3.  The  normal  forms  for  line  conies  under  the  group  of  displacements  are 

(63)  w*  +  a*u}  +  ffiu*  =  0, 

(64)  tr0s  -  a*u?  -  #«f  =  0, 

(65)  ttf-aV+PuarrO, 

(66)  41^+  /»z«a  =  0, 

(67)  w*  +  l-2ttf  =  0, 

(68)  «J  +  c*«|  =  0, 

(69)  ^-F%2  =  0, 

(70)  «0*i  =  0, 

(71)  ttj^et^.^0, 

(72)  qjsso, 

(73)  ^  =  0. 

Here  a,  b,p  have  the  same  significance  as  in  (34)  -(37);  2  H  is  the  distance 
between  the  two  points  represented  by  (67)  ;  2  k  is  the  distance  between  the 
two  points  represented  by  (69);  c  is  expressible  in  terms  of  the  cross  ratio  of 
the  circular  points  and  the  two  points  represented  by  (68)  or  (71). 

*  89.  Polar  systems.  The  theorems  on  the  classification  of  conies 
(§  79)  may  be  regarded  as  completing  the  discussion  of  projective  polar 
systems  in  a  real  plane.  There  is,  however,  a  certain  amount  of  inter- 
est in  making  the  discussion  of  polar  systems  without  the  intervention 
of  complex  elements,  and  basing  it  entirely  on  the  most  elementary 
theorems  about  order  relations.  This  treatment  will  hold  good  for  a 
projective  space  satisfying  Assumptions  A,  E,  S,  P. 

THEOEEM  36.  In  any  protective  polar  system  in  an  ordered  plane 
the  involutions  of  conjugate  points  on  the  sides  of  a  self-polar  triangle 
are  all  direct,  or  else  one  wwoliriion  is  direct  and  the  other  two  opposite. 

Proof.  Let  ABC  be  the  self-polar  triangle  (fig.  68),  and  let  PPf  be 
a  pair  of  points  on  the  side  BC  and  QQ*  a  pair  on  the  side  CA.  Let  E 
be  the  point  of  intersection  of  the  lines  PQ  and  AB,  0  that  of  APf  and 
BQ1,  and  Sf  that  of  CO  and  AB.  Then  AP*  is  the  polar  of  P,  BQ!  of  ft 
PQ  of  O,  and  CO  of  E.  Hence  M  and  £?  are  paired  in  the  involution 
of  conjugate  points  on  AB.  Let  Mfr  be  the  point  in  which  Pf$  meets 
AB:  J$fr  is  the  harmonic  conjugate  of  J#  with  respect  to  A  and:  A 
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If  the  involutions  on  BO  and  CA  are  direct,  P  and  P1  separate  B 
and  C,  and  Q  and  <$  G  and  A-  It  follows  liv  Theorem  19, 

Chap.  II,  that  B  and  £"  do  not  separate  B  and  A  Hence  by  Theorems 
7  aad  8,  Chap.  II,  Ilf  is  separated  from  M  by  A  and  J&,  and  hence  the 
involution  on  the  line  JJ?  is  direct. 

On  the  other  hand,  if  the  involutions  on  BC  and  CA  are  not  direct, 
P  and  Pr  do  not  separate  &  and  C9  and  Q  and  #  do  not  separate  £ 
and  J.  Hence  E  and  J£f/  do  not,  and  therefore  JB  and  J£f  do,  separate 
xi  JE?.  Hence  again  the  third  involution  is  direct. 


We  have  thus  shown  that  at  least  one  of  the  three  involutions  is 
direct;  and  that  if  two  are  direct,  so  is  also  the  third.  IVom  this  the 
statement  in  the  theorem  follows. 

The  reasoning  above  is  valid  in  any  ordered  protective  space. 
Specializing  to  the  real  space,  we  have 

COBOLLAEY  L  The  involutions  on  the  sides  of  a,  self-polar  triangle 
of  a  jsrajeetwe  polar  system  in  a  reed  plane  are  all  three  elliptic,  or 
dse  two  are  hyperbolic  and  the  third  is  elliptic. 

THEOREM  37.  If  the  involutions  of  conjugate  points  on  the  sides  of 
one  $elf -polar  triangle  of  a  projectile  polar  system  in  an  ordered  plane 
are  direct,  the  involution  of  conjugate  points  on  any  line  is  direct. 

Proof.  Let  the  given  self-polar  triangle  on  the  sides  of  which  the 
involutions  of  conjugate  points  are  direct  "be  ABO.  The  theorem  will 
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follow  if  we  can  prove  that  the  Involution  of  conjugate  points  on  any 
line  through  a  vertex  of  such  a  triangle  Is  direct  For  any  line  /  meets 
SC  In  a  point  Jf  which  has  a  conjugate  point  N  on  BC.  By  the  prop- 
osition which  we  are  supposing  proved,  the  involutions  on  the  sides  of 
the  self-polar  triangle,  JL!£Ar,  are  direct ;  and  by  a  second  application 
of  the  same  proposition,  the  involution  of  conjugate  points  on  /  is 
direct.  Thus  the  proof  of  the  theorem  reduces  to  the  proof  that  the 
involution  of  conjugate  points  on  any  line  through  A  Is  direct. 

Let  such  a  line  meet  EG  in  a  point  Pf,  and  let  P  be  the  conjugate 
of  P1  In  the  involution  on  BC.  Let  Q  and  Qr  be  a  conjugate  pair 
distinct  from  A  and  C  on  the  line  AC,  and  let  0,  Ry  £f,  &n  have  the 
same  meaning  as  in  the  proof  of  the  last  theorem  (fig.  68).  Also  let 
O1  be  the  conjugate  of  0  on  the  line  AP!,  i.e.  let  (X  be  the  intersec- 
tion of  APj  with  PQ.  Applying  Theorem  19,  Chap.  II,  to  the  triangle 
ABP?  and  the  lines  OfE  and  OR1,  it  follows  that,  since  0  and  P  do 
not  separate  JB  and  P!,  and  M  and  E!  do  separate  A  and  B,  0  and  O 
are  separated  by  A  and  Pf.  Hence  the  involution  of  conjugate  points 
on  the  line  AP}  is  direct. 

COROLLARY  1.  If  the  involutions  on  two  sides  of  a  self-polar  triangle 
of  a  polar  system  in  an  ordered  plane  are  opposite,  then  two  of  the 
involutions  on  the  sides  of  any  self-polar  triangle  are  opposite  and 
the  third  is  direct. 

Proof*  If  there  were  any  self-polar  triangle  not  satisfying  the  con- 
clusion of  the  theorem,  this  would,  by  Theorem  36,  be  one  for  which, 
all  three  involutions  were  direct  By  Theorem  37  it  would  follow 
that  the  involutions  on  all  lines  were  direct,  contrary  to  hypothesis. 

The  propositions  stated  in  the  last  two  theorems  and  in  the  last 
corollary  may  evidently  be  condensed  into  the  following : 

COROLLARY  2.  Any  projectile  polar  system  in  an  ordered  plane  is 
either  such  that  the  involution  of  conjugate  points  on  any  line  is  direct, 
or  such  that  on  the  sides  of  any  self -polar  triangle  two  of  the  involve 
tions  are  opposite  and  the  third  direct. 

Applying  this  result  in  a  real  plane,  we  have  that  every  projective 
polar  system  is  either  such  that  all  involutions  of  conjugate  points 
are  elliptic,  or  such  that  on  the  sides  of  any  self-polar  triangle  two 
involutions  are  hyperbolic  and  the  third  elliptic.  In  the  latter  case 
let  ABC  be  a  self-polar  triangle,  AB  a&d  AC  being  the  sides  upon 


i!8  CCENIC  SECTIONS  [CHAP.Y 

which  the  involutions  are  hyperbolic.  Let  the  double  points  of  the 
involution  on  AJB  be  C^  C*g,  those  of  the  involution  on  A  C  be 
Bl  J52.  The  of  Cj  is  then  the  line  C\C.  The  conic  section 

K^  through  C\,  Cf£l9  B^  and  tangent  to  the  line  C^C  at  Cl  has  a 
system  in  which  ABC  is  &  self-polar  triangle,  and  in  which  the 
given  involutions  are  involutions  of  conjugate  points.  By  §  93,  Vol.  I, 
these  conditions  are  sufficient  to  determine  a  polarity.  Hence  the 
given  polarity  is  the  polar  system  of  K*.  Thus  we  have 

THEOEEM  38.  DEFINITION.  A  projective  polar  system  in  a  real  plane 
is  the  polar  of  a,  real  comic,  or  such  that  the  involution  of 

on  line  is  elliptic.  A  polar  system  of  the  latter 
is  said  to  be  elliptic. 

The  existence  of  elliptic  polar  systems  is  easily  seen  as  follows: 
Let  ABC  be  any  triangle,  0  any  point  not  on  a  side  of  this  triangle, 
P1  the  point  of  intersection  of  OA  with  BC9  Q!  the  point  of  intersec- 
tion of  OB  with  CA9  and  P  and  Q  any  two  points  separated  from  P/ 
and  Q!  by  the  pairs  BO  and  CA  respectively.  By  the  theorems  in 
§  93,  VoL  I,  there  exists  a  polar  system  in  which  the  triangle  ABC 
is  self-polar  and  the  point  0  is  the  pole  of  the  line  PQ,  and  by  the 
theorems  in  the  present  section  this  polar  system  is  elliptic. 


CHAPTER  VI 

mVERSIOJf  GEOMETRY  AND  RELATED  TOPICS* 

90.  Vectors  and  complex  numbers.  The  properties  of  the  addition 

of  vectors  have  been  derived  in  §  42  from  those  of  the  group  of 
translations.  If  the  operation  of  multiplication  is  to  satisfy  the  dis- 
tributive law,  ,,  ,  ,  - 

a  (o  +  c)  =  ao  -f-  ac9 

multiplication  by  a  vector,  &,  must  effect  a  transformation  on  the 
vector  field  such  that  5  -f-  e  is  carried  into  the  vector  which  is  the 
sum  of  those  to  which  &  and  c  are  carried.  Since  the  group  of  trans- 
lations is  a  self-conjugate  subgroup  of  the  Euclidean  group,  any 
similarity  transformation  of  the  vector  field  satisfies  this  condition. 

Let  us  then  consider  the  transformations  effected  on  a  vector  field 
by  the  Euclidean  group.  Any  similarity  transformation  is  a  product 
of  a  translation  by  a  similarity  transformation  leaving  an  arbitrary 
point  0  invariant.  But  a  translation  carries  every  vector  into  itself. 
Hence  any  similarity  transformation  has  the  same  effect  on  the  field 
of  vectors  as  a  similarity  transformation  leaving  0  invariant.  Hence 
the  totality  of  transformations  effected  on  the  vector  field  by  the 
Euclidean  group  is  identical  with  the  totality  of  transformations 
effected  on  it  by  the  similarity  transformations  leaving  0  invariant. 
Since  no  such  transformation  changes  every  vector  into  itself,  any 
two  of  them  effect  different  transformations  of  the  field  of  vectors. 
Hence  we  have 

THEOREM  1.  The  group  of  transformations  effected  by  the  Euclidean 
group  in  a  plane  upon  the  field  of  vectors  is  isomorphie  with  the  group 
of  similarity  transformations  leaving  an  arbitrary  point  invariant. 

To  obtain  a  definition  of  multiplication  we  restrict  attention  to  the 
group  of  direct  similarity  transformations  and  make  use  of  the  fact 
that  if  OA  and  OB  are  any  two  nonzero  vectors,  there  is  one  and  but 

*  The  main  part  of  Cha;p.  YII  is  independent  of  this  chapter.  The  two  chapters 
may  therefore  he  taken  up  in  reverse  order  if  the  reader  so  desires. 
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one  transformation  of  this  group  carrying  the  points  0  and  ^4  to  0 

B  respectively. 

DEFINITION.   Relative  to  aa  arbitrary  vector  0-1,  which  is  called 
the  unit  vector,  the  of  two  vectors  OT(  where  -2T^  O)  and  OF 

is  the  vector  OZ  to  which  0  lr  is  carried  by  the  direct  similarity  trans- 

formation carrying  OA  to  (AX  and  is  denoted  by  OX  -OF.    In  case 
X=0,  OX  -OF  denotes  the  zero  vector. 
As  obvious  corollaries  of  this  definition 
we  have  the  following  two  theorems  : 

THEOREM  2.    The  triad  of  points  OAY 
w  directly  similar  to  the  triad  OXZ  if 
only  if 

QZ^OX-OY. 

THEOREM  3.  The  equation, 


FIG.  69 

is  if  and  only  if  £AOX+&AOY=£AOZ  and  Dist(OZ)  = 

Dut  (OX)  -Dist  (OF),  the  unit  of  distance  leing  OA. 

Since  the  direct  similarity  transformations  leaving  a  point  0  invari- 
ant form  a  group,  the  operation  of  multiplication  must  be  associative,  i.e. 

OX-  (OF-  OZ)  =  (OX-  OF)  •  QZ, 

and  also  such  that  there  is  a  unique  inverse  for  every  vector  OB  for 
which  O  =#=  Bj,  ie.  there  must  be  a  vector  OF  such  that 


The  group  of  direct  similarity  transformations  leaving  0  invariant  is 
commutative  because  it  consists  of  the  rotations  about  0  (which  form 
a  commutative  group  by  §  58)  combined  with  dilations  with  O  as 
center.  Hence  the  operation  of  multiplication  is  commutative,  ie. 

OX-OF=OF-OX 

The  fact  that  the  group  of  translations  is  self-conjugate  under  the 
group  of  displacements  translates  into  the  distributive  law, 

OX-  (OF-f  OZ)  =  OX-  OF-j-  OX-  OZ. 

Eecalling  the  definition  of  a  number  system  given  in  Chap.  VI, 
VoL  I,  we  may  summarize  these  results  by  saying, 


VECTORS  AND  COMPLEX  XUMBEES  221 

THEOREM  4.  With  respect  to  the  operation  of  addition  described  in 
§  42  and  of  multiplication  defined  in  this  seetmn,  a  planar  sector 
field  is  a  commutative  number  system. 

In  proving  this  theorem  we  have  made  use  of  no  properties  of  the  Euclidean 

group  except  such,  as  hold  for  any  parabolic  metric  geometry  for  which  the 

absolute  involution  is  elliptic.  In  case  the  absolute  involution  were  htvj»er- 
bolic,  exceptions  would  have  to  be  made  corresponding  to  properties  of  the 
minimal  lines. 

The  definition  of  multiplication  of  vectors  as  given  here  does  not 
conflict  with  the  notion  of  the  ratio  of  coBinear  vectors  as  developed 
in  Chap.  III.  For  the  quotient  of  two  eoliinear  vectors  is  a  vector 
col  linear  with  the  unit  vector  OA9  and  the  system  of  vectors  eollin- 
ear  with  OA  constitutes  a  number  system  isomorphic  with  the  real 
number  system.  Thus,  if  we  denote  the  unit  vector  by  1,  any  vector 
OX  collinear  with  it  may  be  denoted  "by 

al, 

where,  according  to  the  definition  of  §  43,  a?  is  a  real  number  and 
where,  according  to  our  present  definition,  x  denotes  OX  itself. 

Let  us  denote  a  vector  OB  such  that  the  line  OB  is  perpendicular 
to  the  line  OA  and  such  that  Dist  (OB)  =  Dist  (OA),  by  i  Then  by 
the  definition  of  multiplication, 


Any  vector  collinear  with  i  is  expressible  in  the  form  xi,  where  x  is  a 
vector  parallel  to  1,  and  by  Theorem  8,  Chap.  Ill,  any  vector  whatever 
is  expressible  uniquely  in  the  form 

al  +  bi 

The  product  of  two  vectors  may  be  reduced  by  the  associative, 
distributive,  and  commutative  laws  as  follows  : 

(al  +  If)  (el  +  di)  =  (al  +  li)  cl  +  (al  +  bi)  di 
=  (ac  —  bd)l  +  (bc  +  ad)  i 

By  comparison  with  §§3  and  14  this  shows  that 

THEOEEM  5.  A  planar  field  of  vectors  is  a  number  system  uomor- 
fihic  with  the  complex  member  system,  i.e.  the  geometric  nuwiber  system 
of  a  complex  line* 
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The  in  question  Is  that  by  which  the  complex  number 

a  f  K  to  the  vector  al  +  li   Supposing  that  the  iiinda- 

mental  points  of  the  stale  on  the  complex  line  are  JJ,  2J,  JJ,  this 

that  Is  a  correspondence  between  the  complex  line  and 

the  Euclidean  in  which  P.  corresponds  to  0,  Pl  to  J,  and  every 
coordinate  relative  to  the  scale  JJ,  J^  Ji  is 


conresponds  to  the  point  $  of  the  Euclidean  plane  such  that 


One  obvious  property  of  this  correspondence  which  we  shall  have 

to  use  later  is  that  the  points  of  the  complex  line  which  have  real 

coordinates  rektive  to  the  scale  PGf  P19  P*>  correspond  to  the  points  of 

the  line  OA,  or,  in  other  words,  that  the  points  of  the  chain*  C  (JjJJfJli), 

thunJi,  correspond  to  the  paints  on  the  real  line  0  A. 

Theorem  5  may  be  made  the  basis  of  a  method  for  the  investigation  of 
theorems  of  Euclidean  geometry,  particularly  those  relating  to  n-Iines  and 
circles.  The  complex  numbers  may  be  regarded  as  the  codrdinates  of  the 
]M>iats  of  the  Euclidean  plane  and  many  interesting  theorems  ohtained  by 
interpreting  simple  algebraic  equations.  Compare  the  articles  by  F.  Morley, 
Transactions  of  the  American  Mathematical  Society,  Vol.  I,  p.  97  ;  Vol.  IV, 
p.  1;  Vol.  V,  p.  467;  Vol.  VIE,  p.  14. 

The  whole  subject  is  closely  related  to  certain  elementary  parts  of  the 
theory  of  functions  of  a  complex  variable.  Cf.  an  article  by  F.  1ST.  Cole, 
Annals  of  Mathematics,  1st  Series,  Vol.  V  (1890),  p.  121. 

91  .  Correspondence  between  the  complex  line  and  the  real  Euclidean 
plane.  The  operation  of  addition  of  vectors  has  been  so  defined  that 

OX1  =  OX+  OP, 

where  O  and  P  are  fixed  and  X  and  X1  variable  points,  may  be  taken 
as  representing  a  translation  carrying  X  to  Xf.  The  operation  of 
multiplication  has  been  defined  so  that 

OX1  =  OP-OX 

may  be  taken  to  represent  a  direct  similarity  transformation  carrying 
0  into  itself  and  X  to  X'.  Thus  the  general  direct  similarity  trans- 
formation may  be  written 


*  Cf  .  §11.  The  reader  who  has  omitted  the  starred  sections  in  Chap.  I  may 
take  a  chain  C  (P^P*)  as  by  definition  consisting  of  those  points  of  a  complex 
line  which  have  real  coSrdinates  relative  to  the  scale  P0,  Pj,  P«. 
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The  last  theorem  may  therefore  be  stated  in  the  following  foim : 

THEOREM  6.  Let  QQ,  Qlf  QK  5e  tk^e  arbitrary  points  of  a  camples 
protective  line  /,  and  let  JJ  and  JJ  be  two  arbitrary  points  of  a  Euclid- 
ean plane  TT  in  whose  line  at  infinity  /»  an  elliptic  absolute  involution 
is  given.  There  exists  a  one-to-one  and  reciprocal  correspondence  F  in 
which  JJ  corresponds  to  QQ9  Pl  to  Q19  /,  to  Qxy  and  every  ordinary  point 
of  IT  to  a  point  of  I  distinct  from  QK.  This  correspondence  is  smh  that 
to  every  projection  transformation  of  I  leaving  Q^  invariant,  i.e.  to 
every  transformation  of  the  form 

(1)  jaf  =  ax  +  6,         a  3*  Q, 

there    corresponds    a    direct   similarity   transformation   of  TT,   and 

conversely. 

The  question  immediately  arises,  What  group  of  transformations 
of  TT  corresponds  to  the  general  protective  group  on  I,  ie.  to  the  set 
of  transformations 


(2) 


ax  • 


ex  -f-  d 


The  transformation  of  TT  corresponding  to 
(3)  xf  =  l/x 

must  change  any  point  P  to  a  point  J^  such  that 


Hence,  by  Theorem  3,  4-P-/J-ZJ  is  congruent  to  4JJ^P;.   Therefore 

the  orthogonal  line  reflection  with  PQI^  as  axis  must  carry  P  to  a 

point  Pn  of  the  line  JJPf.    If  P  be  re- 

garded  as   a  variable   point   of    a  line 

through  PQ,  it  follows  that  the  correspond- 

ence between  Pf  and  Pn  is  projective.   In 

this  correspondence  JJ  corresponds  to  the 

point  at  infinity  of  the  line  I^Pf>  and  each 

of  the  points  in  which  this  line  meets  the 

circle  through  JJ  with  JJ  as  center  corre- 

sponds to  itself.    Hence  the  correspond- 

ence between  P!  and  Pr!  on  a  given  line 

through  J£  is  an  involution,  and  Pr  and  Pn  are  conjugate  points  with 

respect  to  the  circle.   Hence  (§  71),  if  P  be  a  variable  point  of  the 

plane,  the  correspondence  between  Pf  and  Ptr  is  an  mveimoiL  Hence 
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the  transformation  of  TT  corresponding  to  j?  =  1/^r  is  the  product 

of  the  orthogonal  line  reflection  with  -PJfJ  as  axis  and  the  inversion 
with,  respect  to  the  circle  through  Pl  with  J?  as  center. 

Now  any  transformation  (2)  is  evidently  (cf.  §  54,  VoL  I)  a  product 

of  transformations  of  the  forms  (1)  and  (3).   But  the  transformation 
(1)  has  to  correspond  to  a  direct  similarity  transformation, 

ie,  to  a  product  of  a  dilation  and  a  displacement  A  displacement  has 
proved  ia  Chap.  IV  to  be  a  product  of  two  orthogonal  line 
reflections ;  and  a  dilation  will  now  be  shown  to  be  a  product  of  two 
or  four  inversions  and  orthogonal  line  reflections. 

Foe  consider  a  dilation  A  with  a  point  0  as  center  and  carrying 
a  point  A  to  a  point  It.  If  0  is  not  between  A  and  B,  there  exists 
(Theorem  8,  Chap.  V)  a  pair  of  points  C&  which  separate  A  and  B 
harmonically  and  have  0  as  mid-point  Let  I4  be  the  inversion  with 
respect  to  the  circle  with  0  as  center  and  passing  through  Cf  The 
transformation  IjA  leaves  invariant  all  points  of  the  circle  through  A 
with  O  as  center,  and  effects  a  projectivity  on  each  line  through  0 
interchanges  0  and  the  point  at  infinity.  The  projectivity  on 
each  line  through  0  is  therefore  the  involution  earning  each  point 
to  a  conjugate  point  with  regard  to  the  circle  through  A  with  0  as 
center.  Hence  ItA  is  an  inversion,  I2,  with  respect  to  this  circle. 
From  IXA  =  I.  follows  A  =.  IJ^  If  0  is  between  A  and  B,  let  A  be 
the  point  reflection  with  O  as  center.  The  product  AA  is  a  dilation 
such  that  0  is  not  between  .4  and  AA  (A).  Hence  AA  is  a  product  of 
two  inversions  Ir  \  and  A  =  AIJr  Since  A  is  a  product  of  two 
orthogonal  line  reflections,  A  is  a  product  of  four  inversions  and 
orthogonal  line  reflections. 

Hence  any  projeetive  transformation  of  a  complex  line  I  corresponds 
under  T  to  a  transformation  of  a  real  JEuelidean  plane  TT  which  is  a 
product  of  an  even  number  of  inversions  and  orthogonal  line  reflections. 

The  converse  of  this  proposition  is  also  valid.  In  order  to  prove  it 
we  need  only  verify  (a)  that  the  product  of  two  orthogonal  line  reflec- 
tions in  TT  corresponds  to  a  projectivity  of  /,  (ft)  that  the  product  of  an 
orthogonal  line  reflection  A  and  an  inversion  P  of  TT  corresponds  to  a 
projectivity  of  Z,  and  (<y)  that  the  product  of  two  inversions  PXP2  of  TT 
corresponds  to  a  projectivity  of  L  The  first  of  these  statements  is  a 
corollary  of  Theorem  6. 
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To  prove  (/3)  let  us  first  consider  the  case  where  the  axis  of  A 

passes  through,  the  eeuter  O  of  P.  Let  0^  be  one  of  the  points  in  which 
the  axis  of  A  meets  the  invariant  circle  of  P,  X  be  any  point  of  TT,  and 
X*  =  AP  (X).  The  considerations  given  above  in  connection  with  the 
transformation  (3)  show  that 


and  hence  that  AP  corresponds  to  a  transformation  of  /  of  the  same 
type  as  (3),  i.e.  to  an  involution.  Moreover,  AP  is  obviously  the  same 
as  PA.  In  case  the  axis  of  A  does  not  pass  through  the  center  of  P, 
let  A!  be  an  orthogonal  line  reflection  whose  axis  passes  through  the 
center  of  P.  Then 

AP  =  AA'-A'P     and     PA  =  PA'  -A'  A. 

The  products  AA7  and  A'  A  correspond  to  projectivities  by  Theorem  6, 
and  PA;  =  A7P  corresponds  to  an  involution  by  what  has  just  been 
proved.  Hence  AP  and  PA  correspond  to  projectivities. 

To  prove  (7)  let  A  be  an  orthogonal  line  reflection  whose  axis 
contains  the  centers  of  PL  and  P2.   Then 


The  products  P^A  and  AP2  correspond  to  projectivities  by  (y3).  Hence 
PXP2  corresponds  to  a  projectivity.  Thus  we  have  the  important  result  : 

THEOREM  7.  A  projectile  transformation  on  a  complex  line  corre- 
sponds under  T  to  a,  transformation  of  the  real  ^Euclidean  plane 
which  is  a  product  of  an  even  number  of  inversions  and  orthogonal 
line  reflections,  andt  conversely,  any  transformation  of  the  real 
Euclidean  plane  of  this  type  corresponds  to  a  projectivity  of  the 
complex  line. 

92.  The  inversion  group  in  the  real  Euclidean  plane. 

DEFINITION.  The  transformations  of  a  Euclidean  plane  and  its 
line  at  infinity  which  are  products  of  orthogonal  line  reflections 
and  inversions  are  called  circular  transformations,  and  any  circular 
transformation  which  is  a  product  of  an  even  number  of  inversions 
and  orthogonal  line  reflections  is  said  to  be  direct 

THEOREM  8.  DEFINITION.  The  set  of  all  circular  transformations 
of  a  HucHdeayi  plane  and  its  line  at  iwfimty  m  which  an  ^ 
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is  given  a  grviip  is  called  the  inversion 

group.  The  set  of  circular  transformations  form  a  subgroup 

of  the  group,  which,  if  the  Euclidean  plane  is  real,  is 

isoi/torphic  with  the  projectile  group  of  a  complex  li/ie. 

The  first  part  of  this  theorem  is  an  obvious  consequence  of  the 
definition,  and  the  second  Is  equivalent  to  Theorem  7.  That  not  all 
circular  transformations  are  direct  Is  shown  by  the  special  case  of 
an  inversion.  An  inversion  is  not  a  direct  circular  transformation, 
because  it  leaves  invariant  all  points  of  a  circle  and  hence  cannot 
correspond  under  T  to  a  projeetivi'y.  Combining  Theorems  8  and  6 
we  have 

COROLLARY.  In  a  real  Euclidean,  plane  the  group  of  circular 
transformations  leaving  /.  invariant  is  the  Euclidean  group,  and  the 
direct  circular  transformations  leaving  L  invariant  are  the  direct 
similarity  transformations. 

The  isomorphism  between  the  group  of  direct  circular  transforma- 
tions and  the  projective  group  on  the  line  may  be  used  as  a  source 
of  theorems  about  the  former.  Thus  the  fundamental  theorem  of 
projective  geometry  (Assumption  P)  translates  into  the  following 
theorem  about  the  real  Euclidean  plane: 

THEOKEM  9.  A  direct  circular  transformation  which  leaves  three 
ordinary  points,  or  two  ordinary  points  and  I*,  invariant  is  the 
identity.  There  exists  a  direct  circular  transformation  carrying  any 
three  distinct  ordinary  points  A,  J5,  C  respectively  into  three  distinct 
points  A!>  &>  Cf  respectively,  or  into  Ar,  Bf,  and  L  respectively. 

Now  consider  a  circular  transformation  II  which  is  not  direct  and 
which  leaves  three  distinct  points  A,  B,  C  invariant.  By  definition 

n^A^i-A^-'-ArAL' 

where  A*  (i  =  1,  2,  •  -  *,  2  n  +  1)  is  an  inversion  or  an  orthogonal  line 
reflection.  Let  A  be  an  orthogonal  line  reflection  whose  axis  contains 
A,  B,  C,  if  these  points  are  collinear,  or  an  inversion  with  respect  to 
the  circle  containing  them  in  case  they  are  not  collinear.  Then  AH 
is  a  direct  circular  transformation  leaving  A^E§C  invariant.  Hence 


Since  A  is  of  period  two,  this  implies 
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The  same  argument  applies  in  case  one  of  the  points  A,  £,  €  is 
replaced  by  L.  Hence  we  have 

THEOREM  10.  A  circular  transformation  which  is  not  direct  and 
leaves  invariant  three  distinct  ordinary  points  A,  &,  C,  or  two  ordinary 
points  A9  By  and  lmy  is  an  orthogonal  line  reflection  or  an  inversion 
according  as  the  invariant  points  are  collinear  or  not 

THEO&EM  11.  If  H  is  a  circular  transformation  and  A  an  inver- 
sion or  orthogonal  line  re/lection,  UAH"1  is  an  inversion  or  orthogonal 
line  reflection* 

Proof.  Let  A9  J5,  C  be  three  of  the  invariant  points  of  A  ;  then 
HAH-1  leaves  H  (A),  II  (B),  TL  (C)  invariant.  If 


where  A1?  -  -  •,  A^  are  orthogonal  line  reflections  or  inversions,  then 

nAn->=  AA  -  -  -  A.AA.  •  •  •  AA, 

and  is  thus  a  product  of  an  odd  number  of  orthogonal  line  reflections 
or  inversions.  Hence  by  the  last  theorem  it  is  an  orthogonal  lime 
reflection  or  an  inversion. 

The  invariant  elements  of  IIATI*"1  are  those  to  which  the  invariant 
elements  of  A  are  carried  by  IT.  Since  IIAEP"1  is  an  inversion  or  an 
orthogonal  line  reflection,  we  have 

COROLLARY  1.  Any  circular  transformation  carries  any  circle  into 
a  circle  or  into  tlie  set  of  points  on  an  ordinary  line  and  on  /„.  It 
carries  the  set  of  points  on  lm  and  an  ordinary  line  into  a  set  of  this 
sort  or  into  a  mrcle. 

COROLLARY  2.  If  C*  and  J5T2  are  any  two  circles  and  I  any  line, 
there  exists  a  direct  circular  transformation  carrying  C*  to  JT2  and 
one  carrying  (72  to  the  set  of  all  points  on  I  and  I*. 

Proof.  Let  A,  B,  C  be  any  three  points  of  C2,  let  A',  Bft  O  be  any 
three  points  of  JST*,  and  let  A!3  B*  be  any  two  points  of  I.  By  Theorem  9, 
there  exist  direct  circular  transformations  II  and  IF  such  that 

H  (ABC}^A!Bf(?     and     IT  (ABO)=ArBfL. 

Since  Af>  -B7,  ff  are  not  collinear,  the  set  of  points  into  which  II  carries 
(T2  must  be  a  circle  ;  and  since  there  is  only  one  circle  containing 
A',  ff,  Cf9  this  cirde  is  •  J?.  Since  there  is  no  circle  containing^,  M1, 
and  L,  the  set  of  points  into  wiiidb.  H;  carries  O2  must  be  the  set  of 


2:28  ESTVEESI02T  GEOMETRY  [CHAP.VI 

on  f »  and  an  ordinary  line.   Since  the  ordinary  line  contains 
A*        M1S  it  must  be  L 

An  inversion  (§71)  transforms  all  lines  through  its  center  into 
themselves  and  interchanges  the  center  with  C  Hence,  by  the  last 
two  corollaries,  we  have  at  once 

COROLLARY  3.    An  a  circle  through  its  center  into 

the  set  of  points  on  L  and  a  line  not  passing  through  the  center. 

COROLLARY  4.  A  pair  of  circles  which  touch  each  other  is  carried 
by  a/i  inversion  into  a  pair  of  circles  which  touch  each  other,  or  into 
d  and  a  Urn  together  with  /.,  or  into  two  parallel  lines 

and  I*. 

Proof.  Let  (7*  and  JT4  be  two  circles  which  touch  each  othei 
Since  an  inversion  is  a  one-to-one  reciprocal  correspondence  except 
for  the  origin  and  L,  if  neither  Cz  nor  JT2  passes  through  the  origin, 
they  must  be  carried  into  two  circles  having  only  one  point  in 
common  and  which  therefore  touch  each  other.  If  0s  passes  through 
the  origin  and  JT2  does  not,  Cz  is  carried  into  J.  and  an  ordinary 
line  I,  while  JC2  is  carried  into  a  circle  JKJ  which  has  one  and  only  one 
point  in  common  with  the  line  pair  IJ*,  Since  Z«  cannot  meet  £$  in 
a  real  point,  I  meets  it  ia  a  single  point  and  therefore  is  tangent.  If  C% 
and  JT3  both  pass  through  the  center  of  inversion,  they  are  transformed 
into  4,  and  a  pair  of  ordinary  lines  Z,  m.  Since  <72  and  JT2  have  only 
the  center  of  inversion  in  common  and  this  is  transformed  into  Z«, 
the  lines  I  and  m  can  have  no  ordinary  point  in  common.  Hence  I 
and  TO  are  parallel. 

It  was  remarked  in  §  90  (just  before  the  fine  print  at  the  end) 
that  the  correspondence  F  between  the  complex  line  and  the  real 
Euclidean  plane  is  such  that  the  points  of  a  certain  chain  C  (P^P^), 
with  the  exception  of  ^,  correspond  to  the  points  of  a  certain  Euclid- 
ean line  1.  Since  J£  corresponds  to  lMy  the  chain  C  (P^R>)  corresponds 
to  the  line  pair  IL.  Under  the  protective  group  on  a  line  any  two 
chains  are  equivalent ;  and  under  the  group  of  direct  circular  trans- 
formations any  circle  is  equivalent  to  any  circle  or  any  line  pair  U* 
(Cor.  2).  Hence  we  have 

THEOREM  12.  The  correspondence  F  &  such  that  chains  i%  the  com- 
plex line  correspond  to  real  circles  or  to  line  pairs  U99  where  I  is 
ordinary  and  /„  the  line  at  infinity  of  the  Euclidean  plane* 
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The  theory  of  cliains  on  a  complex  line  is  therefor  equivalent  to 
the  theory  of  the  real  circles  and  lines  of  a  Euclidean  plane.  In  view 
of  this  equivalence  we  shall  freely  transform  the  terminology  of  the 
complex  line  to  the  Euclidean  plane,  and  vice  versa.  Thus  we  shall 
speak  of  the  cross  ratio  of  four  points  in  the  Euclidean  plane  and  of 
pencils  of  chains  in  the  complex  line.  The  exercises  below  contain  a 
number  of  important  theorems  some  of  which  can  be  obtained  directly 
from  the  definitions  in  §  71  and  some  of  which  can  be  proved  most 
simply  by  translating  protective  theorems  on  the  complex  line  into 
the  terminology  of  the  Euclidean  plane. 

DEFINITION.  An  imaginary  circle  is  an  imaginary  conic  through 
the  circular  points  such  that  its  polar  system  transforms  real  points 
into  real  lines. 

The  definition  of  an  inversion  given  in  §  71  applies  without  change 
to  the  case  of  imaginary  circles. 

On  the  geometry  of  circles  in  general  the  reader  is  referred  to  the 
papers  by  Mobius  in  YoL  II  of  his  collected  works ;  to  those  by  Stein er 
in  Vol.  I  (especially  pp.  16-83,  461-527)  of  his  collected  works;  to 
Vol.  II,  Chaps.  II,  III,  of  the  textbook  by  Doehlemann  referred  to  in. 
Ex.  4 ;  and  to  the  forthcoming  book  by  J.  L.  Coolidge,  A  Treatise  on 
the  Circle  and  the  Sphere,  Oxford,  1916. 

EXERCISES 

1.  An  Inversion  with  respect  to  an  imaginary  circle  is  a  product  of  an 
inversion  with  respect  to  a  real  circle  and  a  point  reflection  having  the 
same  center  as  the  circle. 

2.  The  inverse  points  on  any  line  through  the  center  0  of  a  circle  C2  are 
the  pairs  of  an  involution  having  0  as  center.  If  Al  and  A^  are  any  two 
inverse  points,  OA1  •  0-4  2  is  a  constant,  which  in  case  of  a  real  circle  is  equal 
to  (0C)2,  C  being  a  point  of  C2. 

3.  Two  pairs /of  points  A  A'  and  BR'  are  inverse  with  respect  to  a  circle 
with  0  as  center  if  and  only  if  (1)  0  is  collinear  with  the  pairs  A Af  and 
BB',  and   (2)  the  ordered  triads  OAB  and   OB* A'  are  similar,  but  not 
directly  similar. 

4.  A  linkage  which  consists  of  a  set  of  six  bars  OA9  OC,  AB,  BC,  CD, 
DA,  jointed  rnovably  at  the  points  0,  A,  By  C,  Dy  and  such  that  Dist  (0J)  ==• 
Bist  (OC)  and  A  BOD  is  a  rhombus,  is  called  a  "Peaucellier  inversor."  If 
0  is  held  fixed  and  B  varies,  the  locus  of  D  is  inverse  to  that  of  B  with 
respect  to  a  circle  with  0  as  center.  If  B  be  constrained,  say  by  an  additional 
link,  to  move  on  a  circle  through  O,  D  describes  a  line,    Qni  the  general 
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subject  oi  linkages,  cf.  K.  Doehlemann,  Geometrische  Transformationen, 
Vol.  II,  p.  90,  Leipzig,  1908,  and  A.  Emoh,  Protective  Geometry,  §§62-67, 
New  York,  1905. 

5.  If  A  »  By  Cy  D  are  four  points  of  a  Euclidean  plane, 

B  (AB,  CD)  =  k&, 

)      Dist(BC)          ,      .  0 

and  *=a~A 


where  a  and  /:?  are  the  measures  of  &  CAD  and  4-CBD  respectively.  The 
number  k  is  invariant  under  the  inversion  group,  and  0  under  the  group  of 
direct  circular  transformations.  The  four  points  are  on  a  circle  or  collinear 
if  0  =  0. 

6.  Construct  a  point  having  with  three  given  points  a  given  cross  ratio. 

7.  If  II  is  any  circular  transformation,  the  points  0  =  TI""1^)  and  0'=II(/ao) 
are  called  its  vanishing  points.  The  lines  through  0  are  transformed  by  II  into 
the  lines  through  0\   If  X  is  any  point  of  the  plane,  and  X'  =  H  (X),  then 
Dist  (OX)  •  Dist  (O'X")  is  a  constant,  called  the  power  of  the  transformation 
(cf.  §  43). 

8.  Let  A  and  B  be  two  points  not  collinear  with  0  and  let  II  (A)  —  A', 
II  (B)  =  B'.   The  ordered  point  triads  OAB  and  O'B'A'  are  directly  similar  if 
El  is  direct,  and  similar,  but  not  directly  so,  if  II  is  not  direct. 

9.  The  equations  of  an  inversion  relative  to  rectangular  nonhomogeneous 
coordinates,  having  the  center  of  inversion  as  origin,  are 


'  — 

y     _ 


_  __. 

The  circle  of  inversion  is  real  or  imaginary  according  as  k  >  0  or  k  <  0. 

10.  The  coordinate  system  for  the  real  Euclidean  plane  obtained  by  means 
of  the  isomorphism  of  the  Euclidean  group  with  the  projective  group  leaving 
a  point  invariant  on  a  complex  line  is  such  that  the  coordinate  z  of  any  point 
is  x  +  iy,  where  x  arid  y  are  the  coordinates  in  a  system  of  rectangular  non- 
homogeneous  coordinates  and  i2  =  —  1.  The  points  z  of  a  circle  satisfy  the 
condition 


at 


ct  +  d 


a  b 
c  d 


where  t  is  real  and  variable  and  a,  b,  c,  d  are  complex  and  fixed.  If  c  —  0,  this 
circle  reduces  to  a  line. 

11.  The  circles  orthogonal  to  z  —  -  -  are 
8  ct  +  d 


where  a  and  ft  are  real. 

12.  The  circles  through  two  points  zv  z2  are  given  by 
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13.  A  circle  with  zl  as  center  is  given  by 

„__..,_  i.-ffl 

*,          -j  —   4.C  M, 

where  0  =5  $  <  2  w  and  Jt  Is  a  real  constant, 

14.  The  centers  of  the  circles  circumscribing  the  four  triangles  formed  by 
the  sides  of  a  complete  quadrilateral  are  on  a  circle.   This  circle  is  called  the 
center  circle  of  the  complete  quadrilateral.    The  centers  of  the  center  circles 
of  the  five  complete  quadrilaterals  formed  by  the  sides  of  a  complete  five-line 
are  on  a  circle  called  the  center  circle  of  the  five-line.   Generalize  this  result. 

93.  Generalization  by  inversion.    By  the  corollary  of  Theorem  8 

the  set  of  direct  circular  transformations  leaving  L  invariant  is  the 
group  of  direct  similarity  transformations,  and  the  set  of  all  circular 
transformations  leaving  /»  Invariant  is  the  Euclidean  group.  Tins  is 
the  basis  of  a  method  of  generalization  "by  inversion  entirely  analo- 
gous to  the  generalization  %  projection  employed  in  §  73. 

In  case  a  figure  Fl  which  is  under  investigation  can  be  trans- 
formed by  one  or  more  inversions  into  a  known  figure  F^  then  such 
of  the  relations  among  the  elements  of  F,  as  are  invariant  under 
circular  transformations  must  hold  good  among  the  corresponding 
elements  of  F^ 

In  order  to  apply  this  method  it  is  necessary  to  know  relations 
which  are  left  invariant  by  the  circular  transformations.  The  most 
elementary  of  these  are  given  in  the  last  section,  but  perhaps  the 
most  important  property  of  an  inversion  for  this  purpose  is  that  of 
isogonality,  or  "  preservation  of  angles." 

DEFINITION.  If  Of  and  Cf  are  two  circles  having  a  point  Q  in  com- 
mon, and  ml  and  <m%  are  the  tangents  to  C*  and  C%  respectively  at  Q, 
the  measure  (according  to  §  72)  of  the  ordered  line  pair  m^  is 
called  the  angular  measure  of  the  ordered  pair  of  circles  at  Q3  or 
simply  the  angle  between  the  two  circles  at  Q.  If  Cf  is  any  circle, 
m2  a  line  meeting  it  in  a  point  Qt  and  mx  the  tangent  to  Cf  at  Qf 
the  measure  of  the  ordered  line  pair  mzm1  is  called  the  angle  between 
m%  and  Cf,  and  the  measure  of  m1m2  is  called  the  angle  between  (7f 
and  mv  The  measure  of  a  line  pair  wi^n>Si  is  called  the  angle*  between 
m3  and  mf 

THEOREM  ,13.  An  angle  a  between  two  circles  or  a  circle  and  a 
line  or  between  two  line$  is  changed  into  TT  —  &  by  an  inversion  or 

*  In  accordance  with  common  "usage,  we  are  here  using  the  term,  ^f  angle  n  *6 
denote  a  number,  in  spite  of  the  fact  that  we  use  it;  In  §  28  to  denote  a  geomietariicai 
'ngare. 
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an  reflection  is  left   unaltered 

circular  transformation. 


[CHAP.  VI 
ant/  direct 


Proof.  The  statement  with  regard  to  direct  circular  transforma- 
tions is  aa  obvious  consequence  of  the  one  with  regard  to  inversions 
and  orthogonal  line  reflections.  What  we  have  to  prove  is,  therefore, 
the  following: 

Let  II  be  an  inversion  or  an  orthogonal  line  reflection,  and  let  ^ 
and  /  lie  two  lines  meeting  in  a  point  JP  such  that  II  (P)  =  Q  is  an 
ordinary  point.  If  ^  is  carried  by  II  into  a  line,  let  this  line  be  denoted 
by  m  ;  and  if  Z  (together  with  /*»)  is  carried  to  a  circle  Cf,  let  ml  denote 
the  tangent  to  Cf  at  Q;  likewise,  if  Z2  is  carried  by  II  into  a  line,  let 
this  line  be  denoted  by  TOS;  and  if  Z2  (together  with  L)  is  carried  to  a 
circle  CJ,  let  m2  denote  the  tangent  to  Cf  at  Q.  The  two  ordered  pairs 
of  lines  ZjZjj  and  -m^m^  are  symmetric. 

In  case  II  is  an  orthogonal  line  reflection,  mx=  II  (IJ  and  w2= II  (Za)^ 
and  the  proposition  is  a  direct  consequence  of  the  definition  of  the 
term  "  symmetric  "  (§  57).  Suppose,  then,  that  II  is  an  inversion  hav- 
ing a  point  0  as  center. 

One  of  the  lines  119  Zg,  say 
Zj,  can  be  transformed  into 
itself  if  and  only  if  Zx  is  on  0. 
By  hypothesis  O^P;  hence 
if  II  (Zx)  =  119  the  line  Z2  goes 
into  the  set  of  points  dif- 
ferent from  0  on  a  circle  CJ 
through  O  and  Q.  Then  ms 
is  the  tangent  to  C£  at  Q. 
Any  line  through  0  which 
meets  Z2  in  an  ordinary 
point  X  meets  <722  in  the 
point  which  corresponds  to 
X  under  the  inversion.  Hence  the  line  n>2  through  0  and  tangent 
to  Cj  cannot  meet  Z2  in  an  ordinary  point,  and  is  therefore  parallel  to  Z2. 
Hence  the  line  pair  Z^g  is  congruent  to  the  pair  Z^.  The  line  m2  is 
the  tangent  to  C*  at  Q.  Since  Z^2  is  carried  to  Z3m2  by  the  orthogonal 
line  reflection  whose  axis  is  the  perpendicular  bisector  of  OQ,  the  pair 
Z^2  is  symmetric  with  Z1m2.  Hence  Z.^  is  symmetric  with  Ijm* . 
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If  neither  of  the  lines  Il9  /3  is  transformed  into  Itself,  neither  passes 
through  O.  Let  /  denote  the  line  OP.  Then  by  the  last  paragraph  11^ 

is  symmetric  with  Iml9  and  II ^  with  Im^.  But  by  Theorem  13,  Chap.  IV, 
the  symmetry  which  carries  l/1  to  lml  must  be  identical  with  that 
which  carries  llf  to  lmf  Hence  IJ9  is  symmetric  with  mjmf 

As  an  exercise  In  generalization  by  inversion  let  us  prove  the  following : 
THEOKEM  14.   If  three  circles  Cf,  C|,  C|  meet  in  a  point  O  in  such  a  way  that 

each  pair  qf  them  makes  an  angle  —  *  and  also  meet  "by  pairs  in  three  other  points 

3 

P9  Q,  Rf  the  circle  (or  line)  through  P,  Q  and  R  makes  with  each  of  the  other 

circles  an  angle  —  • 

O 

Proof.   The  pair  of  circles  which  meet  at  0  obviously  make  the  angle  —  at 

& 

each  of  the  points  P,  Qt  R.  An  inversion  n  with  respect  to  a  circle  having  O 
as  center  must  therefore  change  them  into  the  sides  of  an  equilateral  triangle. 

The  circle  circumscribing  this  triangle  makes  the  angle  —  with  each  of  the 

o 

sides.  But  since  this  circle  is  the  transform  of  the  circle  PQR  by  II,  the 
conclusion  of  the  theorem  follows. 

As  a  second  application  of  the  theory  of  inversion,  in  combination  with 
projective  methods,  we  may  consider  the  theorem  of  Feuerbach  on  the  nine 
point  circle  (cf.  Ex.  2,  §  78). 

THEOREM  15.   The  nine-point  circle  of  a  triangle  touches  the  four  inscribed  circles. 

Proof,  Let  the  given  triangle  be  ABC,  and  let  the  mid-points  of  the  pairs 
BC,  CA9  AB  be  Av  JS19  C^  respectively.  The  nine-point  circle  is  the  circle 
containing  A19  Bv  Cr 


Let  Kf  and  JT|  be  the  two  inscribed  circles  whose  centers  are  on  one  of  the 
bisectors  of  4  CAB.  In  case  Kf  and  Kj  touch  the  line  EC  at  the  same  point, 
"ids  is  the  mid-point  Al  of  the  pair  B'C,  the  triangle  ^J^is  isosceles,  and  the 
nine-point  circle  obviously  touches  K*  and  Kj  at-4r  In  every  other  case  there 
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is  one  Hue,  I,  besides  AB,  BC,  CA,  which  touches  both  K*  and  Ar|.  Let  A'&C* 
be  the  points  in  which  I  meets  the  sides  DC,  C'A,  AB  respectively.  Then  AA't 
B^j  CC'  are  the  pairs  of  opposite  vertices  of  a  complete  quadrilateral  circum- 
scribing both  Kf  and  A*f  ,  aad  the  diagonal  triangle  of  this  quadrilateral  is  a 
self-polar  triangle  both  "for  Kf  and  A*|  (§  44,  Vol.  I).  Since  the  side  A  A'  of 
this  triangle  is  the  line  of  centers  of  K}  and  A"|,  the  other  two  sides,  B&  and 
CC",  are  parallel  to  each  other  and  perpendicular  to  A  A'.  Let  their  points  of 
intersection  with  A  A'  be  BQ  and  C0  respectively.  These  two  points  are  con- 
jugate with  respect  to  both  circles,  and  hence  must  be  the  limiting  points  of 
the  pencil  of  circles  containing  Kf  and  Kj.  The  radical  axis  of  the  pencil  of 
circles  is  the  perpendicular  bisector  of  the  pair  B0CQt  and  hence  (§  40)  passes 
through  the  mid-points  of  all  the  pairs  BC,  JTC",  BC',  B'C,  BQCQ.  In  partic- 
ular the  radical  axis  of  Kf  and  Kj  passes  through  Av  the  mid-point  of  BC. 
Hence  there  is  a  circle  GP  with  At  as  center  and  passing  through  BQ  and  C0. 

Let  r  be  the  inversion  with  respect  to  G*.  Since  this  circle  passes  through 
B9  and  C0,  it  is  orthogonal  both  to  K*  and  K*  (Theorem  34,  §  71),  and  hence 
r  transforms  each  of  these  circles  into  itself.  We  shall  now  prove  that  T 
trans!  orms  I  into  the  nine-point  circle. 

Let  B2  be  the  point  in  which  A&  meets  I.  Since  A^  is  parallel  to  AB9 
it  is  not  parallel  to  I,  and  hence  B2  is  an  ordinary  point.  Since  AtBt  contains 
the  mid-point  Av  of  the  pair  OB  and  is  parallel  to  BC,  it  contains  the  mid- 
point CQ  of  the  pair  CC'.  The  in  volution  which  T  effects  on  the  line  A^t 
must  have  Ca  as  one  of  its  double  points  and^  as  its  center;  hence  the  other 
double  point  must  be  the  point  B8  in  which  ^L^  meets  BB\  because  Al  is  the 
mid-point  of  the  pair  C05r  Thus  <?2  passes  through  jB3  as  well  as  through  C0. 
But  since 


Bt  and  Bz  are  harmonically  conjugate  with  respect  to  Q  and  Bs.   Hence  T 
transforms  B4  to  Br 

In  like  manner  it  can  be  shown  that  if  (72  is  the  point  in  which  A^i  meets 
/,  F  transforms  C2  to  Cr  Since  any  line  whatever  is  transformed  by  F  to  a 
circle  through  J,,  it  follows  that  I  is  transformed  to  the  circle  through  Av  Blf 
and  Cj,  i.e.  to  the  nine-point  circle.  By  Theorem  11,  Cor.  4,  since  /  is  tangent 
to  K*  and  A'|,  the  nine-point  circle  touches  Kf  and  Kj.  Since  it  has  not  been 
specified  which  of  the  bisectors  of  4  CAB  contains  the  centers  of  K}  and  K\, 
this  argument  shows  that  the  nine-point  circle  touches  all  four  inscribed  circles. 

EXERCISES 

1.  Any  three  points  can  be  carried  by  an  inversion  into  three  colliaear 
points. 

2.  Two   nonintersecting   circles   can   be   carried  by   an  inversion   into 
concentric  circles. 

3.  Any  direct  circular  transformation  is  a  product  of  an  inversion  and 
an  orthogonal  line  reflection, 


3,  9*]  COMPLEX  INVERSIONS  235 


4.  A  product  of  two  Inversions  is  an  Involution  if  and  only  if  the  circles 
are  orthogonal. 

5.  Of  four  circles  mutually  perpendicular  by  pairs,  three  can  be  real. 

6.  The  nine-point  circle  meets  the  circle  through  C0  having  Al  as  center 
in  points  of  the  line  A'B'. 

7.  The  nine-point  circle  of  a  triangle  touches  the  sixteen  circles  inscribed 
to  the  triangle  or  to  any  of  the  triangles  formed  by  pairs  of  its  vertices  with  the 
orthocenter. 

8.  Let  three  circles  Cf,  C|,  C^  meet  in  a  point  0,  and  let  Pv  P2,  Pg  be  the 
other  points  of  intersection  of  the  pairs  C|CJ,  CjCf,  CfCj  respectively.   If  Qt 
be  any  point  of  Cf  ,  Q2  the  point  of  Cj  collinear  with  and  distinct  from.  (^  and 
P8,  and  Q$  the  point  of  C|  eoliinear  with  and  distinct  from  Q%  and  Pv  then  <4, 
Pv  and  Qj  are  collinear. 

9.  The  problem  ofApoUonius.  Construct  the  circles  touching  three  given 
circles.  Cf.  Pascal,  Repertorium  der  Hoheren  Mathematik,  II  1,  Chap.  II,  on 
this  and  the  following  exercise, 

10.  The  problem  of  MalfattL  Given  a  triangle,  determine  three  circles  each 
of  which  is  tangent  to  the  other  two  and  also  to  two  sides  of  the  triangle. 

94.  Inversions  in  the  complex  Euclidean  plane.  Thus  far  we  have 
dealt  only  with  a  real  Euclidean  plane.  The  definition  of  an  inver- 
sion given  in  §  71,  however,  applies  without  change  in  the  complex 
Euclidean  plane;  ie.  two  points  AI9  A^  are  inverse  with  respect 
to  a  circle  C2,  provided  they  are  conjugate  with  respect  to  (T2  and 
collinear  with  its  center.  The  transformation  thus  defined  is  obviously 
one  to  one  and  reciprocal  for  all  points  of  the  complex  projective 
plane  except  those  on  the  sides  of  the  triangle  OI^I^  where  0  is  the 
center  of  (72,  and  Jx  and  J2  are  the  circular  points  at  infinity.  Any 
point  of  L  is  carried  to  0  by  the  inversion,  and  0  is  carried  to  every 
point  of  Zco.  The  circular  point  J2  is  transformed  to  every  point  of  the 
line  OI19  and  every  point  of  the  line  OJX  is  transformed  to  Jr  In  like 
manner  J2  is  transformed  to  every  point  of  the  line  OJ2,  and  every 
point  of  this  line  is  carried  to  /2. 

DEFINITION.  The  sides  of  the  triangle  01^  J2  are  called  the  singular 
lines  of  the  inversion  with  respect  to  C*,  and  the  points  on  these  lines 
are  called  its  singular  points. 

The  principal  properties  of  an  inversion  may  he  inferred  from 
the  following  construction  :  If  A^  is  any  point  not  on  a  side  of  the 
triangle  01^,  let  2^  and  Bz  be  the  points  distinct  from  Jx  and  Js 
(fig.  73)  in  which  the  lines  A^  and  AJ[%  respectively  meet  C\  Let 
A9  be  the  point  of  intersection  of  I^B^  and  IJB^  The  points  ^  and  As 
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are  mutually  inverse  because,  by  familiar  theorems  on  conies,  they 
are  conjugate  with  regard  to  C2  and  collinear  with  0. 

From  tills  construction  it  is  evident  in  the  first  place  that  all 
points,  except  jr  of  the  line  A^  are  transformed  into  points  of  the 
line  A  I  ,  and  vice  versa.  Hence  an  inversion  transforms  the  minimal 
lines  through  It  into  the 
minimal  lines  through  Jfy 
and  vice  versa.  More- 
over, the  correspondence 
between  the  two  pencils 
of  minimal  lines  is  such 
if  B  is  a  variable 
point  of  C\  the  line  I^B 
always  corresponds  to 
J2J5.  In  other  words,  the 
correspondence  effected 
by  an  inversion  between 
the  two  pencils  of  mini- 
mal lines  is  a  projectivity  generating  the  invariant  circle  C\ 

The  definitions  of  circular  and  of  direct  circular  transformations, 
given  in  §  92,  apply  without  change  in  the  complex  Euclidean  plane. 
The  result  just  obtained  therefore  implies  that  any  direct  circidar 
transformation  transforms  each  pencil  of  minimal  lines  prqjectively 
into  itself,  and  any  nondirect  circular  transformation  transforms 
each  pencil  of  minimal  lines  projectivety  into  the  other. 

Now  suppose  that  AI  is  a  variable  point  on  any  line  I  not  contain- 
ing Jj  or  Ja. 


.  7S 


Since  -Z?x  and  I?3  are  always  on  the  conic 

(5) 
and 

(6) 

Hence 

(7) 


But  corresponding  lines  of  these  two  pencils  intersect  in  the  vari- 
able point  A^  which  is  therefore  always  on  a  conic  through  Jx  and  1^ 
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or  on  a  line.  In  the  projectivity  (5)  the  Hue  1^0  corresponds  to  lm  ; 
in  (4)  lm  corresponds  to  itself;  and  in  (6)  lm  corresponds  to  Ift. 
Hence  in  (7)  the  line  /SO  corresponds  to  I^09  and  so  the  circle  or  line 
generated  by  (7)  passes  through  0. 

This  result  may  be  stated  in  a  form  which  takes  account  of  the 
singular  elements,  as  follows  :  Any  degenerate  conic  consisting  of  lm 
and  a  nonminimal  line  is  carried  "by  an  inversion  with  respect  to  C* 
into  a  conic  (degenerate  or  not)  which  passes  through  Il9  1  ,  and  0. 

Next  suppose  A^  to  be  a  variable  point  on  any  nondegenerate  conio 
through  Jj  and  Jf.  In  this  case 


(8) 

and  hence  by  the  projectivities  (5)  and  (6)  we  have 

(9) 


Hence  A±  is  again  on  a  conic  through  Jx  and  J2,  which  can  degenerate 
only  if  I*  corresponds  to  itself  under  (9).  The  latter  ease  implies,  by 
(5)  and  (6),  that  Ifl  and  IZO  correspond  under  (8)  or,  in  other  words, 
that  the  locus  of  At  passes  through  0.  Hence  any  nondegenerate  conic 
K*  through  jr  and  I9  corresponds  by  the  inversion  with  respect  to  C* 
to  a  conic  through  1^  and  J2,  which  degenerates  into  a  pair  of  lines, 
one  of  which  is  L,  only  in  case  J£2  passes  through  0. 

This  result,  together  with  the  other  statement  italicized  above, 
amount  to  an  extension  of  Cors.  1  and  3  of  Theorem  11  to  the  com- 
plex Euclidean  plane.  From  our  present  point  of  view  we  can  also 
establish  the  following  theorem,  which  did  not  come  out  of  the 
reasoning  in  §  92. 

THEOREM  16.  The  correspondence  tetween  two  circles  which  are 
"homologous  under  an  inversion  is  projectile. 

Proof.  If  Al  is  a  variable  point  of  one  circle  and  A^  of  the  other, 
then,  in  the  notation  above,  jy^  =  J^2,  and  hence  by  (5) 


which  is  a  necessary  and  sufficient  condition  that  the  correspondence 
between  the  two  circles  be  prtojeetive  (c£.  the  coroflaiy  and  definitions 
following  Theorem  10,  diap.  VHI,  Toil). 
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The  reasoning  also  applies  in          one  or  both  of  the  conies 

which  are  the  loci  of  Al        J2  degenerate.    We  thus  have 

COROLLARY,  A  project  ive  correspondence  is  established  %  an  in- 

between  any  fn'o  homologous  limes  or  "between  a  line   and 
U$  Bel  of  points  on  a  circle. 

The  proof  of  Theorem  13  on  the  preservation  of  angles  under  a  cir- 
cular transformation  applies  without  change  in  the  complex  Euclidean 
plane.  This  theorem  can  also  be  proved  by  the  use  of  considerations 
with  regard  to  the  circular  points.  We  shall  give  the  argument  for 
the  case  of  orthogonal  circles,  leaving  it  as  an  exercise  for  the  reader 
to  derive  the  proof  along  these  lines  for  the  general  case. 

It  has  been  proved  in  §  71  that  the  circles  through  two  points  A^ 
A  are  orthogonal  to  the  circles  through  two  points  £2,  B9  if  and  only 
if  the  pairs  A  ^4^  -Z^A,*  ancl  ^Z,  are  pairs  of  opposite  vertices  of  a 
complete  quadrilateral  (cf.  fig.  73).  The  sides  1^4 19  7^,  I2AJ9 12A^  of 
such  a  quadrilateral  are  transformed  by  an  inversion  relative  to  any 
circle  into  four  lines  through  JL  and  J2.  Hence  the  points  A19  A^  B^ 
B%  are  transformed  Into  four  points  A[,  A!lt  B[9  B%  such  that  I±I.29 
A(A(>  and  B[Bl  are  pairs  of  opposite  vertices  of  a  complete  quadri- 
lateral Hence  the  pencils  of  circles  through  A19  J2  and  B19  Bz 
respectively  are  transformed  into  two  pencils  such  that  the  circles 
of  one  pencil  are  orthogonal  to  those  of  the  other. 

With  this  result  it  is  easy  to  prove  that  Theorems  8-11,  13,  and 
their  corollaries  hold  in  the  complex  Euclidean  plane,  proper  excep- 
tions being  made  so  as  to  exclude  minimal  lines  and  pairs  of  points 
on  minimal  lines.  This  is  left  as  an  exercise. 

95.  Correspondence  between  the  real  Euclidean  plane  and  a  complex 
pencil  of  lines.  The  correspondence  between  a  complex  one-dimen- 
sional form  and  the  points  of  a  real  Euclidean  plane,  together  with 
lmf  can  be  established  in  a  particularly  interesting  way  if  the  one- 
dimensional  form  be  taken  as  the  pencil  of  lines  on  one  of  the  circular 
points  of  the  line  at  infinity  of  the  Euclidean  plane. 

Let  L  be  the  line  at  infinity,  and  1^  be  one  of  the  circular  points. 
By  Theorem  15,  Chap.  V,  each  line  through  I:  contains  at  least  one 
real  point.  No  line  through  J1?  except  fc,  can  contain  more  than  one 
real  point ;  for  otherwise  it  would  be  a  real  line,  and  hence  would  meet 
L  in  a  real  point  contrary  to  the  fact  that  J^  is  imaginary.  Then  each 
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line  through  J1?  except  /„,  contains  one  and  only  one  real  point  of  the 
Euclidean  plane.  Let  us  denote  by  Tr  the  correspondence  by  which 
L  corresponds  to  itself  and  the  other  lines  through  J^  correspond  each 
to  the  real  point  which  it  contains. 

By  §  94  a  direct  circular  transformation  transforms  the  pencil  of 
lines  on  II  protectively  into  itself.  Hence  every  direct  circular  trans- 
formation corresponds  under  17  to  a  projectivity  of  the  lines  on  Jr 

By  Theorem  9  there  is  one  and  only  one  direct  circular  trans- 
formation carrying  an  ordered  triad  of  distinct  points  to  an  ordered 
triad  of  distinct  points ;  and  by  Assumption  P  there  is  one  and  only 
one  projectivity  carrying  an  ordered  triad  of  lines  of  a  pencil  to  any 
ordered  triad  of  the  pencil  Hence  a  given  projectivity  of  the  pencil 
of  lines  on  Jx  can  correspond  under  Ff  to  only  one  direct  circular  trans- 
formation. In  other  words,  F?  sets  up  a  simple  isomorphism  between 
the  projective  group  of  a  complex  one-dimensional  form  and  the 
group  of  direct  circular  transformations. 

The  correspondence  between  the  points  of  a  real  line  and  the  lines 
joining  them  to  Jf  is  evidently  projective.  Since  the  cross  ratio  of 
four  points  of  a  real  line  is  real,  so  is  the  cross  ratio  of  the  lines  join- 
Ing  them  to  Jr  Hence  aiiy  real  line  together  with  /„  corresponds 
under  Tf  to  a  chain.  Since  any  two  chains  of  a  one-dimensional  form 
are  projectively  equivalent,  and  any  circle  of  the  Euclidean  plane  is 
equivalent  under  the  inversion  group  to  an  ordinary  line  and  /„,  it 
follows  that  under  Tf  any  chain  corresponds  to  a  circle  and  any  circle 
to  a  chain. 

The  correspondence  F;  may  be  used  to  transfer  the  theory  of  invo- 
lution from  the  complex  pencil  of  lines  to  the  Euclidean  plane.  Let 
AAf,  BBfy  CCJ  be  pairs  of  opposite  vertices  of  a  complete  quadrilateral 
of  the  Euclidean  plane.  The  pairs  of  lines  joining  these  point  pairs 
to  Jx  are  pairs  of  an  involution.  Hence 

THEOKEM  17.  The  pairs  of  opposite  vertices  of  a  complete  quadri- 
lateral are  pairs  of  an  involution,  i.e.  they  are  pairs  of  homologous 
points  in  a  direct  circular  transformation  of  period  two. 

In  other  words,  the  pairs  of  opposite  vertices  of  a  complete  quad- 
rilateral constitute  the  image  under  Tf  (and  hence  under  F)  of  a 
quadrangular  set.  While  the  converse  of  this  proposition  is  not 
true,  the  proposition  C£in  be  generalized  by  inversion  so  as  to  give 
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a  construction  for  the  most  quadrangular  set  in  which  no 

four  of  the  six  points  are  on  the  circle  or  line  (ci  Ex.  1,  below). 

We  the  construction  in  terms  of  chains.* 

THEOREM  18.   Giun  two  of  points  AA'  and  BBf  and  a  point 

C  no  four  of  the  Jive  points  are  on  the  same  chain.   The 

C  (AB'C)  and  C  (A'BC)  either  meet  in  a  point  D  other  than  C 
or  mch  at  C  In  the  latter  case  let  D  denote  C.  The  chains 

C  (DAB)  ami  C  (DArBr)  meet  in  a  point  C!  such  thai  AA't  BBj,  CC! 
are  pairs  of  an  involution. 

Proof.  Consider  the  figure  in  the  Euclidean  plane  (together  with  4») 
corresponding  under  F  to  the  figure  described  in  the  theorem.  If 
Tr  (D)  =£  L,  Tf  (D)  can.  be  transformed  to  4,  by  an  inversion  I. 
Under  IF  the  four  chains  C  (A3f€),  C  (A'BC),  C  (DAS),  and  C  (DA'S?) 
correspond  to  Euclidean  lines  (with  Q,  and  hence  AA1,  BB!,  CCf  corre- 
spond to  the  vertices  of  a  complete  quadrilateral;  so  that  the  theorem 
reduces  to  Theorem  17.  If  F  (D)  ==  L,  the  theorem  reduces  directly 
to  Theorem  17. 


COEOLLAEY.   Three  pairs  of  points  on  a  complex  line  AAf, 
CC!9  swck  that  the  chains  C  (A'ffC1),  C  (A'BC),  C  (AffC),  C  (ABCJ) 

are  distinct,  are  pairs  of  an,  involution  if  and  only  if  the  four 
chains  have  a  point  in  common. 


EXERCISES 

1.  Tliree  pairs  of  points  of  the  same  chain  A  A',  BB'}  CC'  are  in  involution 
if  for  any  point  D  not  in  the  chain  the  chains  C  (DAA')9  C  (DBB')y  C  (DCCT) 
are  in  the  same  pencil. 

2.  DeriTe  Ex.  15,  §  81,  from  the  theory  of  involutions  in  a  plane. 

3,  If  A  A',  BB',  CC'  are  pairs  of  opposite  vertices  of  a  complete  quadri- 
lateral, the  three  circles  having  A  A',  BB',  CC'  respectively  as  ends  of  their 
diameters  belong  to  the  same  pencil,  and  the  radical  axis  of  this  pencil  passes 
through  the  center  of  the  circle  circumscribing  the  diagonal  triangle  of  the 
quadrilateral. 

4,  Construct  the  double  points  of  an  involution  in  a  Euclidean  plane  with 
ruler  and  compass* 

*  TMs  puts  in  evidence  the  fact  that  while  the  geometry  of  real  one-dimensional 
forms  depends  essentially  on  constructions  implying  the  existence  of  two-dimen- 
sional forms,  the  geometry  of  the  complex  protective  line  could  be  developed 
without  supposing  the  existence  of  points  outside  the  line. 
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96.  The  real  inversion  plane*  In  a  real  Euclidean  plane  an  inver- 
sion has  been  seen  to  be  a  one-to-one  and  reciprocal  transformation 
except  in  that  it  transforms  4,  to  the  center  of  inversion,  and  the  center 
to  /«.  An  inversion,  therefore,  is  strictly  one  to  one  if  we  regard  it  as 
a  transformation  of  the  set  of  objects  composed  of  the  points  of  the 
real  Euclidean  plane  together  with  /„  regarded  as  a  single  object, 

DEFINITION.  The  set  of  points  in  a  real  Euclidean  plane,  together 
with  the  line  at  infinity  regarded  as  a  stogie  object,  is  called  a  real 
inversion  plane;  /„  is  called  the  point  at  infinity  of  the  inversion 
plana  The  set  of  points  on  a  real  circle,  or  on  a  real  line  /  together 
with  /«,,  is  called  a  circle  of  the  inversion  plane.  An  inversion  is  either 
an  inversion  in  the  sense  of  §  71  with  respect  to  a  real  or  imaginary 
circle  or  an  orthogonal  line  reflection.  Circular  transformations,  etc. 
are  defined  as  in  §  92.  The  set  of  theorems  about  the  inversion  plane, 
which  remain  valid  when  the  figures  to  which  they  refer  are  sub- 
jected to  every  transformation  of  the  inversion  group,  is  called  the 
real  inversion  geometry. 

Although  the  point  at  infinity  receives  special  mention  in  this 
definition,  from  the  point  of  view  of  the  inversion  geometry  it  is  not 
to  be  distinguished  from  any  other  point  of  the  inversion  plane.  For 
any  point  of  the  inversion  plane  can  be  carried  to  any  other  point  of 
it  by  an  inversion.  In  a  set  of  assumptions  for  the  inversion  geometry 
as  a  separate  science,  there  would  be  no  mention  of  a  point  at  infinity; 
just  as  there  is  no  mention  of  a  line  or  a  plane  at  infinity  in  our 
assumptions  for  projective  geometry. 

The  inversion  geometry  has  a  relation  to  the  Euclidean  geometry 
w^hich  is  entirely  analogous  to  the  relation  of  the  projective  geometry 
to  the  Euclidean ;  namely,  the  set  of  transformations  of  the  inversion 
group  which  leaves  one  point  of  the  inversion  plane  invariant  is  a 
parabolic  metric  group  in  the  Euclidean  plane  obtained  by  omitting 
this  point  from  the  inversion  plana 

A  large  class  of  theorems  about  circles  can  be  stated  with  the 
utmost  simplicity  in  terms  of  the  geometry  of  inversion.  For  exam- 
ple, the  propositions  that  three  noncollinear  ordinary  points  determine 
a  circle  and  that  two  ordinary  points  determine  a  line  combine  into 
the  single  proposition : 

THEOKEM  19.  In  the  inversion  plane  any  three  distinct  points  are 
on  one  and  "but  one  circle. 
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The  theorem  that  there  is  one  and  only  one  circle  touching  a  given 
circle  ( '*  at  a  given  point  A,  and  passing  through  a  given  point  B  not 
OB  C2,  may  be  put  in  the  following  form,  which  also  includes  the 
proposition  that  through  a  given  point  not  on  a  given  line  I  there  is 
one  and  but  one  Hne  parallel  to  /. 

THEOREM  20.  There  is  one  and  but  one  circle  through  a  point  A  on 
a  circle  C*  and  a  point  B  not  on  C\  and  having  no  point  except  A  in 
with  C". 

The  theory  of  pencils  of  circles  makes  BO  special  mention  of 
the  radical  axis  (§71),  for  the  radical  axis  (with  L)  is  merely  one 
circle  of  the  pencil  and  is  indistinguishable  from  the  other  circles. 
In  like  manner  the  center  of  a  circle  is  not  to  be  distinguished 
from  any  other  point;  for  the  center  is  merely  the  inverse  of  I*, 
with  respect  to  the  circle,  and  the  inversion  group  does  not  leave 
lm  invariant 

Thus  the  theory  of  pencils  of  circles  in  the  inversion  geometry 
involves  no  reference  to  the  radical  axis  or  to  the  line  of  centers. 
A  pencil  of  circles  may  be  defined  as  follows : 

DEFIHITIOH.  A  pencil  of  circles  is  either  (a)  the  set  of  all  circles 
through  two  distinct  points,  or  (b)  the  set  of  all  circles  orthogonal 
to  the  circles  of  a  pencil  of  Type  (a),  or  (c)  the  set  of  all  circles 
through  a  point  of  a  given  circle  C2  and  meeting  (72  in  no  other  point. 
A  pencil  of  circles  is  said  to  be  hyperbolic,  elliptic,  or  parabolic, 
according  as  it  is  of  Types  (a),  (b),  or  (c).  Any  point  common  to  all 
circles  of  a  pencil  is  called  a  lose  point  of  the  pencil. 

By  comparison  with  the  theorems  in  the  preceding -sections  it  is 
evident  that  the  pencils  of  circles  of  these  three  types  include  all  the 
pencils  referred  to  in  §  71  and  also  certain  pencils  of  circles  which 
are  regarded  as  degenerate,  from  the  Euclidean  point  of  view.  Thus, 
consider  a  pencil  of  lines  through  an  ordinary  point  of  a  Euclidean 
plane.  Each  of  these  lines,  with  L,  constitutes  a  degenerate  circle,  and 
the  set  of  degenerate  circles  is  a  pencil  according  to  the  definition 
above.  Again,  a  pencil  of  parallel  lines  in  the  Euclidean  plane  deter- 
mines a  set  of  circles  [IT*]  in  the  inversion  plane  which  have  in 
common  only  the  one  point  L.  By  Theorem  11,  Cor.  3,  any  inver- 
sion T  with  a  center  O  transforms  [-5T2]  into  a  set  of  circles  \K%\ 
through  O  which  have  in  common  no  other  real  points  than  O. 
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Since  there  is  one  and  only  one  circle  of  the  set  [J5J]  through 

every  point  of  the  Euclidean  plane,  [JKJ]  must  be  a  pencil  of 
circles  of  Type  (c). 

The  fundamental  theorems  about  circular  transformations  may  be 
stated  as  follows : 

THEOREM  21.  A  circular  transformation  u  a  one-to-one  transfor- 
mation of  the  inversion  plane  which  carrier  circles  into  circles.  There 
is  a  unique  direct  circular  transformation  carrying  three  distinct 

points  Ay  JB>  C  to  three  distinct  points  A\  B1,  Cf  respectively.  A  circular 
transformation  leaving  three  points  invariant  is  either  an  inversion 
relative  to  the  circle  through  these  three  points  or  the  identify. 

The  theorems  on  orthogonal  circles  in  §  71,  together  with  the 
corresponding  propositions  on  circles,  lines,  and  orthogonal  line 

reflections,  become: 

THEOEEM  22,  Two  circles  are  orthogonal  if  and  only  if  one  of  them 
passes  through  two  points  which  are  inverse  with  respect  to  the  other. 

COROLLARY  1.  Two  circles  are  orthogonal  if  and  only  if  they  belong 
respectively  to  two  pencils  of  circles  such  that  the  limiting  points  of 
one  pencil  are  the  common  points  of  the  circles  of  the  other  pencil. 

COROLLARY  2.  IfA1andAz  are  inverse  with  respect  to  a  circle  C*, 
all  circles  through  Al  and  orthogonal  to  C*  pass  through  A^ 

The  correspondence  F,  which  was  established  in  §§  90,  91,  between 
the  Euclidean  plane  and  the  complex  protective  line,  is  one  to  one 
and  reciprocal  between  the  inversion  plane  and  the  complex  line. 
Since  circles  and  chains  correspond  under  F,  the  inversion  geometry 
is  identical  with  the  geometry  of  chains  on  a  complex  line.  The  direct 
circular  transformations  of  the  inversion  plane  correspond  to  the 
^rojectivities  of  the  complex  line. 

It  follows  from  §  90  that  the  inversion  with  respect  to  the  chain 
C  ($0<2aQ«)  transforms  every  point  z—x+iy  into  the  conjugate  imagi- 
nary point  z  =  M  —  iy.  Hence  an  inversion  with  regard  to  any  chain 
is  a  transformation  projectively  equivalent  to  that  by  which  each 
point  goes  to  its  conjugate  imaginary  point  (c£  §  78).  For  this  reason 
we  make  the  definition : 

DEFINITION.  Two  points  are  said  to  be  conjugate  with  respect  to 
a  chain  if  they  are  inverse  with  respect  to  it 
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It  is  easily  seen  that  any  nondirect  circular  transformation  is  a 
product  of  a  particular  inversion  and  a  direct  circular  transformation 
Hence  anv  nondirect  transformation  may  be  written,  in  the  form 


We  shall  return  to  this  subject  in  §  99. 

EXERCISES 

1.  Construct  a  set  of  assumptions  for  the  inversion  geometry  as  a  separate 
science.* 

2.  Work  out  the  theorems  analogous  to  those  of  §§  71,  90-96  for  the 

parabolic  metric  group  in  a  modular  space.  Thus  obtain  a  modular  inversion 
geometry.  The  number  of  points  in  a  finite  inversion  plane  is  /-  -f  1  if  the 
number  of  points  on  a  circle  is  p  -f  1- 

3.  The  double  points  of  an  involution  leaving  a  chain  Invariant  are  inverse 
with  respect  to  the  chain. 

97.  Order  relations  in  the  real  inversion  plane.  The  more  elemen- 
tary theorems  on  order  relations  in  the  inversion  plane  follow  readily 
from  the  corresponding  theorems  for  the  Euclidean  and  protective 
planes.  Suppose  we  start  with  a  projective  plane  IT*.  By  leaving  out 
a  line  L  of  *•',  a  Euclidean  plane  TT  is  determined;  and  by  regarding 
2.  as  a  point,  an  inversion  plane  TT  is  determined.  Any  line  I  of  Tr7 
which  is  distinct  from  L  determines  a  circle  of  the  inversion  plane  «•; 
and  we  now  define  the  order  relations  on  tbis  circle  as  identical  with 
the  projective  order  relations  of  19  the  point  L  taking  the  place  of  the 
point  in  which  I  meets  /».  The  order  relations  on  any  circle  which 
does  not  contain  L  are  determined  by  §  20. 

Since  the  correspondence  effected  between  any  two  circles  by  an 
inversion  is  projective  (Theorem  16),  it  follows  that  the  order  relations 
among  the  points  on  any  circle  are  unaltered  by  inversion.  Henee 
orde**  relations  on  circles  are  unaltered  by  circular  transformations. 

On  a  complex  line  the  order  relations  in  a  chain  are  identical  with 
the  order  relations  on  a  real  line  as  developed  in  §§18,  19,  21-24. 
The  correspondence  F  (§§  90,  91)  is  such  that  the  order  relations  of 
corresponding  sets  of  points  on  a  chain  C  (Q^Q*)  and  the  circle 
are  identical  Since  order  relations  on  circles  are  unaltered  by 


*This  question  has  been  treated  for  the  three-dimensional  case  by  M.  Fieri, 
Giornale  di  Mateniatiche,  Vol.  XLIX  (1911),  p.  49,  and  Vol  L,  p.  106. 
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circular  transformations,  and  order  relations  on  chains  are  unaltered 
by  projectivities,  it  follows  that  F  is  such  that  the  order  relations 
of  corresponding  sets  of  points  on  any  chain  and  the  corresponding 
circle  are  identical.  Therefore  the  theory  of  order  in  the  inversion 
plane  applies  also  to  the  complex  line. 

Eeturning  to  the  Euclidean  plane  1/,  we  know  by  §  28  that  the 
points  not  on  an  ordinary  line  /  fall  into  two  classes  such  that  any 
two  points  of  the  same  class  are  joined  by  a  segment  not  meeting  lt 
whereas  a  line  joining  two  points  of  different  classes  always  meets  L 
By  §  64  any  circle  containing  two  points  of  different  classes  meets 
I  in  two  points.  We  thus  have 

THEOREM  23.  DEFINITION.  The  points  of  an  inversion  plane  not 
on  a  circle  C9'  fall  into  two  classes,  called  the  two  sides  of  C\  such 
that  two  points  on  the  same  side  of  C3  are  joined  "by  a  segment  of  a 
circle  which  does  not  contain  any  point  of  C*9  and  such  that  any  circle 
containing  two  points  on  different  sides  of  C2  contains  two  points  of  C\ 

Since  order  relations  on  circles  are  not  altered  by  inversion,  there 
follows  : 

COEOLLAET  1.  If  two  points  are  on  opposite  sides  of  a  circle  C*y 
t/ie  points  to  which  they  are  transformed  £y  an  inversion  II  are  on 
opposite  sides  ofH(C). 

On  a  complex  line  the  points  on  one  side  of  the  chain  C  (Q^Q») 
are  evidently  those  whose  coordinates  relative  to  the  scale  Q^  QI}  QM 
are  x  +  iy,  where  x  is  real  and  y  real  and  positive,  and  those  on  the 
other  side  are  those  whose  coordinates  are  x  —  iy.  Hence,  in  general, 

COEOLLAEY  2.  The  points  D  and  D'  are  on  opposite  sides  of  a  circle 
through  A,  B9  C  if  and  only  if  y  and  y*  are  of  opposite  sign  in  the 
following  two  equations  : 


where  x9  y,  a/,  if  are  all  real. 

DEFINITION.  A  throw  T  (AB,  CD)  is  said  to  be  neutral  if  B  (AB,  CD) 
is  real.  Two  throws  T  (AB,  CD)  and  T  (A!ff,  CW)  are  similarly  or 
oppositely  sensed  according  as  y  and  <jf  are  of  the  same  or  of  qpposite 
signs  in  the  equations 

B(AB,CZ>)«+^     and 
/  being  real 
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From  this  definition  it  is  obvious  that  a  direct  circular  transforma- 
tion transforms  any  non-neutral  throw  into  a  similarly  sensed  throw. 
It  is  also  obvious  that  an  inversion  which  reduces  in  the  Euclidean 
plane  TT  to  an  orthogonal  line  reflection  changes  non-neutral  throws 
into  oppositely  sensed  throws.  Hence  we  have 

THEOEIM  24  A  direct  circular  transformation  carries  non^neutral 
tJinws  into  similarly  sensed  thr&ws,  and  a  nondirect  circular  trans- 
formation carries  them  into  oppositely  smsed  throws. 

EXERCISES 

1.  Two  circles  C^y  Kf  intersecting  In  two  distinct  points  separate  the  inver- 
sion plane  into  four  classes  of  points  such  that  two  points  of  the  same  class  are 
Joined  by  a  segment  of  a  circle  containing  no  points  of  C2  and  K®9  whereas 
any  circle  containing"  points  of  different  classes  contains  points  of  C2  and  J^3. 

2.  Two  points  which  are  inverse  with  respect  to  a  circle  are  on  opposite 
sides  of  it. 

3.  What  is  the  relation  between  the  sense  of  throws  as  defined  above  and 
the  sense  of  noncollinear  point  triads  in  a  Euclidean  plane  as  defined  in  §  30? 

4.  In  a  Euclidean  plane  if  a  triangle  ABC  is  carried  to  a  triangle  A'&C 
by  an  inversion,  the  sense  S  (ABC)  is  the  same  as  or  different  from  S  (A'PC*) 
according  as  the  center  of  the  inversion  is  or  is  not  interior  to  the  circle  ABC* 

5.  In  the  notation  of  Ex.  7,  §  92,  if  0  is  interior  to  a  circle  C2,  then  (7 
is  interior  to  BE  (C*),  and  every  point  interior  to  C8  is  transformed  by  II  to 
a  point  exterior  to  (7. 

98.  Types  of  circular  transformations.  By  §  5  every  projectivity 
on  a  complex  line  has  one  or  two  double  points.  On  account  of 
the  correspondence  F  the  same  result  holds  for  the  direct  circular 
transformations  of  the  real  inversion  plane. 

Let  us  consider  first  a  transformation  II  having  but  one  double 
point.  In  the  theory  of  projectivities  such  a  transformation  has  been 
called  parabolic;  and  it  has  been  proved  that  there  is  one  and  but 
one  parabolic  projectivity  leaving  a  point  M  invariant  and  carrying 
a  point  AQ  to  a  point  A^  We  have  also  seen  that  if  A^  is  the  point 
which  goes  to  A#  B  (MAQ,  A^A^  ==  —  1.  Hence  A_v  A^  A±  are  on  the 
same  chain  through  J£  Since  A_v  AQ,  M  are  transformed  into  A^,  Av 
M  respectively,  this  chain  is  left  invariant  by  II. 

In  like  manner  any  other  point  BQ  not  on  the  chain  C  (A0AtM) 
determines  a  chain  which  is  left  invariant  by  EL  These  two  chains 
cannot  have  another  point  than  M  in  common,  because  this  point 
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would  have  to  be  left  invariant  by  II.  Thus  II  leaves  invariant  a 
set  of  chains  through  JI  no  two  of  which  have  a  point  in  common, 
and  such  that  there  is  one  and  only  one  chain  of  the  set  through 
any  point  except  M. 

If  II  "be  regarded  as  a  transformation  of  the  inversion  plane,  this 
means  that  II  leaves  invariant  each  circle  of  a  pencil  of  circles  of 
the  parabolic  type.  In  the  Euclidean  plane  €,  obtained  by  leaving  M 
out  of  the  inversion  plane,  this  pencil  of  circles  is  a  system  of  parallel 
lines  and  H  is  a  direct  similarity  transformation.  "Now  let  us  regard 
€  from  the  protective  point  of  view.  The  transformation  II  leaves  all 
points  of  the  line  at  infinity  of  e  invariant,  because  it  leaves  each  of 
the  circular  points  invariant  as  well  as  the  point  at  infinity  of  the 
system  of  parallel  lines.  Hence  II  is  a  translation  in  the  Euclidean 
plane  e. 

This  result  may  be  expressed  in  terms  of  the  inversion  plane  as 
follows : 

THEOREM  25.  Any  direct  circular  transformation  with  only  one 
invariant  point  transforms  into  itself  every  pencil  of  circles  of  the 
parabolic  type  having  this  point  as  base  point.  One  and  only  one  of 
these  pencils  is  such  that  each  circle  of  the  pencil  is  invariant. 

Eeturning  to  the  Euclidean  plane  we  have 

THEOREM  26.  Any  direct  similarity  transformation  which  is  not 
a  translation  or  the  identity  learns  invariant  one  and  only  one 
ordinary  point. 

Proof.  Eegard  the  Euclidean  plaue  as  obtained  by  omitting  one 
point  from  an  inversion  plane.  A  direct  similarity  transformation 
effects  a  transformation  of  the  direct  inversion  group  and  leaves  this 
point  invariant.  In  case  it  leaves  only  this  point  invariant,  it  has 
just  been  seen  to  be  a  translation  in  the  Euclidean  plane.  If  not,  by 
the  first  paragraph  of  this  section  it  has  one  and  only  one  other 
invariant  point  unless  it  reduces  to  the  identity. 

A  similarity  transformation  leaving  an.  ordinary  point  0  invariant 
must  transform  into  itself  the  pencil  of  lines  through  this  point  and 
the  pencil  of  circles  having  this  point  as  center. 

Two  important  special  cases  arise,  namely,  a  rotation  about  O  and 
a  dilation  with  0  as  center.  Moreover,  since  there  is  one  and  only 
one  direct  similarity  transformation  leaving  0  invariant  and  eaxryipg 


-248  IX VERSION  GEOMETBY 

a  puiut  Py  distinct  from  03  to  a  point  P\  distinct  from  <9,  any  noa- 
paraboiic  direct  similarity  transformation,  is  expressible  as  a  product 
of  a  rotation  and  a  dilation. 

A  rotation  which  is  not  a  point  reflection  leaves  all  circles  with  O 
as  center  invariant,  and  changes  every  line  through  0  into  another 
line  through  0.  A  dilation  which  is  not  a  point  reflection  leaves 
every  line  through  0  invariant,  and  changes  every  circle  with  0  as 
center  into  another  such  circle.  Hence  a  product  of  a  dilation  and  a 
rotation,  neither  of  which  is  of  period  two,  leaves  invariant  no  line 
through  0  and  no  circle  with  0  as  center.  Since  either  a  rotation 
or  a  dilation  of  period  two  is  a  point  reflection,  any  direct  circular 
transformation  falls  tinder  one  of  the  three  cases  just  mentioned  or 
else  is  a  point  reflection.  Stated  in  terms  of  the  inversion  plane  these 
results  become  (cf.  fig.  56,  p.  158): 

THEOREM  27.  A  direct  circular  transformation  having  two  fixed 
points  transforms  into  itself  the  pencil  of  circles  through  the  fixed 
points  find  aho  the  pencils  of  circles  about  these  points.  The  trans- 
formation  either  leaves  invariant  every  circle  of  one  pencil  and  no 
circle  of  the  other  pencil,  or  it  leaves  inrariant  no  circle  of  either 
pencil,  or  it  hares  invariant  every  circle  of  loth  pencils  amd  is  of 
period  two. 

DEFINITION.  A  direct  circular  transformation  is  said  to  be  parabolic 
if  it  leaves  invariant  only  one  point ;  to  be  hyperbolic  if  it  leaves  in- 
variant two  points  and  all  circles  through  these  points ;  to  be  elliptic 
if  it  leaves  invariant  two  points  and  all  circles  about  these  points ; 
to  be  loxodromie  if  it  leaves  invariant  two  points  and  no  circle  through 
the  invariant  points  or  about  them. 

The  theorems  above  are  all  valid  for  the  complex  line  if  circles 
be  replaced  by  chains  and  direct  circular  transformations  by  projec- 
tivitiea  The  definition  is  to  be  understood  to  apply  in  the  same 
fashion.  Since  every  nonidentical  projectivity  on  the  complex  line 
has  one  or  two  double  points,  the  discussion  above  gives  the  theorem : 

THEOREM  28.  A  direct  circular  transformation  (or  a  projectivity  on 
a  complex  line)  is  either  parabolic,  hyperbolic,  elliptic,  or  loxodromic. 

COKOLLABY.  An  involution  on  a  complex  line  is  ~both  hyperbolic  and 
elliptic ;  and  any  projectwity  which  is  loth  hyperbolic  and  elliptic  is 
an  involution. 
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EXERCISES 

1.  A  project!  vity  whose  double  points  Xj  and  r2  are  distinct  from  each 
other  and  from  the  joint  P.  of  a  scale  P0,  Pv  P»,  and  whose  characteristic 

cross  ratio  (§  7*3,  YoL  I)  is  1-,  may  be  written 

(10) 

' 

If  one  of  the  double  points  is  P«  and  the  other  is  xv  the  projectivity  may 
be  written 


The  projectivity  is  hyperbolic  if  I*  is  real,  elliptic  if  k  =  e^,  where  0  is  real,  and 
loxodromic  if  neither  of  these  conditions  is  satisfied. 

2,  The  parabolic  project!  vities  with  x^  as  double  point  may  be  written 

in  the  form 


or,  in  case  the  double  point  is  P»,  in  the  form 

yf  =  x  4-  at. 

In  either  case  a  subgroup  is  obtained  by  requiring  t  to  be  real.  The  locus  of 
the  points  to  which  an  arbitrary  point  is  transformed  by  the  transformation 
of  this  subgroup  is  a  chain,  and  the  set  of  such  chains  constitutes  a  parabolic 
pencil  of  chains. 

3.  The  projeetivities  (10)  and  (11)  for  which 


where  a  is  constant  and  t  a  real  variable,  form  a  group  (a  continuous  group  of 
one  real  parameter,  in  fact).  The  locus  of  the  points  to  which  a  given  point 
is  carried  by  the  transformations  of  this  group  or  the  group  considered  in 
Ex.  2  is  called  a  path  curve.  In  the  nonparabolic  cases,  if  a  is  real  the  path 
curves  are  chains  through  the  double  points.  If  a  is  complex  and  \  a  \  —  1, 
they  are  chains  about  the  double  points.  If  a  satisfies  neither  of  these  con- 
ditions, and  the  double  points  are  P0  and  P«,  the  path  curves  are  the  loci  of 
x  =  re?6  satisfying  the  condition 


where  a  and  ft  are  real  constants  ;  if  the  double  points  are  not  specialized,  the 
path  curves  are  protectively  equivalent  to  the  system  (13).  Diagrams  illus- 
trating the  three  types  of  path  curves  will  be  found  in  Klein  and  Fricke's 
Elliptische  Modulfunktionen,  VoL  I,  Abschnitt  II. 

4.  From  the  Euclidean  point  of  view  the  r  and  0  in  Ex.  8  are  polar  coordi- 
nates, and  the  loci  (18)  are  logarithmic  spirals  meeting  the  lines  through  the 
origin  at  the  angle  tan^1^/^).  (A  generalization  of  the  notion  of  angle 
analogous  to  that  in  §  93  is  here  taken  for  granted,)  The  path  curves  of  a 
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one-parameter  group  of  Euclidean  transformations  may  be  a  pencil  of  par- 
allel lines  or  a  pencil  of  concentric  circles  or  a  set  of  logarithmic  spirals 
congruent  to  (13)* 

5.  A  project! vity  having  a  finite  period  must  be  elliptic.  A  direct  similarity 
transformation  having  a  finite  period  must  be  a  rotation. 

6.  A  loxodromic  projectivity  is  a  product  of  an  elliptic  and  a  hyperbolic 
projectivity. 

7.  A  projectivity  leaving  a  chain  invariant  is  either  hyperbolic  or  elliptic. 

W.  Chains  and  antiprojectivities.  The  theory  of  chains  on  a  com- 
plex line  has  teen  developed  in  the  sections  above  by  combining  the 
general  theory  of  one-dimensional  projectivities  with  the  Euclidean 
theory  of  circles.  It  is  of  course  possible,  and  from  some  points  of 
view  desirable,  to  develop  the  theory  of  chains  entirely  independently 
of  the  Euclidean  geometry.  The  reader  is  referred  for  the  outlines  of 
such  a  theory  to  an  article  by  J.  W.  Young  in  the  Annals  of  Mathe- 
matics, 2d  Series,  Vol.  XI  (1909),  p.  33.  Many  of  the  properties  of 
chains  may  be  generalized  to  n  dimensions,  an  n-dimensional  chain 
or  an  w-ehain  being  defined  as  a  real  si-dimensional  space  contained 
in  an  ?wlimensional  complex  space  in  such  a  way  that  any  three 
points  on  a  line  of  the  real  space  are  on  a  line  of  the  complex  space. 
(This  is  the  relation  between  S  and  S'  in  §§  6  and  70.)  A  discussion 
of  the  theory  of  these  generalized  chains  will  be  found  in  the  articles 
by  0.  Segre  and  C.  Juel  referred  to  below,  and  also  in  those  by 
J.  W.  Young,  Transactions  of  the  American  Mathematical  Society, 
VoL  XI  (1910),  p.  280,  and  H.  EL  MacGregor,  Annals  i 
2d  Series,  Vol.  XIV  (1912),  p.  1. 

The  transformations, 

a  I 


(14) 


c  d 


=  0, 


of  the  complex  line  which  were  mentioned  ai  the  end  of  §  96  are 
analogous  to  the  following  class  of  transformations  of  the  complex 
pro  jective  plane  : 


(15)          x[ 


¥=0, 


where  xi  denotes  the  complex  number  conjugate  to  x^  These  trans- 
formations are  collineations.  because  they  transform  collinear  points 
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to  colliaear  points,*  but  they  are  not  projeetive  colllneations.  If  xfot 
xjlf  x!2  b6  replaced  by  u^  u?Iy  ui,  (15)  gives  the  equation  of  a  non- 
projective  correlation.  The  analogous  formulas  in  four  homogeneous 
variables  will  define  nonprojectiye  eolllneations  and  correlations  in 
space. 

DEFINITION.  A  nonprojeefcive  collineation  or  correlation  or  a 
one-dimensional  transformation  of  the  type  (14)  is  called  an  anti- 
projeGtimty. 

The  theory  of  antiprojeetiYities  has  been  studied  by  C.  Juel,  Acta 
Mathematica,  VoL  XIV  (1890),  p.  1,  and  more  fully  by  C.  Segre, 
Torino  Atti,  VoL  XXV  (1890),  pp.  276,  430  and  VoL  XXVI,  pp.  35, 
592.  Their  r51e  in  projeetive  geometry  may  be  regarded  as  defined 
by  the  following  theorem  due  to  GL  Darboux,  Mathematische  Annalen, 
VoL  XVII  (1880),  p.  55.  In  this  paper  Darboux  also  points  out  the 
connection  of  the  geometrical  result  with  the  functional  equation, 


THEOREM  29.   Any  one-to-one  reciprocal  .transformation  of  a  real 
projectile  line  which  carries  harmonic  sets  into  harmonic  sets  is 


Proof.  Let  II  be  any  transformation  satisfying  the  hypotheses  of  the 
theorem,  A,  B,  C  any  three  points  of  the  line,  II  (ABC)^=AlBf£ff  and 
IF  the  projectivity  such  that  J\f(ArB!C!)^ABC.  Then  ITU  (ABC)  = 
ABC.  If  we  can  prove  that  II'  II  is  the  identity,  it  ivill  follow  that 
II  =  IF"1,  and  hence  that  II  is  a  projectivity. 

If  D/II  were  not  the  identity,  it  would  transform  a  point  P  to  a 
point  Q  distinct  from  P,  while  it  left  invariant  all  points  of  the  net  of 
rationality  R  (ABC).  Let  L^  L^  LB  be  points  of  this  net  in  the  order 


By  Theorem  8,  Chap.  V,  there  would  exist  two  real  points  S,  T  which. 
harmonically  separate  the  pairs  PL^  and  LJLZ.  The  transformation 
Il'n  must  carry  S  and  T  into  two  points  harmonically  separating 
the  pairs  QL^  and  L^L^  But  since  th®  latter  two  pairs  separate  each 

*d  §28,  Vol.  i. 

t  Von  Staudt,  Geometrie  der  Lage  fNtb-nberg,  1847),  §  &,  defined  a  projectivity 
of  a  real  line  as  a  transformation  having  tMs  property.  We  are  using  Cremona's 
definition  of  a  projectivity  aa  a  resultant  of  perspeetivitfe»  (cf.  VoL  I,  §  22). 
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other,  by  Theorem  8,  Chap.  V,  there  is  no  pair  separating  them  both 
harmonically.  Hence  the  assumption  that  U'U  Is  not  the  Identity 
leads  to  a  eontmdletiotL 

COBOLLABY  1.  Any  collimaiwn  or  correlation  in  a  real  projectile 
u  projectire. 

Proof.  a  collineation  transforms  colllnear  points  into  col- 

linear  points,  it  transforms  nets  of  rationality  into  nets  of  rationality 
in  such  a  way  that  the  correspondence  between  any  two  homologous 
nets  Is  projective  (ef.  §§  33-35,  VoL  I).  Hence,  according  to  the  theo- 
rem above,  the  correspondence  effected  by  the  eolllneation  between 
any  two  lines  is  projective.  Hence  the  eollineation  is  projective. 

A  like  argument  proves  that  a  correlation  Is  projective.  The  reason- 
ing holds  without  change  In  a  real  projective  space  of  n  dimensions. 

COBOLLAEY  2.  Any  one-to-one  reciprocal  transformation  of  the 
real  inversion  plane  which  carries  points  into  points  and  circles  into 
circles  is  a  transformation  of  the  inversion  group. 

Proof.  Regard  the  inversion  plane  w,  minus  a  point  P*>  as  a  Euclid- 
ean plane  ^r7;  let  II  be  any  transformation  satisfying  the  hypotheses 
of  the  corollary,  let  H  (£)  =Pf,  and  let  IF  be  an  inversion  carrying 
I*  to  J£.  Then  IF!!  is  a  transformation  satisfying  the  hypotheses  of 
the  corollary  and  leaving  R  invariant. 

Since  IFII  carries  circles  through  R  into  circles,  it  effects  a  collin- 
eation in  IT.  By  the  first  corollary  this  collineatien  is  projectiva  Since 
It  carries  circles  into  circles,  it  is  a  similarity  transformation.  Hence 
II'II  is  a  transformation,  say  II",  of  the  inversion  group  in  TT'.  Since 
II  =  H!~lWf9  II  is  also  in  the  inversion  group. 

Translated  into  the  geometry  of  the  complex  projective  line  the 
last  corollary  states : 

COBOLLAEY  3.  Any  transformation  which,  carries  chains  into  chains 
is  either  a  projectimty  or  an  antiprojectwity. 

In  the  light  of  Corollary  2  it  is  clear  that  the  whole  theory  of  the 
inversion  group  can  be  developed  from  the  definition  of  a  circular 
transformation  as  one  which  carries  points  into  points  and  circles 
into  circles.  This  is  the  point  of  view  adopted  by  Mobins  in  his 
Theorie  der  Kreisverwandtschaft,  where,  however,  he  used  also  the 
unnecessary  assumption  that  the  transformation  is  continuous. 
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EXERCISES 

1.  Derive   the  formulas  for  antiprojectivities   in   a   modular  geometry. 
Cf.  O.  Veblen,  Transactions  of  the  American  Mathematical  Society,  Vol.  VIII 
(1007),  p.  366. 

2.  "Which  if  any  of  the  following  pro|ositions  are  true?   Any  one-to-one 
and  reciprocal  transformation  of  a  complex  projective  line  which  carries 
harmonic  sets  of  jioints  into  harmonic  sets  of  joints  is  either  projective  or 
antiprojectire.  Any  one-to-one  and  reciprocal  transformation  of  a  complex 
projective  line  which  carries  quadrangular  sets  of  |*oints  Into  quadrangular 
sett*  is  either  projective  or  antiprojective.   Any  collineation  or  correlation  of 
a  complex  projective  space  is  either  projective  or  antiprojective. 

3.  An  antiprojeetivity  carries  four  collinear  ]>oiuts  having  an  imaginary 
cross  ratio  into  four  points  whose  cioss  ratio  is  the  conjugate  imaginary. 

100.  Tetracyclic  coordinates.  The  general  equation  of  a  circle  in 
a  Euclidean  plane  TT  with  respect  to  the  coordinate  system  employed 
in  Chap.  IV  is 

(16)  *Q(JC*  +  f)  +  2  ap  +  2  ajy  +  ccz  =  0. 

DEFINITION.  A  degenerate  circle  is  either  a  pair  of  lines  joining  an 
ordinary  point  to  the  circular  points  at  infinity  or  a  pair  of  lines  /L, 
where  la  is  the  line  at  infinity. 

Thus  (16)  represents  a  nondegenerate  circle,  provided  that  the 
following  condition  is  not  satisfied : 


(17)  0  = 


0 


- <**  — a*). 


The  condition  aQ  =  0  clearly  means  that  (16)  represents  a  degenerate 
circle  consisting  of  L  and  an  ordinary  line,  unless  0^=  #2=  0  also,  ia 
which  case  (16)  reduces  to  as=  0.  The  condition 

(18)  «A-a*-*«  =  0 

means  in  case  aQ  ^=  0  that  (16)  represents  a  pair  of  ordinary  lines 
through  the  circular  points.  In  case  #0,  al9  az,  as  are  real,  these  two 
lines  must  he  conjugate  imaginaries.  In  the  rest  of  this  section  the 
afs  are  supposed  real. 

Let  us  now  interpret  the  ordered  set  of  numbers  (aQ>  al9  az,  a&)  as 
homogeneous  coordinates  of  a  point  in  a  projective  space  of  three 
dimensions,  Sr  For  every  point  of  S3,  except  those  satisfying  (18), 
there  is  a  unique  circle  or  line  pair  llm^  where  I  is  ordinary,  and  vice 
versa.  Hence  there  is  a  one-to-one  and  reciprocal  correspondemfie 
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between  the  points  of  St  not  on  the  locus  (18;  and  the  circles  of  the 
inversion  plane  5F  obtained  by  adjoining  /,  (regarded  as  a  point)  to  TT. 

The  points  of  S8  which  are  on  the  locus  (18)  and  not  on  ®Q=  0 

of  conjugate  imaginary  lines  joining  ordinary  points 

of  v  to  Jt  and  J3  respectively.   There  is  one  such  pair  of  conjugate 

imaginary  lines  of  IT  through  each  ordinary  point  of  IT.  The  points  of 

St  ou  the  locus  (18)  and  not  on  «0=  0  may  therefore  be  regarded  as 

edtresjjonding  to  the  points  of  5r,  with  the  exception  of  i..  The  only 

point  of  S8  common  to  *D=  0  and  (18)  is  (0,  0,  0, 1),  and  this  point 

may  be  taken  to  correspond  to  L.  Thus  the  paints  of  S8  not  on  (18) 

circles  of  the  inversion  plane  5r,  and  the  points  of  S3  on  (18) 

represent  the  points  of  TT. 

Stated  without  the  intervention  of  S3,  this  means  that  the  ordered 
set  of  numbers  (®Q7  &#  a#  ay  taken  homogeneously  and  subject  to  the 
relation  (IS)  may  be  regarded  as  coordinates  of  the  points  of  TT.  When 
not  subject  to  the  relation  (18)  they  may  be  regarded  as  coordinates 
of  the  circles  and  points  in  TT. 

DEFINITION.  The  ordered  sets  of  four  numbers  (#0>  al9  a#  <£s)  subject 
to  (18)  are  called  tetr acyclic  coordinates  of  the  points  in  TT.  The  same 
term  is  applied  to  any  set  of  coordinates  (£0,  ^,  £f ,  /?8)  such  that 

&  =  i/V*,">    Kl^°-  (*  =  0,1,2,3) 

j=>) 

The  circles  (real  or  imaginary  or  degenerate)  represented  by  (1, 0, 0,  0), 
(0, 1,  0,  0),  (0,  0, 1,  0),  (0,  0,  0,  1)  are  called  the  base  or  fundamental 
circles  of  the  coordinate  system. 

A  second  particular  choice  of  tetracyclic  coordinates  is  given  below. 

The  points  of  S.  on  (18)  evidently  constitute  the  set  of  all  real 
points  on  the  lines  of  intersection  of  corresponding  planes  of  the  two 
projective  pencils 

(19)         aQ=(r(a;l+V^laz)     and     ^-^/^la^  =  cra^ 

where  the  planes  determined  by  the  same  value  of  a  are  homologous. 
For  (18)  is  obtained  by  eliminating  or  between  these  two  equations. 
The  lines  of  intersection  of  homologous  planes  are  all  imaginary,  but 
each  contains  one  real  point  This  system  of  lines  is,  by  §  103,  VoLI, 
a  regulus,  and  the  set  of  points  o$  the  lines,  by  §  104,  Vol.  I,  a  qiiad- 
ric  surface.  The  locus  (18)  is  therefore  a  real  quadric  surface  all  of 
whose  rulers  are  imaginary  (c£  also  §  105,  Vol.  I). 
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The  correspondence  between  the  points  of  Ss  and  the  circles  and 
points  of  the  inversion  plane  TT  is  such  that  a  range  of  points  corre- 
sponds to  a  pencil  of  circles.  For  the  points  of  the  line  joining 
(a^  al$  a^  a$)  and  (^  ftl9  /Jf,  j8t)  correspond  to  the  circles  given  by 
the  equation 


which  represents  a  pencil  of  circles,  together  with  its  limiting  points 
in  case  the  latter  are  real. 

Any  collineation  T  of  Ss  which  carries  the  quadric  (18)  into  itself 
must  correspond  to  a  transformation  T  of  TT  which  carries  points  into 
points,  circles  into  circles,  and  pencils  of  circles  into  pencils  of  circles. 
F  therefore  has  the  property  that  if  a  point  P  of  ¥  is  on  a  circle  C* 
of  5r,  then  T(P)  is  on  T(6r2).  By  Theorem  29,  Cor.  2,  T  is  a  circular 
transformation.  Conversely,  any  circular  transformation  of  TT  carries 
points  to  points,  circles  to  circles,  and  pencils  of  circles  to  pencils  of 
circles,  and  therefore  corresponds  to  a  collineation  of  S3  which  carries 
the  quadric  into  itself.  By  Theorem  29,  Cor.  1,  this  collineation  is 
projective.  In  other  words, 

THEOKEM  30.  The  real  inversion  geometry  is  equivalent  to  the 
projectile  geometry  of  the  quadric  (18). 

COEOLLAKY.  The  projectile  geometry  of  the  real  quadric  (18)  u 
equivalent  to  the  complex  projective  geometry  of  a  one-dimensioned 
form. 

A  one-to-one  correspondence  between  a  complex  line  and  the  real 
quadric  (18)  may  also  be  set  up  as  follows  :  Let  I  be  any  complex 
line  in  the  regulus  conjugate  to  that  composed  of  the  lines  (19). 
Each  of  these  lines  contains  one  real  point,  P,  of  the  quadric  (18) 
and  one  point,  Q,  of  L  The  correspondence  required  is  that  in  which 
Q  corresponds  to  P. 

By  properly  choosing  the  constants  which  enter  in  the  equation  of 
a  circle,  we  may  set  up  the  correspondence  between  the  circles  of  the 
inversion  plane  and  the  points  of  an  S8  in  such  a  way  that  the  equa- 
tion of  the  quadric  surface  corresponding  to  the  points  of  the  inversion 
plane  has  a  particularly  simple  form.  The  equation  of  a  circle  in  if 
may  be  written 

(20) 
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The  pints  (f 0,  |i?  fa,  |3|  which  correspond  to  points  of  the  inversion 
now  satisfy  the  equation 

121)  £?=#  +  £;  +  & 

and  the  circles  corresponding  to  the  four  points  (1,  03  0,  0),  (0, 1,  0,  0), 
{0,  0,  1,  0),  and  (0,  0,  0,  it  are  mutually  orthogonal,  one  of  them  being 
imaginary.  The  coordinates  (fy,  |r  fa,  ?a)  are  connected  with  (a0,  ^ 

a^,  ffj)  by  the  equations 

^fo+fi'      *i=k      *»=&>      V=£o-£i' 

which  represent  a  colilneation  carrying  the  quadric  (18)  into  the 
qnadric  (21;. 

If  |,/4r  £«/£0'  4/4*  are  r^,?ar|led  as  noEhomogeneous  coordinates  with 
respect  *tu  a  property  chosen  frame  of  reference  in  a  Euclidean  space  of  three 
dimensions  (of.  Chap.  Vfl),  (21)  is  the  equation  of  a  sphere.  Hence  the  real 
inversion  geometry  is  equivalent  to  the  projeetive  geometry  of  a  sphere. 

The  latter  equivalence  may  be  established  very  neatly,  with  the  aid  of 
theorems  of  Euclidean  three-dimensional  geometry,  by  the  method  of  stereo- 
graphic  projection.  This  discussion  would  naturally  come  as  an  exercise  in 
the  next  chapter.  It  is  to  be  found  in  books  on  function  theory.  On  the 
whole  subject  of  inversion  geometry  from  this  point  of  view,  compare  Boeher, 
Reihenentwickelungea  der  Potentialtheorie  (Leipzig,  1894),  Chap.  II. 

DEFINITION.  A  circle  CJ  is  linearly  dependent  on  two  circles  Of 
and  C*  if  and  only  if  it  is  in  the  pencil  determined  by  C?  and  <722. 
A  circle  C2  is  linearly  dependent  on  n  circles  Cf,  •  •  •,  C£  if  and  only 
if  it  is  a  member  of  some  finite  set  of  circles  C?+1,  •  •  -,  C*+]b  such  that 
Cj+f  is  linearly  dependent  on  two  of  Cf,  *  *  •,  (%+t_i(i=  1,  2,  *  *  •,  ft). 
A  set  of  n  circles  is  linearly  independent  if  no  one  of  them  is  linearly 
dependent  on  the  rest.  The  set  of  all  circles  linearly  dependent  on 
three  linearly  independent  circles  is  called  a  bundle. 

EXERCISES 

1.  The  tetracvclic  coordinates  of  a  point  are  proportional  to  the  powers  of 
the  point  with  respect  to  four  fixed  circles.   If  the  four  circles  are  mutually 
orthogonal,  the  identity  which  they  satisfy  reduces  to  (21). 

2.  A  homogeneous  equation  of  the  first  degree  in  tetracyclic  coordinates 
represents  a  circle. 

3.  What  kind  of  coordinates  are  obtained  by  taking  as  the  base  (a)  two 
orthogonal  circles  and  the  two  points  in  which  they  meet?  (b)  four  points? 

4.  Two  points  of  S3  correspond  to  orthogonal  circles  if  and  only  if  they  are 
conjugate  with  regard  to  the  quadric  (21). 
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5.  What  ?et  of  circles  corresponds  to  the  conies  in  which  the  quadric  (21) 
is  met  l>y  thij  planes  of  a  self-gjoiar  tetrahedron? 

6.  The  direct  circular  transformations  of  TT  correspond  to  collineations  of 
S3  which  leave  each  imaginary  regulus  of  (*21)  invariant,  while  the  others 
corresjond  to  coliineations  interchanging  the  two  reguli.    The  direct  circular 
transformations  of  v  correspond  to  direct  coliineations  of  Sg  in  the  sense  of 
§31,  Chap.  II. 

7.  The  circles  of  a  bundle  correspond  to  the  points  of  a  plane  of  Sr 

8.  The  circles  common  to  two  bundles  constitute  a  pencil  and  hence  corre- 
spond to  a  line  of  S3-  Determine  the  projeetively  distinct  types  of  pencils  of 
circles  on  this  basis. 

9.  All  circle^  are  linearly  dependent  on  four  linearly  independent  circles. 

10.  For  any  bundle  of  circles  there  is  a  point  0  which  has  the  same  power, 
<?2ywith  respect  to  every  circle  of  the  bundle.    The  radical  axes  of  all  pairs 
of  circles  in  the  bundle  pass  through  O.    In  case  there  is  more  than  one  point 
0,  the  radical  axes  of  all  pairs  of  circles  of  the  bundle  coincide. 

11.  A  bundle  of  circles  may  consist  of  all  circles  through  a  point  (the  set 
of  all  lines  in  a  Euclidean  plane  is  a  special  case  of  this).  In  every  other  case 
there  is  a  nondegenerate  circle  orthogonal  to  all  circles  of  the  bundle.   This 
circle  has  the  point  O  (Ex.  10)  as  center  and  consists  of  the  points  C  such  that 
Dist  (OC)  =c.   It  is  real  if  and  only  if  c  is  real.   In  case  c  is  imaginary  let 
C2be  the  real  circle  consisting  of  points  C'  such  that  Dist  (0C')  =  c;  any 
circle  of  the  bundle  meets  C'2  in  the  ends  of  a  diameter. 

101 .  Invohitoric  collineations.  In  view  of  the  isomorphism  between 
the  real  inversion  group  and  the  protective  group  of  the  real  quadric 
(21),  a  further  consideration  of  the  group  of  a  general  quadric  will  be 
found  apropos.  In  this  connection  we  need  to  define  certain  particular 
types  of  involutoric  collineations  in  any  pro jective  space.  The  theorems 
are  all  based  on  Assumptions  A,  E3  P,  HQ. 

It  is  proved  in  §  29,  Vol.  I,  that  if  a>  is  any  plane  and  0  any  point 
not  on  &>,  there  exists  a  homology  carrying  any  point  P  to  a  point  P!> 
provided  that  0,  Py  Pf  are  distinct  and  collinear  and  P  and  Pf  are  not 
on  ce>.  It  follows  by  the  constructions  given  in  that  place  that  if  one 
point  P  is  transformed  into  its  harmonic  conjugate  with  regard  to  O 
and  the  point  in  which  the  line  OP  meets  co,  every  point  is  transformed 
in  this  way.  It  is  also  obvious  that  a  homology  is  of  period  two  if  and 
only  if  it  is  of  this  type.  Heuce  we  make  the  following  definition : 

DEFINITION.  A  homology  of  a  three-space  is  «aid  to  be  harmonic 
if  and  only  if  it  is  of  period  two,  A  harmonic  homology  is  also  called 
a  point-plane  reflection  and  is  denoted  by  {Om}  or  {«0O}.  where  O  is 
the  center  and  a>  the  plane  of  fixed  points 
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DEFINITION.  Ill  and  f  are  two  nouintersecting  lines  of  a  projective 
St,  the  transformation  of  S3  leaving  each  point  of  Z  and  V  inva- 
riant, and  carrying  any  other  point  P  to  the  point  P!  such  that  the  line 
PPf  meets  I  and  V  in  two  points  harmonically  conjugate  with  regard 
to  P  and  P\  is  called  a  inwhttwii  or  a  line  reflection  in  I  and  lf. 

It  is  denoted  by  {//'}, and  Z  and  lf  are  called  its  axes  or  directrices. 

THEOREM  31.  A  line  reflection  {IV}  is  a  product  of  two  point-plane 
-J0a>}  •  {Pir},  where  0  and  P  are  any  two  distinct  points  of  I, 
o>  u  the  plum  on  P  and  V,  and  ir  is  the  plam  on  0  and  I1. 

Proof.  Consider  any  plane  through  Z,  and  let  L  be  the  point  in  which 
It  meets  lf.  In  this  plane  {0<*>}  and  {IV}  effect  harmonic  homologies 
whose  centers  are  0  and  P  respectively  and  whose  axes  are  PL  and 
OL  respectively.  The  product  is  therefore  the  harmonic  homology 
whose  center  is  L  and  axis  Z.  Hence  the  product  {0®}  -  {Pir}  satisfies 
the  definition  of  a  line  reflection  whose  axes  are  I  and  V. 

COROLLARY.  A  Urn  reflection  is  a  projectile  collineation  of  period 
two,  and-  any  protective  collineation  of  period  two  leaving  invariant 
the  points  of  two  skew  lines  is  a  line  reflection. 

EXERCISES 

1.  A  projective  collineation  of  period  two  in  a  plane  is  a  harmonic  homology. 

2.  A  protective  collineation  of  period  two  in  a  three-space  is  a  point-plane 
reflection  or  a  line  reflection. 

S.  LetA,B,C,D  be  the  vertices  of  a  tetrahedron  and  a,  ft,  y,  8  the  respec- 
tively opposite  faces.  The  transformations  obtainable  as  products  of  the  three 
harmonic  homologies  {./la},  {Bft}t  {Cy}  constitute  a  commutative  group  of 
order  8  consisting  of  four  point-plane  reflections,  three  line  reflections,  and  the 
identity.  If  the  transformations  other  than  the  identity  be  denoted  by  0, 1,  2, 
3,  4S  5,  6,  the  multiplication  table  may  be  indicated  by  the  modular  plane 
given  by  the  table  (1)  on  p.  3,  Vol.  I,  the  rule  being  that  the  product  of  any 
two  transformations  corresponding  to  points  z,  /  of  the  modular  plane  is  the 
one  which  corresponds  to  the  third  point  on  the  line  joining  i  and  j. 

4.  Generalize  the  last  exercise  to  n  dimensions.  The  group  of  involutoric 
transformations  carrying  n  + 1  independent  points  into  themselves  is  commu- 
tative, and  such  that  its  multiplication  table  may  be  represented  by  means  of 
a  finite  projective  space  of  n  —  1  dimensions  in  wMch  there  are  three  points 
on  each  line. 

5.  A  projectivity  T  of  a  complex  line  such  that  for  one  point  P  which  is 
not  invariant,  Tn  (P)  =  P  is  such  that  Tw  is  the  identity.    If  n  is  the  least 
positive  integer  for  which  P*  =  1,  T  is  said  to  be  cyclic  of  degree  n  j  the 
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characteristic  cross  ratio  of  F  is  an  nth  root  of  unity ;  in  case  n  =  3,  this 
cross  ratio  is  said  to  be  equiankamwnic,  and  a  set  of  four  points  having  this 
cross  ratio  is  said  to  be  equfanharmonic.  As  a  transformation  of  the  inversion 
group,  F  is  equivalent  to  a  rotation  of  period  n. 

6.  A  planar  projectiFe  collineation  of  period  n  (n  >  2)  is  of  Type  I  and  the 
set  of  transforms  of  any  point  is  on  a  conic,  or  else  the  colliiieation  is  a 
homology.  In  the  first  case,  it  is  projectively  equivalent  to  a  rotation ;  in  the 
second  case,  to  a  dilation  (in  general,  imaginary).  Consider  the  analogous 
problem  in  three  dimensions.  (For  references  on  this  and  the  last  exercise 
cf.  EncyclopMIe  des  Sc.  Math.  Ill  8,  §  14.  The  statements  in  the  Encyelope"die 
on  the  planar  ease  are  not  strictly  correct,  since  they  do  not  sufficiently  take 
the  existence  of  homologies  of  finite  period  into  account.) 

102.  The  projective  group  of  a  quadric.  According  to  the  definition 
in  §  104,  Vol.  I,  a  quadric  may  be  regarded  as  the  set  of  points  of 
intersection  of  the  lines  of  two  conjugate  regulL  These  two  regnli 
may  be  improper  in  the  sense  of  Chap.  IX,  Vol.  I,  and  in  the  following 
theorems  improper  elements  are  supposed  adjoined  when  needed  for 
the  constructions  employed. 

DEFINITION.  If  there  are  proper  lines  on  a  quadric,  the  quadric  is 
said  to  be  ruled,  otherwise  it  is  said  to  be  unruled. 

THEOKEM  32.  A  harmonic  homology  whose  center  is  the  pole  of  its 
plane  of  fixed  points  with  regard  to  a  quadric  surface  &  transforms 
Q2  into  itself  in  such  a  way  that  the  two  lines  of  Q?  through  any  fixed 
point  are  interchanged. 

Proof.  Let  0  be  a  point  not  on  $2,  and  o  its  polar  plana  Any  line 
I  of  Q*  meets  G>  in  a  unique  point  K.  The  plane  01  contains  one  other 
line  V  of  <J*,  and  (cf.  §  104,  Vol.  I)  V  passes  through  Jf.  Any  line  join- 
ing O  to  a  point  L  of  I  other  than  K  must  meet  V  in  a  point  U  such 
thati  and  Ll  are  harmonically  conjugate  (§  104,  Vol.  I)  with  regard 
to  O  and  the  point  in  which  OL  meets  o>.  Hence  {Oca}  interchanges 
I  and  F.  From  this  result  the  theorem  follows  at  once. 

Comparing  Theorems  31  and  32,  we  have 

COROLLARY.  A  line  reflection  {ab}  such  that  a  and  &  are  polar  with 
respect  to  a  quadric  $2  transforms  (?*  into  itself  in  such  a  way  that 
each  regains  on  Q?  is  transformed  into  itself. 

THEOKEM  33.  A  projectile  collineation  of  a  quadric  which  leaves 
three  points  of  the  guadrie  invariant,  no  two  of  the  three  points  teing 
on  the  same  ruler,  is  either  the  identity  or  a  harmonic  hoynology  whose 
center  and  plane  of  faced  pomts  are  polar  with  respect  tp 
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Proof.  Denote  the  three  points  hy  A,  B3  C5  the  plane  containing 
them  by  «,  and  the  pole  of  &  by  (A  Since  no  two  of  A,  B>  C  are  on  a 
line  of  (/j  «  contains  BO  line  of  <>2  and  hence  is  not  on  O.  Since  three 
points  of  the  conic  in  which  o>  meets  the  quadric  are  invariant,  all 
such  points  are  invariant,  as  is  also  0.  Hence  the  given  collineation 
Is  either  the  identity  or  a  homology.  la  the  latter  case  it  must  be  a 
harmonic  homology,  since  any  two  points  of  the  qnadric  collinear  with 
O  are  harmonically  conjugate  with  respect  to  O  and  the  point  in  which 
the  line  joining  them  meets  «„ 

THEOREM  34.  There  exists  one  and  only  one  projeetive  collineation 
transforMing  each  line  of  a  regulus  into  itself  and  effecting  a  given 
projectirittf  o&  Oiie  of  these  lines.  Such  a  collineation  is  a  product  of 
tm  line  reflections  whme  axes  are  lines  of  the  conjugate  regulus. 

Pfuof.  LetJ?*  be  a  regulus  and  E'l  the  con  jugate  regulus.  Aprojeo 
fcivity  on  a  line,  /,  of  jff*  is  by  §  78,  VoL  I,  a  product  of  two  involutions, 
say  I  and  If.  Let  {mjn.  J  be  a  line  reflection  such  that  ml  and  mz  are 
lines  of  JZ|  through  the  double  points  of  I,  and  let  {*»{*»£}  be  a  line 
reflection  such  that  m(  and  m£  are  lines  of  JS  *  through  the  double 
points  of  I1.  The  product  of  {m[m$  an<i  {^^  effects  ttie  g^en 
projectivity  on  I  and  transforms  each,  line  of  Jf£f  into  itself. 

Conversely,  any  projectivity  F  leaving  all  lines  of  JSf  invariant 
effects  a  projectivity  on  /  which  is  a  product  of  two  involutions  I 
and  If.  The  line  reflections  {^mj  and  {m[mQ  being  defined  as  before, 


leaves  all  points  of  I  invariant  and  hence  leaves  all  lines  of  JSf  as  weE 
as  all  lines  of  J222  invariant.    Hence 


COROLLARY.  The  group  of  permutations  of  flu  lines  of  a  regmlus 
effected  ~by  the  projectwe  coHineations  transforming  the  regulus  into 
itself  is  simply  isomorphic  with  the  projectile  group  of  a  line. 

DEFINITION".  A  collineation  of  a  quadric  which  carries  each  regulus 
on  the  quadric  into  itself  is  said  to  be  direct. 

THEOREM  35.  There  is  one  and  "but  one  direct  collineation  of  a 
gtuadric  surface  Q*  carrying  an  ordered  triad  of  points  of  Q*9  no  two 
of  which  are  on  a  line  of  Q2,  to  an  ordered  triad  of  points  of  &  no  two 
of  which  are  on  a  line  of  Q*. 
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Proof.  Let  ABC  and  PQM  be  the  given  ordered  triads  of  points,  let 
a,  5,  c,  p,  q  ,  r  be  the  lines  of  one  regains  through  the  points  A,  J3»  €. 
JP,  Qs  E  respectively,  and  let  a1,  V»  cf,  p\  qjy  r1  respectively  be  the 
lines  of  the  conjugate  reguius  through  the  same  points.  By  the  last 
theorem  there  is  a  projective  collineation  T  carrying  a,  lf  c  to  p3  q,  r 
respectively  while  leaving  all  lines  of  the  conjugate  regains  invariant, 
and  also  a  projective  colMneation  Ff  carrying  aVcf  to  jp'jV  respeo 
tively  while  leaving  all  of  the  lines  a,  J,  c,  p9  q,  r  invariant.  The  product 
of  F  and  Ff  carries  A9  B,  €  to  JP,  Q9  M  respectively.  That  there  is  only 
one  direct  collioeation  having  this  effect  is  a  corollary  of  Theorem  33. 

Let  -R*  be  the  regulus  containing  the  lines  a,  J,  c9  and  R\  the  regulns 
containing  a!,  V,  c*.  The  two  collineations  T  and  T!  which  have  been 
used  in  the  proof  above  are  commutative  as  transformations  of  jB* 
because  T1  leaves  all  lines  of  Hf  invariant,  and  are  commutative  as 
transformations  of  I£j  because  F  leaves  all  Hues  of  JS*  invariant.  Hence 

rr=r;r. 

By  Theorem  34,      TTf  =  {lm}  -  {rs}  -  {Vm<}  •  {rV}, 

where  /,  m,  ry  s  are  lines  of  R-,  and  Z',  mf,  r\  sf  are  lines  of  JS22.  The 
collineations  {rs}  and  {I'm'}  are  commutative  for  the  same  reason  that 
F  and  F;  are  commutative.  Hence 

FF'=  {lm}  -  {Vm1}  -  {rs}  •  {r7/}. 

The  pairs  /m  and  lfmr  are  two  pairs  of  opposite  edges  of  a  tetra- 
hedron the  other  two  edges  of  which  may  be  denoted  by  a  and  5.  The 
product  {lm}  -  {lfmf}  leaves  each  point  of  a  and  I  invariant  and  is 
involutoric  on  each  of  the  lines  Z,  V,  m,  mr.  Hence 


The  lines  a  and  &  are  polar  with  respect  to  R*  because  one  of  them  is 
the  line  joining  the  point  IV  to  the  point  mm',  and  the  other  the  line 
of  intersection  of  the  plane  IV  with  the  plane  mmf  (cf.  §  104,  VoL  I). 
In  like  manner  {fq}  .  {y?,}  =  {ed}  ^ 

where  c  and  d  are  polar  with  respect  to  JB£.    Hence  we  have 

THEOKKM  36.  Any  direct  projectile  eollmeaticw,  T  of  a  quadrw 
surface  is  e3vpre®sM&  in  (he  form 


where  the  line  a  is  polar  to  ike  Ime  &,  and  ike  line  c  is  polar  to 


202  INVERSION  GEOMETRY  [CHAP.  VI 

Since  any  line  reflection  whose  axes  are  polar  with  respect  to  a 
quadric  is  a  product  of  two  harmonic  homologies  whose  centers 
are  polar  to  their  planes  of  Ixed  points  (cf.  Theorem  31),  the  last 
theorem  implies 

COROLLARY  1.  Any  direct  projective  collineation  of  a  quadric  is  a 
product  of  four  harmonic  homologies  whose  centers  are  polar  to  tMr 
of  fixed  paints. 

COROLLARY  2.  Any  mndirect  proactive  collineation  of  a  quadric 
is  &  of  a%  odd  number  of  harmonic  homologies  whose  centers 

are  polar  to  their  respective  planes  of  fixed  points. 

Proof.  II  a  projective  collineation  P  interchanges  the  two  regnli, 
and  A  is  a  harmonic  horaology  of  the  sort  described  in  the  statement 
of  the  corollary,  then  FA= A  is  a  projective  collineation  leaving  each 
icgulus  invariant.  By  Cor.  1,  A  is  a  product  of  an  even  number  of 
harmonic  homologies  of  the  required  sort,  and  hence  P=AA  is  a 
product  of  an  odd  number. 

103.  Real  qnadrics.  The  isomorphism  between  the  real  inversion 
group  and  the  projective  collineation  group  of  the  real  quadric  (or 
sphere)  (21)  may  now  be  studied  more  in  detail  Since  a  circular 
transformation  leaving  three  given  points  of  the  inversion  plane  5? 
invariant  is  the  identity  or  an  inversion  (Theorem  21),  and  since  a 
eollineation  of  S3  leaving  three  points  of  the  quadric  (21)  invariant 
is  the  identity  or  a  harmonic  homology  whose  center  is  polar  to  its 
plane  of  fixed  points,  it  follows  that  inversions  in  TT  correspond  to 
homologies  of  S8.  Hence  the  direct  circular  transformations  of  TT  cor- 
respond to  the  direct  collineations  of  S3  transforming  (21)  into  itself. 

An  involution  in  TT  is  a  product  of  two  inversions  whose  invariant 
circles  intersect  and  are  perpendicular.  To  say  that  the  invariant 
circles  intersect  and  are  perpendicular  is  to  say  that  they  intersect  in 
such  a  way  that  one  of  the  circles  is  transformed  into  itself  by  the 
inversion  with  respect  to  the  other.  Now  suppose  that  {Oa>}  and 
{Pir}  are  the  harmonic  homologies  corresponding  to  the  two  inver- 
sions. If  the  points  of  the  quadric  on  the  plane  o  are  to  be  trans- 
formed among  themselves  by  {Pir},  G>  must  pass  through  P.  In  like 
manner  IT  must  pass  through  0.  Hence 
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where  /  is  the  line  QP^  l?  the  line  ®m9  and  the  lines  /  and  /'  are 
with  respect  to  the  quadric.   Hence  the  involutions  in  the  group 
of  direct  circular  transformations  correspond  to  the  line  reflections 
whose  axes  are  polar  with  respect  to  (21). 

Thus  the  theorem  that  any  direct  circular  transformation  of  5r  is 
a  product  of  two  involutions  is  equivalent  to  Theorem  36  applied  to 
the  quadric  (21).  Since  an  involution  in  TT  always  lias  two  douMe 
points,  we  have  the  additional  information,  not  contained  in  §  102, 
that  every  line  reflection  transforming  the  quadric  (21)  into  itself  has 
two  and  only  two  fixed  points  on  the  quadric.  The  line  joining  these 
two  points  is  obviously  one  of  the  axes  of  the  line  reflection.  Hence 
the  line  reflection  has  two  real  axes  one  of  which  meets  the  quadric 
(21)  and  the  other  of  which  does  not. 

These  remarks  are  enough  to  show  how  the  real  inversion  geometry 
can  be  made  effective  in  obtaining  the  theory  of  the  real  qnadric  (21). 
We  shall  now  show  that  any  real  nonruled  quadric  is  projectively 
equivalent  to  the  quadric  (21),  from  which  it  follows  that  the  real 
inversion  geometry  is  equivalent  to  the  projective  geometry  of  any 
real  nonruled  quadric. 

A  nonruled  quadric  is  obviously  nondegenerate.  In  the  complex 
space  any  two  nondegenerate  quadrics  are  projectively  equivalent, 
because  any  two  reguli  are  projectively  equivalent.  Since  (18)  repre- 
sents a  quadric,  it  therefore  follows  that  eveiy  nondegenerate  quadric 
may  be  represented  by  an  equation  of  the  second  degree. 

Now  let  QP  be  any  quadric  whose  polar  system  transforms  real 
points  into  real  planes,  and  let  the  frame  of  reference  be  chosen  so 
that  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  and  (0,  0,  0,  1)  are  vertices  of  a 
real  self-polar  tetrahedron.  The  plane  section  by  the  plane  #0=0 
must  be  a  conic  whose  equation  is  of  the  form 
a^xf  +  ajg  +  aj&%  =  0, 

and  similar  remarks  can  be  made  about  the  sections  by  the  planes 
#j=  0,  ^2=  0,  and  x$  =  0,  From  this  it  follows  that  #*  has  the  equation 

(22)  «0«jf  +  *tf  +  ap£  +  aj$  =  0, 

where  a^  a^  a^»  &s  are  reaL    The  projective  collineation 


transforms  $*  into  a  quadric  having  one  of  tihe  following  equations 
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Any  one  of  the  eight  qualifies  thus  represented  is  obviously  equiva- 
lent projectively  to  one  of  the  following  three: 


(24) 

(25)  - 

(26)  -a 

It  is  also  obvious  that  (24)  is  imaginary,  that  (26)  has  real  rulers, 
and  that  (25)  is  equivalent  to  (21). 

EXERCISES 

L  Determine  the  types  of  collineations  transforming  into  itself  (1)  a  real 
unruled  quadrie,  (2)  a  real  ruled  quadrie,  (3)  an  imaginary  quadric  having  a 
real  polar  system. 

2,  Discuss  the  project*  ve  groups  of  the  three  types  of  quadries  enumerated 

in  the  last  exercise. 

104.  The  complex  inversion  plane.  A  projective  plane  may  he 
obtained  from  a  Euclidean  plane  (cf.  Introduction,  VoL  I)  by  adjoining 
ideal  points  and  an  ideal  Hue  in  sucli  a  way  as  to  make  it  possible  to 
regard  every  collineatiou  as  a  one-to-one  reciprocal  transformation  of 
all  points  in  the  plane.  In  like  manner  the  real  inversion  plane  has 
been  obtained  from  the  real  Euclidean  plane  by  adjoining  a  single 
ideal  point  which  serves  as  the  correspondent  of  the  center  of  each 
inversion.  Similar  considerations  will  now  be  adduced  showing  that 
an  inversion  in  the  complex  plane  may  be  rendered  one  to  one  and 
reciprocal  by  introducing  two  intersecting  ideal  lines. 

In  the  complex  projective  plane  an  inversion  has  been  seen  (§  94) 
to  be  a  one-to-one  reciprocal  transformation  of  all  points  not  on  the 
sides  of  the  singular  triangle  01^  and  to  effect  a  projective  transfor- 
mation interchanging  the  pencil  of  lines  on  Jx  with  the  pencil  of  lines 
on  J2.  In  this  projectivity  the  line  J^  is  homologous  both  with  01^ 
and  with  0/2. 

In  the  Euclidean  plane  obtained  by  omitting  the  line  J^  from  the 
projective  plane,  it  follows  that  the  inversion  is  one  to  one  and  recip- 
rocal except  for  points  on  the  two  minimal  lines,  pQ  and  w0,  through  0. 
Moreover,  it  effects  a  projective  correspondence  between  the  set  of 
minimal  lines  [p]  parallel  with  and  distinct  from  p0  and  the  set  of 
minimal  lines  [m]  parallel  with  and  distinct  from  mtf 
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The  correspondence  between  any  line  p  and  the  homologous  line 
m  is  incomplete  because  there  is  no  point  on  p  corresponding  to  the 
intersection  of  m  with  jpQ  and  no  point  on  m  corresponding  to  the 
intersection  of  p  with  mQ.  This  correspondence,  however,  may  be  made 
completely  one  to  one  and  reciprocal  by  introducing  an  ideal  poinfc 
Jf»  on  m  as  the  correspondent  of  the  point  pm0  and  an  ideal  point 
R  on  p  as  the  correspondent  of  the  point  mp0.  In  order  fco  treat 
all  the  minimal  lines  symmetrically,  ideal  points  Pj>  and  ML  must 
be  introduced  on  pQ  and  m§,  respectively,  as  mutually  correspond- 
ing points.  Also  one  other  ideal  poinfc  0»  is  introduced  as  the 
correspondent  of  0. 

According  to  these  conventions  the  line  pQ  together  with  its  ideal 
point  Pj,  is  transformed  into  a  set  of  points  consisting  of  OOT,  Ml,  and 
all  the  points  If*.  This  set 
of  points  is  therefore  called 
an  ideal  line  ni*.  In  like 
manner  the  line  mQ  together 
with  its  ideal  point  M*  is 
transformed  into  a  set  of 
points  consisting  of  0«,  JJf, 
and  all  the  points  jg» ;  and 
this  set  of  points  is  called  an 
ideal  line  _p«.  The  Euclidean 

plane  with  the  lines  pn  and  m*  adjoined  is  called  an  inversion  plane. 
Or  to  state  the  definition  formally  and  without  reference  to  a  partic- 
ular inversion : 

DEFINITION.  Given  a  complex  Euclidean  plane  TT  and  in  it  two 
pencils  of  minimal  lines  [^?]  and  [m].  By  a  complex  inversion  plane 
TT  is  meant  the  set  of  all  points  of  TT  (referred  to  as  ordinary  points) 
together  with  a  set  of  elements  called  ideal  points  of  which  there  is 
one,  denoted  by  Ji,  for  eachj?,  and  one,  denoted  by  Jf«,  for  each  m, 
distinct  _p's  and  m*s  determining  distinct  ideal  points,  and  also  one 
other  ideal  point  which  shall  be  denoted  by  0«.  By  a  minimal  line 
of  TT  is  meant  (1)  the  set  of  points  on  a  p  together  with  the  corres- 
ponding j&,  or  (2)  the  set  of  points  OB  an  m  together  with,  the  cor- 
responding JC*,  or  (3)  fee  set  of  all  Ji's  together  with  Ony  or  (4)  the 
set  of  all  JCo's  together  with  0«.  The  mtnimal  lines  of  Types  (1) 
and  (2)  are  called  orMwvry,  and  the  lines  (3)  and  (4)  are.  called  ideal. 
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A  line  of  Type  (1)  or  (4)  will  be  denoted  by  p,  of  Type  (2) 

or  (3)  by  M;  the  lines  of  Types  (3)  and  (4)  are  denoted  by 

mm         pw  respectively. 

Tills  definition  is  evidently  such  that  each  point  of  5?  is  on  a  unique 
p  and  on  a  unique  TO. 

DEFINITION   By  an  1  of  5F  is  meant  a  transformation 

defined  as  follows  by  an  inversion  I  of  TT  :  Itp0  and  m0  are  the  singu- 
lar of  1, 1  interchanges  pQ  with  m,,  5wc  with  p9,  and  each  p  con- 
taining a  j?  with  the  m  containing  the  m  to  which  p  is  transformed  by  I. 
A  point  of  5F  -which  is  the  intersection  of  a_jp  and  an_w  is  transformed 
to  the  point  which  is  the  intersection  of  I  (p)  and  I  (m).  The  set  of 
points  of  v  left  invariant  by  an  inversion  is  called  a  nondeffenerate 
of  5r.  A  pair  of  minimal  lines,  one  a  ji  and  the  other  an  m,  is 
called  a  degenerate  circle  of  5F. 

By  reference  to  §  94  it  is  evident  that  every  circle  of  IT  is  a  subset 
of  the  points  on  a  circle  of  TT. 

The  complex  inversion  plane  is  perhaps  best  understood  by  setting 
it  in  correspondence  with  a  quadric  surface,  the  lines  of  one  regulus 
on  the  quadric  being  homologous  with  [p]  and  those  of  the  other  with 
[5£].  This  correspondence  may  be  studied  by  means  of  tetracyclic 
coordinates  as  in  §  100,  but  it  can  also  be  set  up  by  means  of  a 
geometric  construction  as  follows: 

Begard  the  complex  Euclidean  plane  TT  with  which  we  started  as 
immersed  in  a  complex  Euclidean  space.  Let  tf  be  a  quadric  surface 
such  that  01^  is  a  line  of  one  ruling  and  OIt  of  the  other  (fig.  74). 
Through  I{  and  J2  there  are  two  other  lines  of  the  two  rulings  which 
intersect  in  a  point  0«.  Any  point  P  of  the  Euclidean  plane  is  joined 
to  Om  by  a  line  which  meets  the  quadric  ^  in  a  unique  point  Q  other 
than  0»  and,  conversely,  any  point  of  tf  which  is  not  on  either  of 
the  lines  O.JT  or  0^  is  joined  to  0«  by  a  line  which  meets  the 
Euclidean,  plane  in  a  point  P.  Thus  there  is  a  correspondence  T 
between  the  Euclidean  plane  and  the  points  of  <?2  not  on  0M 1^  or 
0»/2.  This  correspondence  is  such  that  every  minimal  line  in  -TT  of 
the  pencil  on  It  corresponds  to  a  line  of  the  quadric  which  is  in  the 
same  ruling  with  OIV  and  every  line  of  TT  of  the  pencil  on  72  corre- 
sponds to  a  line  of  the  quadric  which  is  in  the  same  ruling  with  OI^ 
From  this  it  is  evident  that  if  ideal  elements  are  adjoined  to  TT  as 
explained  above,  the  ideal  points  can  be  regarded  as  corresponding  to 
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the  points  of  the  lines  O^  and  Ox/s  so  that  there  is  a  one-to-one 
reciprocal  correspondence  between  w  and  ^>2. 

Now  any  nondegenerat-e  circle  of  w  Is  a  conic  through  1^  and  J2, 
This  Is  projected  from  0.  by  a  cone  of  lines  having  in  common  with 
(f  the  two  Hues  0, /x  and  0*If  It  follows  that  the  cone  and  $*  have 
also  a  cunic  section  in  common.  For  let  Qlf  Q^  Qn  be  three  of  the 
common  points  which  are  not  on  the  lines  0»I^  and  0.  J2 ;  the  plane 
Q^Q^Q^  meets  the  cone  in  a  conic  K*  and  <?*  in  a  conic  JCf.  These  two 
conies  have  also  in  common  the  points  in  which  they  meet  the  lines 
Ox/j  and  Oml^  (if  these  points  coincide,  Xf  and  JT?  have  a  common  tan- 
gent at  this  point),  and  hence  Jif  =  Ju2.  The  conic  K*  is  nondegenerate, 
because  a  nondegenerate  cone  through  0»  can  hare  no  other  line  than 
Oxll  and  QXIZ  in  common  with  <?2.  Hence  every  nondegenerate  circle 
of  TT  corresponds  under  T  to  a  section  of  (f  by  a  nontaogent  plane. 

Conversely,  if  iT2  is  any  nondegenerate  conic  section  which  is  a 
plane  section  of  Qz,  it  is  projected  from  Oa  by  a  cone  two  of  whose 
lines  are  O./j  and  Ow  J2.  Hence  -&T2  corresponds  under  T  to  a  non- 
degenerate  circle  of  TT. 

An  inversion  in  TT  with  respect  to  a  circle  C2  transforms  every 
minimal  line  of  the  pencil  [p]  into  that  one  of  [m]  which  meets  it  on 
(T2.  Let  K*  be  the  conic  section  on  $2  corresponding  under  T  to  C\ 
The  inversion  corresponds  under  T  to  a  transformation  of  (J2  by  which 
every  line  of  one  regulus  is  transformed  into  the  line  of  the  other 
regulus  which  meets  it  in  a  point  of  K*.  This  is  the  transformation 
(Theorem  32)  effected  by  a  harmonic  homology  whose  plane  of  fixed 
points  contains  JS"2  and  whose  center  is  the  polar  to  this  plane  with 
respect  to  01  Hence  every  inversion  in  TT  corresponds  under  T  to  a 
collineation  of  ()*  effected  by  a  harmonic  homology  whose  center  and 
plane  of  fixed  points  are  polar  with  regard  to  Q*.  Conversely,  every 
such  collineation  of  Q2  evidently  corresponds  under  T  to  an  inversion 
in  TT.  Hence  (Theorem  36,  Oors.  1  and  2)  the  inversion  group  in  TT  is 
isomorphic  under  T  with  the  group  of  projective  collineations  of  $2, 
and  the  direct  circular  transformations  of  TT  correspond  to  the  projec- 
tive eoUineations  of  Q2  which,  carry  each  regulus  into  itself. 

EXERCISE 

Develop  the  theory  of  the  modular  inversion  plane,  using  improper  elements 
In  the  sense  of  Chap.  IX,  YoL  L 
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105.  Function  plane,  inversion  planes  and  projectile  plane.  In  the 
theory  of  functions  of  two  complex  variables 

f(xy) 

the  two  variables  x  and  y  are  thought  of  as  completely  independent 
of  each  other.  The  domain  of  each  Is  the  set  of  all  complex  numbers, 
including  oc.  This  domain  is  therefore  equivalent  to  the  complex  line 
or  to  the  real  inversion  plane.  Thus  the  domain  of  x  may  be  taken 
to  be  a  real  unruled  quadric  (in  particular,  a  sphere)  and  the  domain 
of  y  another  real  unruled  quadric.  Or  the  pair  of  values  (a,  y)  may  be 
regarded  as  an  ordered  pair  of  points  on  the  same  real  unruled  quadric. 

JT ow  consider  a  regulus  in  the  complex  projective  space  and,  adopt- 
ing the  notation  of  the  last  section  (fig.  74),  let  a  scale  be  established 
on  the  lines  pQ  and  mQ  so  that  0  is  the  zero  in  each  scale.  Let  x  be 
the  coordinate  of  any  point  on  p0  and  y  of  any  point  on  m0.  Then  a 
fair  of  values  (x,  y)  determines  a  unique  point  on  the  quadric,  Le,  the 
point  of  intersection  of  the  line  m  through  the  point  with  x  as  its 
coordinate,  and  tbe  line  p  through  the  point  with  y  as  its  coordinate. 
Conversely,  the  same  construction  determines  a  pair  of  numbers  (x,  y) 
for  each  point  of  the  quadric. 

DEFINITION.  The  set  of  all  ordered  pairs  (x,  y)  where  x  and  y  are 
complex  numbers,  including  oo,  is  called  a  complex  function  plane,  or 
the  plane  of  the  theory  of  functions  of  complex  variables,  or  the  com- 
plex plane  of  analysis.  The  ordered  pairs  (x,  y)  are  called  points.  Any 
point  for  which  x  =  co  or  y  =  oo  is  said  to  be  ideal  or  at  infinity,  and 
all  other  points  are  called  ordinary. 

The  points  at  infinity  of  the  function  plane  can  be  represented 
conveniently  by  replacing  a?  by  a  pair  of  homogeneous  coordinates 
x&,  xl  such  that  xjx^—  x,  and  y  by  a  pair  (%,  yr)  such  that  yjy^=*  y* 
Thus  the  points  of  the  function  plane  are  represented  by 

(x**i>  y»*yi)> 

and  the  ideal  points  are  those  satisfying  the  condition 

00%  =  0. 

The  set  of  ordinary  points  of  the  function  plane  obviously  forms  a 
Euclidean  plane  in  which  a  line  is  the  locus  of  an  equation  of  the  form 

ax  +  ly  +  c  =  0, 
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TMs  is  equivalent  in  homogeneous  coordinates  to 
(27)  ** 


an  equation  which  is  linear  both  in  the  pair  of  variables  a?0,  xl 
and  in  the  pair  y^  yr   The  most  general  equation  which  is  linear 

in  both  pairs  is 


(28)  ax^  +  px^  +  ifc^  +  Sx^  =  0. 

TMs  reduces  to  (27)  if  the  condition  be  imposed  that  the  locus 
shall  contain  the  point  (oc,  oo)  which  in  homogeneous  coordinate  is 
(0,  1;  0,  1). 

DEFINITION.  The  set  of  points  of  the  function  plane  satisfying  (28) 
is  called  a  circle  (or  a  Mlinear  curve)  ,  and  any  circle  of  the  form  (27) 
is  called  a  line. 

The  group  of  transformations  which  is  indicated  as  most  important 
by  problems  of  elementary  function  theory  has  the  equations 

• 


or,  in  homogeneous  coordinates, 

(30) 


= 


This  group  of  transformations  clearly  transforms  circles  into  circles. 
The  subgroup  obtained  by  imposing  the  conditions, 

r1=0,         r2=0, 

transforms  lines  into  lines  because  it  leaves  (oo,  co)  invariant. 

Eeturning  to  the  interpretation  of  the  coordinates  x  and  y  on  a 
quadric,  it  is  dear  (ef.  §  102)  that  every  transformation  (29)  represents 
a  direct  collineation  of  the  quadric,  the  formula  in  x  determining  the 
transformatioii  of  one  regulus  and  the  formula  in  y  the  transforma- 
tion of  the  conjugate  regulus*  Hence  the  fundamental  group  of  the 
function  plane  is  isomorphic  with  fie  group  of  direct  protective 
collineations  of  a  quadric  surface. 
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The  parameters  x  and  y  which  determine  the  points  of  a  regulus 
may  be  connected  with  the  three-dimensional  coordinates  (|0,  £  v  f  ,,  £,) 
by  means  of  the  following  equations  : 


31 


where  ta=-  1.   For  the  set  of  all  points  (£0,  £,  fs,  £,)  given  by  these 
equations  are  the  points  on  the  quadric, 


(21)  #  =      + 

Any  plane  section  of  this  quadric  Is  given  by  a  linear  equation  in 
1  1  f:  >  I  »  l»»  which  by  (31)  reduces  to  a  relation  of  the  form  (28) 
among  the  parameters  a?0,  ^;  y0,  yr  Hence  the  circles  of  the  func- 
tion plane  correspond  to  the  plane  sections  of  the  quadric  (21). 
IE  view  of  the  relation  already  established  between  the  groups  it 
foEows  that  the  geometry  of  a  quadric  in  a  complex  protective 
space  is  Identical  with  that  of  a  complex  function  plane.  In  view 
of  §  104  both  these  geometries  are  identical  with  the  complex 
inversion  geometry.* 

The  complex  protective  plane  may  be  contrasted  with  the  complex 
inversion  plane  or  function  plane  In  an  interesting  manner  as  follows  • 
The  homogeneous  coordinates  (<r0>  al9  #2)  may  be  regarded  as  the 
coefficients  of  a  quadratic  equation 

(32)  *X  +  *iVi  +  *X=°- 

Every  such  equation  determines  two  and  only  two  values  of  zjz# 
which  may  coincide  or  become  infinite  (if  #2=  0);  and,  moreover,  two 
distinct  points  of  the  projective  plane  determine  distinct  quadratic 
equations  and  hence  distinct  pairs  of  values  of  zJZf 

*If  one  were  to  confine  attention  to  real  values,  the  definition  of  the  plane  of 
analysis  given  above  would  determine  a  set  of  elements  abstractly  equivalent  to  a 
real  ruled  quadric.  This  is  distinct  from  the  real  inversion  plane,  because  the  latter 
is  equivalent  to  a  real  nonraled  quadric.  For  the  purposes  of  the  theory  of  func- 
tions of  a  real  variable,  however,  it  is  usually  desirable  to  distinguish  between  -I-  co 
and  —  co.  If  this  be  done,  the  function  plane  is  easily  seen  to  be  a  figure  analogous 
to  fi  rectangle  in  a  Euclidean  plane.  The  group  of  transformations  of  such  a  func- 
tion plane  does  not  seem  to  be  of  great  interest  from  the  proieetive  point  of  view. 
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The  numbers  fcy>  z2)  may  be  taken  as  homogeneous  coordinates  on 
a  projective  Hue.  Thus  there  is  a  one-to-une  and  reciprocal  corre- 
spondence between  the  points  of  a  complex  projective  plane  and  the 
pairs  of  points  on  a  complex  projective  line.  It  is  important  tu  notice 
that  the  pairs  of  points  on  the  line  are  not  ordered  pairs,  because  a 
pair  of  values  of  ztA0  taken  in  either  order  would  be  the  pair  of  roots 
of  the  same  quadratic. 

Now  representing  the  points  of  a  complex  line  on  a  real  unruled 
quadric  (e.g.  a  sphere),  we  have  that  the  projective  plane  is  in  one- 
to-one  reciprocal  correspondence  with  the  unordered  pairs  of  points  of 
the  quadric.  On  the  other  hand,  we  have  already  seen  that  the  com- 
plex projective  plane  is  in  one-to-one  reciprocal  correspondence  with 
the  ordered  pairs  of  points  of  the  quadric.  In  either  ease  the  points 
of  a  pair  may  coincide. 

For  further  discussion  of  the  subject  of  this  section  see  "The 
Infinite  Eegions  of  Yarious  Geometries"  by  M.  BOcher,  Bulletin  of  the 
American  Mathematical  Society,  VoL  XX  (19 14),  p.  185. 

106.  Projectivities  of  one-dimensional  forms  in  general.  The 
theorems  of  the  last  four  sections  have  established  and  made  use  of 
the  fact  that  the  permutations  effected  among  the  lines  of  a  regulus  by 
projective  collineations  form  a  group  isomorphic  with  the  protective 
group  of  a  line.  Now  a  regulus  is  a  one-dimensional  form  of  the 
second  degree,*  and  the  notion  of  one-dimensional  projective  trans- 
formation has  been  extended  to  all  the  other  one-dimensional  forms 
(Chap.  VIII,  VoL  I,  particularly  §  76).  It  is  therefore  to  be  expected 
ttiat  an  analogous  extension  can  be  made  to  the  regulus.  This  we 
shall  now  make,  but  instead  of  dealing  with  the  regulus  in  particular, 
we  shall  restate  the  old  definition  in  a  form  which  includes  the  cases 
where  the  regulus  is  in  question. 

DEFINITION.  A  correspondence  between  any  two  one-dimensional 
forms  whose  elements  are  of  different  kinds  and  not  such  that  all 
elements  of  one  form  are  on  every  element  of  the  other  form  is 
said  to  be  perspective  if  it  is  one-to-one  and  reciprocal  and  sueti 
tliat  each  element  of  either  foam  is  on  the  corresponding  element 
of  the  other  form. 

*The  oneMirinension^  foraas  of  the  fii-st  ?md  second  degrees  In  thxeeH3j>ace  are 
the  pencil  of  points,  the  flat  pencil  of  lines^'the  pencil  of  planes,  the  point  eonfc, 
the  line  conic,  the  cone  of  lines*  the  oone  of  planes,  and  tte  regions. 
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This  covers  the  notion  of  perspeetivity  as  defined  in  VoL  I  between 
.1  pencil  of  points  and  a  pencil  of  lines  or  between  a  pencil  of  lines  and 
A  point  conic,  etc.  It  also  defines  perspectivities  between  (1)  the  lines 
of  a  regulus  and  the  points  on  a  line  of  the  conjugate  regulus,  (2)  the 
lines  of  a  regulus  and  the  planes  on  a  line  of  the  conjugate  regulus, 
(3)  the  Hues  of  a  regulus  and  the  points  of  a  conic  which  is  a  plane 
section  of  the  regains,  (4)  the  lines  of  a  regulus  and  the  planes  of  a 
cone  tangent  to  the  regains. 

DEFINITION.  A  correspondence  between  two  one-dimensional  forms 
or  among  the  dements  of  a  single  one-dimensional  form  is  protective 
if  and  only  if  it  is  the  resultant  of  a  sequence  of  perspectivities. 

This  definition  comprehends  that  made  in  §  22,  VoL  I,  for  forms  of 
the  first  degree,  and  extended  in  §  76,  VoL  I,  so  as  to  include  those  of 
the  second  degree  equivalent  under  duality  to  a  point  conia  In  order 
to  justify  the  new  definition,  it  is  necessary  to  prove  that  it  does  not 
lead  to  any  modification  of  the  relation  of  perspectivity  between  one- 
dimensional  forms  of  the  first  degree.  In  other  words,  we  must  prove 
that  any  correspondence  between  two  one-dimensional  form®  of  the 
first  degree  is  projectile  according  to  the  new  definition  only  if  it  is 
projectwe  according  to  the  definition  of  §  @@,  VoL  I. 

To  prove  this  tlieoiem  it  is  sufficient  to  show  that  a  sequence  of 
perspectivities  beginning  and  ending  with  forms  of  the  first  degree 
and  involving  forms  of  the  second  degree  can  be  replaced  by  one 
involving  only  forms  of  the  first  degree.  This  follows  directly  from 
the  fact  that  each  one-dimensional  form  of  the  second  degree  is 
generated  by  projective  one-dimensional  forms  of  the  first  degree. 
For  example,  if  a  pencil  of  points  [P]  is  perspective  with  a  regulus 
[f]  and  the  regulus  with  a  point  conic  and  the  point  conic  with  some- 
thing else,  it  follows  by  the  theorems  of  §  1 03,  VoL  I,  that  [P]  is 
perspective  with  the  pencil  of  planes  [mZ],  where  m  is  a  line  of  the 
conjugate  regulus  and  [ml]  is  perspective  with  the  point  conic.  Thus 
the  regulus  [/]  in  this  sequence  of  perspectivities  is  replaced  by  the 
pencil  of  planes  [0&TJ.  In  similar  fashion  it  can  be  shown  by  a  con- 
sideration of  thte  finite  number  of  possible  cases  that  however  a  form 
of  the  second  degree  may  intervene  in  a  sequesee  of  perspectivities, 
it  can  be  replaced  by  a  form  or  forms  of  the  first  degree.  The 
enumeration  of  the  possible  cases  is  left  to  the  reader,  the  argument 
required  in  each  case  being  obvious. 
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From  this  theorem  It  follows  that  the  gronp  of  protective  corre- 
spondences of  any  oju'-tlime/i&tonalforjn  with  itself  is  isomorphw  with 
the  projective  group  of  a  line.  For  let  T  be  any  projectivity  of  a  one- 
dimensioEal  form  F*  of  the  second  degree  (e.g.  a  regulus),  and  let  II 
represent  a  perspectivity  between  JF*  and  a  one-dimensional  form  Fl 
of  the  first  tlegree  (e.g.  a  line  of  the  conjugate  regulus).  Then  HTIL~l 
is  a  projectivity  of  F\  In  like  manner,  if  T1  is  a  projectivity  of  Fl, 
n~T'II  Is  a  projectivity  of  F*.  Hence  II  establishes  an  isomorphism 
between  the  two  groups. 

*107.  Projeetivities  of  a  qaadric.  An  involution  on  a  regulus  is 
the  transformation  of  the  lines  of  the  regulus  effected  by  a  line 
reflection  whose  axes  are  the  double  lines  of  the  involution.  Since 
any  projectivity  of  a  regulus  is  a  product  of  two  involutions,  it  may 
be  regarded  as  effected  by  a  three-dimensional  projective  collineation 
which  transforms  the  regulus  into  itself.  Conversely,  any  direct  pro- 
jective collineation  transforming  a  quadric  into  itself  is  a  product  of 
two  line  reflections  {Theorem  36)  each  of  which  effects  an  involution 
on  each  of  the  reguli  on  the  quadric. 

Tins  relation  between  the  theory  of  one-dimensional  projectivities 
and  the  projective  group  of  a  quadric  may  be  used  to  obtain  prop- 
erties of  the  quadric  analogous  to  the  properties  of  conic  sections 
studied  in  Chap.  VIII,  Vol.  I.  The  discussion  is  based  on  Assump- 
tions A,  E»  P,  H0,  improper  points  being  adjoined  to  the  space 
whenever  this  is  required  for  quadratic  constructions. 

In  Chap.  VIII,  Vol.  I,  we  have  seen  that  any  projectivity  on  a 
conic  determines  a  unique  point,  the  center  of  the  projectivity,  and 
that  the  axes  of  any  two  involutions  into  which  the  projectivity 
may  be  resolved  pass  through  its  center.  If,  now,  a  projectivifey 
F  be  given  on  a  regulus,  any  plane  TT  meets  the  regulus  in  a  conic 
*73  on  which  is  determined  a  projectivity  Tr  having  a  point  P  as 
center.  This  determines  a  correspondence  between  the  planes  TT 
and  points  P  of  space  which  is  a  null  system  (§  108,  Vol.  I),  and 
hence  the  axes  of  the  involutions  into  which  the  projectivity  P7 
can  be  resolved  form  a  linear  complex.  The  formal  proof  of  this 
statement  follows. 

THEOREM  37.   For  any  nonidentieal  projecfrvvtty  of  a  regulm  there 
eoviBts  a  linear  complex  of  lines  [f]  hamnff  the  property  tlmt  ifl^  is 
line  of  the  wmplew  not  tangmt  to  the  reffidu$>  there  a/re  throe  Imes 
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I8,  /4  mch  that  l%  isfdar  ta  ^  and  /f  to  /4  with  to  the  regidus,  and 

Hi  (/ .  x 

VjV  "  "*V4» 

fjfkfe  rt«  jfire»  project ivity  on  the  regulus.  Moreover,  every  line  ^ 
having  this  /roperty  belongs  to  the  complex,  and  so  da  Za,  /t,  £4. 

jRw/.  Let  I?  be  a  regulus  and  T  a  projectivity  of  R\  If  ^s  and 
I/4  are  pairs  of  polar  lines  such  that  {^/J  •  {/S/J  effects  the  given 
projectivity  on  If,  let  TT  be  any  plane  containing  ^  aod  not  tangent 
to  £P.  The  projectivity  T  on  I?2  is  perspective  with  a  projectivity  F 
on  the  conic  Cf  in  which  IT  meets  ^2.  Moreover,  {^2}  and  {ZSZ4}  effect 
involutions  on  ^2  which  are  perspective  with  involutions  F  and  F7 
on  C*.  Thus  on  (7s  p/==  j/-p 

But  {cf.  §  77,  Vol.  I)  /j  is  the  axis  of  F  and  hence  passes  through  the 
center  of  I".  A  similar  argument  shows  that  /,  (i  =  2,  3,  4)  passes 
through  the  center  of  the  projectivity  perspective  with  T  on  the  conic 
in  which  J?3  is  met  by  any  plane  containing  lt  and  not  tangent  to  R\ 

Hence  all  lines  llf  /2,  /,,  14  defined  as  above  are  contained  in  the 
set  [1]  of  all  lines  I  such  that  if  TT  is  any  plane  on  I  and  not  tangent 
to  H\  I  is  also  on  a  point  P  defined  as  follows :  Let  C*  be  the  conic  in 
which  TT  meets  H*  and  Tf  the  projectivity  on  <72  perspective  with  the 
projectivity  T  on  jK2;  then  P  is  the  center  of  Ff. 

The  set  [/]  obviously  contains  all  lines  tangent  to  B*  at  points  of  the 
double  lines  (if  existent)  of  T.  If  ^  is  any  other  line  of  [Z]  let  TT  be  a 
plane  on  Zx  and  not  tangent  to  J22,  let  C2  be  the  conic  in  which  TT  meets 
R\  and  let  F'  be  the  projectivity  on  C*  perspective  with  F.  By  §  79, 
Vol.  I,  and  the  definition  of  [J],  F;  is  a  product  of  two  involutions 
having  lt  and  another  line,  /8,  as  axes.  Let  /2  and  Z4  be  the  polars  of  lv 
and  Z8  respectively.  Then  {/^J  -  {yj  effects  the  perspectivity  F;  on  C 
and  hence  effects  F  on  -ft2.  By  the  first  paragraph  of  the  proof  /2,  l$,  Z4 
are  all  lines  of  [/],  Hence  all  lines  of  [I]  have  the  property  enunci- 
ated in  the  theorem.  It  remains  to  prove  that  [I]  is  a  linear  complex. 

By  definition,  if  TT  is  a  plane  not  tangent  to  ^2  the  lines  of  [/]  in 
TT  form  a  flat  pencil.  If  TT  is  tangent  to  -K2  let  p  be  the  line  of  JB2 
on  TT  and  q  the  line  of  the  conjugate  regulus  on  TT.  In  case  $>  is  a 
fixed  line  of  F,  the  lines  I  on  TT  are  the  tangents  to  Mz,  ie.  the 
pencil  of  lines  on  TT  and  the  point  pq.  In  case  p  is  not  a  fixed  line 
of  F,  q  is  a  tangent  to  H*  which  meets  a  fixed  line  of  F  and  hence  is 
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a  line  of  [/].  Any  other  line  Z1  of  [I]  in  w  must  have  a  polar  line  Zf 
pacing  through  the  point  pq.  Let  F"  be  the  projectivity  on  q  perspec- 
tive with  F.  If  F  is  effected  by  {l^}  ••{£/,},  then  Tjf  is  the  product 
of  two  involutions,  F  and  I",  which  are  perspective  with  the  involu- 
tions effected  on  If  by  {Ify  and  {Ig/J  respectively.  Since  Zf  must 
pass  through  the  point  pq>  the  latter  is  a  double  point  of  V.  But 
when  F;/  is  expressed  as  a  product  of  two  involutions,  one  of  these 
involutions  is  fully  determined  by  one  of  its  double  points  in  case 
the  latter  is  not  a  double  point  of  F"  (ci  §  78,  VoL  I).  Hence  the 
other  double  point,  P,  is  fixed ;  and  since  Z1  must  pass  through  it,  it 
follows  that  all  lines  of  [I]  on  TT  pass  through  P.  Moreover,  it  is 
evident  that  if  Zx  is  any  line  (except  q)  on  TT  and  P,  I2  its  polar  line, 
and  {yj-  any  line  reflection  effecting  an  involution  on  J£2  which  is 
perspective  with  I",  the  projectivity  F  is  effected  by  {Z^}  •  {ZSZJ. 
Hence  [Z]  contains  all  lines  on  TT  and  P.  Hence  [Z]  is  a  linear 
complex  by  Theorem  24,  Chap.  XI,  VoL  L 

THEOREM  38.  A  direct  projectivity  F  of  a  quadric  surface  Q2  which, 
does  not  learn  all  lines  of  either  regulus  invariant  determines  a  linear 
congruence  of  lines  having  the  property  that  if  a^  is  any  line  of  the 
congruence  not  tangent  to  Q2  there  exist  lines  a^  "b^  &2  of  the  congruence 
such  that 

(33)  r  =  {ai<Zs}.{&I5a}. 

Moreover,  each  line  a^  having  this  property  "belongs  to  the  congruence^ 
and  so  do  «2,  &x,  &2. 

Proof.  F  effects  a  projectivity  on  each  regulus  of  Q2,  and  each  of 
these  reguli  by  the  last  theorems  determines  a  linear  complex  of  lines. 
The  two  complexes  are  obviously  not  identical  and  hence  have  a 
linear  congruence  in  common.  Any  line  a^  of  this  congruence  is  either 
tangent  to  $*,  or  such  that  there  exist  lines  «2, 5X,  J2  which  are  in  both 
complexes  and  such  that  {^a^  •  {S^J  effects  the  same  projectivity 
as  F  on  both  reguli  Hence  {^aj  •  {Z^&J  =  F.  Moreover,  any  at  for 
which  a±9  &x,  J2  exist  satisfying  this  condition  must,  by  the  last  theorem, 
belong  to  both  complexes  and  hence  belong  to  this  congruence. 

COROULART  1.  The  congruence  referred  to  in  the  theorem  may  "be 
degenerate  and  consist  of  all  lines  on  a  point  of  $*  and  on  a  plane 
tangent  to  QP  at  this  pomt;  or  it  may  be  parolwlic  and  ham  a  Ime 
of  the  quadric  as  directrix;  or  it  may  "be  hyperbolic  awd  "ha<w  a 
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of  as  ;  or  it  be  elliptic  and  hare  a  pair  of 

us  directrices. 

Proof,  let  C  denote  the  congruence  referred  to  in  the  theorem 
and  let  II  be  the  polarity  by  which  every  point  is  transformed  into 
its  plane  with  respect  to  Q\  This  polarity  transforms  any  line 

a  of  €  into  its  polar  line,  and  the  latter,  by  the  theorem,  is  in  CL 
Hence  II  transforms  C  into  itself. 

According  to  §  107,  Vol.  I,  any  congruence  is  either  degenerate, 
parabolic,  hyperbolic,  or  elliptic.  If  degenerate,  it  consists  of  all  lines 
on  a  poiat  R  or  a  plane  p,  R  being  on  p.  If  H  transforms  such  a  con- 
gruence into  itself,  it  must  interchange  M  and  p,  and  hence  H  must  be 
on  &  and  p  tangent  to  Q*  at  S.  The  congruence  C  will  be  of  this  type 
if  5  meets  ax  in  a  point  of  <f  and  does  not  meet  aa. 

If  C  is  parabolic,  its  one  directrix  must  be  transformed  into  itself 
by  II,  and  hence  must  be  a  line  of  Q\  This  case  arises  if  al9  a#  \>  \ 
all  meet  the  same  line  of  Q*  and  do  not  meet  any  other  line  of  Q*. 

If  C  is  hyperbolic,  II  must  either  leave  the  two  directrices  fixed 
individually  or  interchange  them.  In  the  first  case  each  directrix 
must  be  a  line  of  <f  ,  which  implies  that  al9  «2,  \,  \  all  meet  two 
lines  of  <f  and  hence  that  all  lines  of  one  regains  are  left  invariant 
by  F,  contrary  to  hypothesis.  Hence  the  second  case  is  the  only 
possible  one.  It  occurs  when  av  &2,  &x,  &3  do  not  all  meet  any  line  of 
<)*,  but  are  met  by  a  pair  of  real  lines. 

If  C  is  elliptic,  it  has  two  improper  directrices*  and  the  reasoning 
is  the  same  as  for  the  hyperbolic  case. 

DEFINITION.  A  line  I  is  said  to  meet  or  to  be  met  ~by  a  pair  of  lines 
pq  if  and  only  if  it  meets  both  of  them.  A  pair  of  lines  Im  is  said  to 
meet  or  cross  a  pair  pq  if  both  I  and  m  meet  pg. 

EXERCISES 

1.  The  lines  which  cross  the  distinct  pairs  of  an  involution  on  a  regulus 
together  with  the  lines  tangent  to  the  regulus  at  points  of  the  double  lines 
(If  existent)  of  the  involution  form  a  nondegenerate  linear  complex. 

2.  If  two  pairs  of  polar  lines,  a^az  and  bjbz9  of  a  regulus  meet  each  other, 
the  involutions  effected  by  {%%}  and  {fc^}  are  harmonic  (commutative)  and 
their  double  lines  form  a  harmonic  set* 

*  This  maybe  proved  as  follows :  Let  Zj,  Z2,  Zs,  Z4  be  lines  of  C  not  on  the  same 
regulus.  Any  plane  on  Z4  meets  the  regulus  JB2  containing  l^  ^  1$  in  a  conic,  and  14 
meets  this  conic  in  two  improper  points  P1?  P2.  The  two  lines  of  the  regulus  conju- 
gate to  J?2  which  pass  through  Pt,  P^  meet  1%,  Zj,  Zg,  J4  and  hence  meet  all  lines  of  O. 
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3.  Let  F  be  a  projectivity  on  a  regains  A*3.  A  variable  plane  meets  J£2  in  a 
conic  C2  on  which  there  is  a  projectivity  F  perspective  with  F.  The  axes  of 

the  projectivities  I"  are  lines  of  a  linear  congruence. 

4.  Enumerate  the  types  of  collineations  leaving  in¥ariant  a  quadrie  (1)  in 
tike  complex  space,  (2)  in  a  real  space,  (3)  in  various  modular  spaces. 

*1Q8.  Products  of  pairs  of  involntoric  projeetiYlties. 

THEOREM  39.  A  direct  projectile  collineation  of  a  quadrw  surface 
is  a  line  reflection  whose  axes  are  polar  ;  if  it  interchanges  two  points 
of  the  quadric  which  am  not  joined  by  a  line  of  the  quadrw* 

Proof.  Denote  the  collineation  by  F,  the  quadric  by  Q*,  the  two 
reguli  on  it  by  JKf  and  jB|,  and  the  two  points  which  F  interchanges  by 
A  and  B.  Let  a  and  &  be  the  lines  of  Jfcf  on  A  and  B  respectively,  and 
aj  and  &'  those  of  JB|  on  A  and  B  respectively.  Since  F  interchanges  a 
and  &  it  effects  an  involution  on  J£*,  and  since  it  interchanges  a!  and 
V  it  effects  an  involution  on  JE*.  Let  Z,  m  be  the  double  lines  of  the 
involution  on  H^  and  j?,  g  those  of  the  involution  on  JK|.  F  is  evidently 
the  product  of  {lm}  by  {pq}  and  hence  is  a  line  reflection  whose  axes 
are  the  line  joining  the  points  Ip  and  mq  and  the  line  joining  the 
planes  Ip  and  mq.  These  two  lines  are  polar  with  regard  to  $*. 

THEOREM  40.  Two  lines  which  are  not  on  a  quadric  Qf*  and  do 
not  meet  the  same  line  of  &  are  met  ~by  one  and  lut  one  polar  pair 
of  lines. 

Proof.  Let  one  of  the  given  lines  meet  the  quadric  in  A  and  A' 
and  the  other  meet  it  in  B  and  2^.  By  Theorem  35  there  is  a  unique 
direct  protective  collineation  of  the  quadrie  which  carries  A  to  A',  A1 
to  A,  and  BtoB**  By  Theorem  39  this  is  a  line  reflection  {lm}  and 
I  and  m  are  polar  with  respect  to  ^.  Since  {lm}  transforms  A  to  Ar, 
I  and  m  both  meet  the  line  AA!,  and  since  {lm}  transforms  B  toff,  I 
and  m  both  meet  the  line  BB*. 

If  there  were  another  pair  of  polar  lines  F,  mf  meeting  AA1  and 
BB?,  {Fv**}  would  interchange  A  and  A!  and  B  and  Br.  By  Theorem  35 


Two  lines  whwh  are  not  on  a  guadric  (f  and  do  not 
meet  the  same  line  of  &  are  met  %  two  and  only  two  lines  wliwk  are 
conjugate  to  them  loth  with  regard  to  Q?~ 

Proof.    This  follows  directly  from  the  theorem,  because  two  mutu- 
ally polax  lines  a,  ft  meeting  two  lines  I  and  m  axe  both  con  jugate  ik> 
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I  and  M  and,  moreover,  if  a  line  a  meets  and  Is  conjugate  to  both  I 
and  »i  its  line  also  meets  and  is  conjugate  to  both  I  and  m. 

41.   If  a  hexagon  u  inscribed  in  a  quadric  sur- 

face m  such  a  way  that  no  two  of  its  eertiMS  are  on  a  line  of  the 
quadric,  the  tkre€  pairs  of  opposite  edyes  are  met  each  lij  a  polar  pair 
of  and  these  three  polar  pairs  of  lines  are  in,  the  same  linear 

Proof.  Let  A&C^B^  be  the  simple  hexagon.  By  the  last 
theorem  the  pair  of  opposite  edges  A^  Af^  is  met  by  a  pair  of 
lines  clf  c?2  which  are  polar  with  respect  to  the  quadric.  In  like 
manner  B&,  B&  are  met  by  a  polar  pair  al9  af,  and  C^,  C^ 
by  a  polar  pair  Jl?  l%.  Consider  the  product  of  line  reflections, 

r  =  {cA}-  {&,&,}  -{«,«,}. 

The  line  reflection  {a^}  carries  BI  to  (72,  $&}  carries  <7S  to  A19  and 
{c^}  carries  J,  to  Bf  Likewise  {a^}  carries  ^  to  Cl9  {6^}  carries 
C  lto  J,»  and  {^}  carries  ^2  to  ^r  Hence  T  interchanges  Bl  and  B^ 
and  by  Theorem  39  it  is  a  line  reflection.  Denoting  T  by  {d^  we  have 


By  Thwrem  38  the  axes  of  the  four  line  reflections  in  this  equation 
are  all  lines  of  the  same  congruence. 

In  view  of  the  corollaries  of  Theorems  38  and  40  this  theorem 
may  be  restated  in  the  following  forms  : 

COROLLARY  1.  If  a  simple  hexagon  is  inscribed  in  a  guadric  in 
such  a  way  that  no  two  of  its  vertices  are  on  a  line  of  the  quadric,  the 
three  polar  pairs  of  lines  which  meet  the  pairs  of  opposite  edges  are 
met  *by  a  polar  pair  of  lines  (which  may  coincide). 

COROLLARY  2.  If  a  simple  hexagon  is  inscribed  in  a  quadric  sur- 
face in  such  a  way  that  no  two  of  its  vertices  are  on  a  line  of  the 
quadric,  each  pair  of  opposite  edges  is  met  ly  a  unique  pair  of  lines 
conjugate  to  loth  edges,  and  the  latter  three  pairs  of  lines  are  met  "by 
a  pair  of  lines  conjugate  to  each  of  them.  The  lines  of  the  last  pair 
may  coincide.* 

*  Bulletin  of  the  American  Mathematical  Society,  Vol.  XVI  (1909),  pp.  55 
and  62.  A  theorem  of  non-Euclidean  geometry  from  which  this  may  "be  obtained 
by  generalization  has  heen  given  by  3T.  Klein,  Mathematische  Annalen,  Vol.  XXII 

T>.  243. 
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This  theorem  is  closely  analogous  to  Pascal's  theorem  on  conic  sections 
(Chap.  V,  Vol.  I).  In  the  Pascal  hexagon  the  pairs  of  opposite  sides  deter- 
mine three  points  A9  B,  C  which  are  collinear.  In  the  hexagon  inscribed  in 
a  (}iiadric  they  determine  three  pairs  of  lines  a1as,  6^,  CjC2  which  are  in  a 
linear  congruence.  In  case  the  vertices  of  the  hexagon  are  coplarmr,  the 
theorem  OB  the  quadrie  reduces  directly  to  Pascal's. 

The  Pascal  theorem  may  be  proved  by  precisely  the  method  used  above. 
For  let  x-IjBgCj.-IgBjCg  be  a  hexagon  inscribed  in  a  conic  and  let  A  be  the 
point  (/V-s*  C\BK)9  B  be  (f\A^  -i/'2)»  and  C  be  (A^B^  B^A9).  Let  \Aa\, 
{ J3&, ,  and  [  Cr\  be  the  harmonii*  lioinolugies  effecting  the  involutions  having  .1. 
Z»,  Cas  centers.  By  construction  the  projectivity  effected  by  { Cc}  -  {Bb±  •  \Aa't 
on  the  conic  carries  Bl  to  J52,  and  It,,  to  Bv  and  hence  is  an  involution.  Denoting 
its  center  and  axis  by  D  and  </,  we  have 

|  Cc}  -  {Bb}  •  {Aa}  =  {Dd}. 

This  Implies  {M}  -  {Aa}  =  {Cc}  •  {Dd}. 

By  the  theorems  of  Chap.  YIII,  Vol.  I,  the  line  AB  is  the  axis  of  the  projec- 
tivity  effected  by  {Bl)}  •  {A a}  and  must  contain  C  and  D.  Hence  A,  B,  C  are 
eollinear. 

Pascal's  theorem,  is  thus  based  on  the  proposition  that  the  product  of  three 
involutions  on  a  conic  is  itself  an  involution  if  and  only  if  the  centers  of  the 
three  involutions  are  collinear,  i.e.  if  and  only  if  their  axes  are  concurrent. 
Let  us  denote  an  involution  whose  double  points  are  L  and  Af  by  {LIT},  as 
in  Ex.  11,  §  52.  If  the  involution  is  represented  on  a  conic,  the  double  points 
are  joined  by  the  axis  of  the  involution.  The  proposition  above  then  takes 
the  form ;  The  product  {XsJ/3}  •  {£23/2}  •  {L^M-^  is  an  involution  if  and  only 
if  the  lines  X13/1,  L%MV  LZM%  concur.  The  concurrence  of  the  three  lines 
means  either  that  the  three  point  pairs  have  a  point  in  common  or  that  they 
are  themselves  pairs  of  an  involution.  Thus  the  theorem  on  involutions  may 
be  stated  as  follows : 

THEOREM  42.  In  any  one-dimensional  form  a  product  of  three  involutions 
{L^l^j  {L^M^},  {L%MZ}  is  an  involution  in  case  the  pairs  of  points  L^M^ 
X2J/2J  L&M%  nave  a  point  in  common  or  are  pairs  of  an  involution;  and  the 
product  is  not  an  involution  in  any  other  case* 

The  double  points  of  the  involutions  may  be  either  proper  or  improper 
(real  or  imaginary).  In  order  to  state  the  result  entirely  in.  terms  of  proper 
elements*  the  involutions  may  be  represented  on  a  conic  and  the  condition 
stated  in  terms  of  the  concurrence  of  their  axes,  as  above;  or  it  may  be 
expressed  by  sayiag  that  they  all  belong  to  the  same  pencil  of  involutions,  or 
by  saying  that  they  are  all  harmonic  to  the?  same  projectivity. 

This  theorem  on  involutions  in  a  one-diniemsional  form  is  frawiaiaental 
in  the  theory  of  those  group®  of  prpjeetivities^  in  a  space  of  any  iiumbejr  of 
dimensions^  which  are  products  of  iavplutoric  pcojeetivities.  For  example, 
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it  is  essentially  the  same  m  Theorem  8,  Chap,  IV,  which  was  fundamental  in 
the  theory  of  "the  parabolic  metric  group  in  the  plane.  Corresponding  theo- 
rems in  the  Euclidean  geometry  of  three  dimensions  will  be  found  in  §§  114 
and  121,  Chap.  VII.  The  same  principle  appears  as  Theorem  27,  Cor.  1, 
Chap.  Ill,  in  connection  with  the  equiaffine  group. 

These  groups  are  all  projective  and  on  that  account  related  to  the  projec- 
tive group  of  a  one-dimensional  form.  But  the  essential  feature  which  they 
have  in  common  is  that  erery  transformation  of  each  group  is  a  product  of  two 
inr&Iutonc  trantffirmation*  of  the  same  group.  On  this  account,  even  without 
their  common  projective  basis,  the  geometries  corresponding  to  these  groups 
must  have  many  features  in  common.  In  particular,  whenever  there  is  some 
class  of  figures  such  that  if  two  of  the  figures  are  interchanged  by  a  tern* 
formation,  the  transformation  is  of  period  two,  there  must  exist  a  theorem 
analogous  to  Pascal's  theorem.  As  examples  of  this  may  be  cited  Theorem  41 
above;  Ex.  6,  §  80,  Vol.  I;  Ex.  1,  §  122,  below;  and  in  the  list  of  exercises 
below,  Ex.  4,  referring  to  the  group  of  point  reflections  and  translations, 
Exs.  5,  6  referring  tt  :ne  Euclidean  group  In  a  plane,  Ex.  7  referring  to 
the  equiaffine  group.  On  this  subject  in  particular  and  also  on  the  general 
theory  of  group  generated  by  transformations  of  period  two,  the  reader 
should  consult  a  series  of  articles  by  H.  Wiener  in  the  Berichte  der  Gesell- 
schaft  der  Wissenschaften  zu  Leipzig,  Vol.  XLII  (1890),  pp.  13,  71,  245; 
YoL  XLIII  (1891),  pp.  421,  644 ;  and  also  the  article  by  Wiener  referred 
to  in  §  43,  above.  Cf .  also  §  80,  VoL  L 

EXERCISES 

1.  (Converse  of  Theorem  41.)    If  the  three  pairs  of  opposite  edges  of  a 
simple  hexagon  are  met  by  three  pairs  of  lines  a^,  B^,  c±ct  in  pairs  of  points 
which  are  harmonically  conjugate  to  the  pairs  of  vertices  with  which  they  are 
coffinear,  and  if  the  lines  av  a2,  bv  bv  cv  c2  are  in  the  same  linear  congruence, 
then,  the  vertices  of  the  hexagon  are  on  a  quadric  surface  with  regard  to  wnich 
Oj^g,  l-fv  CjCi  are  polar  pairs  of  lines. 

2.  Two  pairs  of  lines  which  are  polar  with  regard  to  the  same  regnlns 
cannot  consist  of  lines  of  a  common  regulus. 

3.  If  two  lines  I  and  m  are  met  by  two  pairs  of  lines  which  are  polar  with 
respect  to  a  quadric,  I  and  m  are  polar. 

4.  In  a  Euclidean  plane  let  A,  B,  C  be  the  three  points  of  intersection  of 
pairs  of  opposite  sides  of  a  simple  hexagon.  If  A  and  B  are  mid-points  of  the 
sides  containing  them,  and  C  is  the  mid-point  of  one  side  containing  it,  then 
C  is  also  a  mid-point  of  the  other  side  containing  it. 

5.  Let  A^B^C^AJB^C^  be  a  simple  hexagon,  ir.  a  Euclidean  plane.   If  the 
perpendicular  bisector  of  the  point  pair  A±B2  coincides  with  that  of  AsBlr  and 
the  perpendicular  bisector  of  B^C^  with  that  of  B^C^,  and  the  perpendicular 
bisector  of  C2Aj  with  that  of  C3A9    then  the  three  perpendicular  bisector 
meet  in  a  point. 
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6.  Let  a,  4  c9  a',  ?/,  e"  be  six  concurrent  linea  of  a  Euclidean  plane.  If  there 
is  a  pair  of  lines  bisecting  each  of  the  pairs  alf  and  a'b,  and  a  pair  bisecting 
be  and  i/Cy  there  is  a  pair  bisecting1  «/  and  c'«. 

7.  If  the  jpairs  of  op£>osite  sides  of  a  simple  hexagon  are  parallel,  the  lines 
joining  their  mid-|>oints  are  concurrent, 

109.  Conjugate  imaginary  lines  of  the  second  kind.  The  theory 
of  antiprojectivities  (§  99)  and  the  extended  theory  of  projectivities 

of  one-diinensional  forms  (§106)  will  now  enable  us  to  complete  the 
theory  of  conjugate  Imaginary  elements  in  certain  essential  details 
which  we  were  not  ready  to  discuss  in  §  78.  Let  Sf  be  a  complex 
protective  space  and  let  S  be  a  three-chain  of  Sf,  ie.  a  space  related 
to  Sf  in  the  manner  described  in  §§  6  and  70,  and  let  us  use  the 
definitions  and  notations  of  §  70.  The  simplest  type  of  antiprojective 
collineation  of  Sf  is  given  by  the  equations 

(34)  ao'  =  £0,    «!=«!>    *t'-»s,    as'  =  2s. 

The  frame  of  reference  is  such  that  the  points  of  S  have  real  coordi- 
nates. The  transformation  changes  each  point 


where  the  a's  and  >87s  axe  real,  into  the  point 

K-^O>  ^1-^1*  «»-*£•>  ^-^2)- 
These  two  points  if  distinct  are  joined  by  the  real  line 


and  are  the  double  points  of  the  involution  determined  by  the 
transformation  of  the  parameter  X, 

V-     i 
x—  x. 

Comparing  with  the  definition  of  conjugate  imaginary  points  in  §  78, 
ife  is  clear  that  (34)  is  the  transformation  by  which  every  point  of  Sf 
goes  to  its  conjugate  imaginary  point,  the  points  of  S  being  regarded 
as  real 

From  the  fact  that  the  transformation  (34)  leaves  no  imaginary 
point  invariant,  Ife  follows  that  it  cannot  leave  any  imaginary  line  or 
plane  invariant.  For  the  real  line  through  an  imaginary  point  F  of 
the  given  line  or  plane  is  left  invariant  by  (34),  and  hence  P  would 
be  left  invariant  by  (34).  On  fclie  othei  hand,  (34)  leaves  evqry  real 
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element  invariant  and  hence  leaves  every  elliptic  involution  in  a  red 
one-dimensioaal  form  invariant.  Since  (34)  cannot  leave  the  double 
elements  of  such  an  involution  invariant,  it  must  interchange  them. 
Hence  (34)  interchanges  any  element  of  Sf  with  the  element  which 
is  its  conjugate  imaginary  according  to  the  definition  of  §  78. 

The  definition  of  §  78  defines  the  notion  of  conjugate  imaginary 
elements  for  all  one-dimensional  forms  of  the  first  or  second  degrees, 
and  the  theorems  of  that  section  cover  all  cases  except  that  of  a  pair 
of  conjugate  imaginary  lines  which  are  the  double  lines  of  an  elliptic 
involution  in  the  lines  of  a  regulus. 

DEFINITION.  An  imaginary  line  which  is  a  double  line  of  an  ellip- 
tic involution  in  a  fiat  pencil  is  said  to  be  of  the  first  Mnd,  and  one 
which  is  a  double  line  of  an  elliptic  involution  in  a  regulus  is  said  to 
be  of  the  second  kind, 

THEOREM  43.  Any  imaginary  line  is  either  of  the  first  or  of  the 
Mnd. 

Proof.  Let  I  be  an  imaginary  line.  It  cannot  contain  two  real 
points,  else  it  would  be  a  real  line  (§  70).  Hence  it  contains  one  or 
no  real  point  In  the  first  case  let  0  be  the  real  point  on  Z,  P  one  of 
the  imaginary  points  on  I,  and  P  the  imaginary  point  conjugate  to  P. 
The  line  PP  is  real,  and  hence  the  plane  OPP  is  real.  Hence  by  §  78 
the  lines  OP  and  OP  are  the  double  lines  of  an  elliptic  involution 
in  the  pencil  of  real  lines  on  the  point  O  and  the  plane  OPP. 

In  the  second  case  let  P,  Q  and  £  be  three  points  of  I  and  let  P,  Q 
and  E  be  their  respective  conjugate  imaginary  points.  The  lines  PP, 
QQ,  RE  are  real  and  no  two  of  them  can  intersect,  for  if  they  did  / 
would  be  on  a  real  plane,  and  we  should  have  the  case  considered  in 
the  last  paragraph.  Hence  these  lines  determine  a  regulus  JS*  in  S. 
On  the  real  line  PP  there  is  by  §  78  an  elliptic  involution  having 
P  and  P  as  its  imaginary  double  points.  Hence  there  is  an  elliptic 
involution  in  the  regulus  JB|,  conjugate  to  JBf,  having  I  as  one  double 
line  and  a  line  Z  through  P  as  the  other.  The  lines  I  and  I  are  conjugate 
imaginary  lines  by  definition,  and  satisfy  the  definition  of  imaginary 
lines  of  the  second  kind.  Since  (34)  transforms  each  element  into  its 
conjugate  element,  it  is  clear  that  I  contains  Q  and  R  as  well  as  P. 

The  system  of  real  lines  obtained  by  joining  each  point  of  I  to  its 
conjugate  imaginary  point  on  I  is,  by  the  reasoning  above,  a  set  of 
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lines  of  the  real  S,  no  two  of  which  Intersect.  Any  four  of  them 

determine  a  linear  congruence  {§  10 7,  YoL  I)  C  In  S  and  also  a  linear 
congruence  C  of  Sf.  The  congruence  C  has  the  property  that  each  of 
its  lines  is  contained  in  a  line  of  C,  and  6f  evidently  is  the  set  of  all 
lines  joining  points  of  I  to  points  of  /„  Henee  C  is  an  elliptic  con- 
gruence according  to  the  definition  of  §  107,  Vol.  I,  and  consists  of  all 
real  lines  meeting  I  and  /.  Hence  the  system  of  real  lines  joining 
points  of  I  to  their  con  jugate  imaginary  points  is  an  elliptic  congruence 
in  S}  or  in  other  words : 

THEOREM  44.  An  imaginary  line  of  the  second  kind  is  (n  directrix 
of  an  elliptic  congruence. 

The  observation,  made  in  the  acumen  t  above,  that  there  is  one  line 
of  a  certain  elliptic  congruence  through  each  point  of  an  imaginary 
line  of  the  second  kind,  shows  that  an  elliptic  congruence  may  be 
taken  as  a  real  image  of  a  complex  one-dimensional  form.  This  of 
course  implies  that  the  whole  of  the  real  inversion  geometry  can  be 
carried  over  into  the  theory  of  the  elliptic  congruence  and  vice  versa. 
Of.  the  exercises  below. 

The  relations  between  the  imaginary  lines  of  the  second  kind  and 
the  regulus  and  elliptic  congruence  are  fundamental  in  the  von  Stand  t 
theory  of  imaginaries  which  has  been  referred  to  in  §  6.  In  addition 
to  the  references  given  in  that  place,  the  reader  may  consult  the  Eney- 
clopedie  des  Sciences  Mathematiques,  III  8,  §  19,  and  III  3,  §§  14, 15. 

EXERCISES 

1.  An  elliptic  congruence  in  a  real  space  has  a  pair  of  conjugate  imaginary 
lines  of  the  second  kind  as  directrices. 

2.  The  correspondence  by  which  each  point  of  an  imaginary  line  /  corre- 
sponds to  its  conjugate  imaginary  point  is  an  antiprojectivity  between  I  and 
its  conjugate  imaginary  line. 

3.  Under  the  projective  group  of  a  real  space  any  imaginary  point  is  trans- 
formable into  any  other  imaginary  point,  any  imaginary  line  of  the  first  kind 
into  any  imaginary  line  of  the  first  kind,  and  any  imaginary  line  of  the  second 
kind  into  any  imaginary  line  of  the  second  kind;  an  imaginary  line  of  the 
first  Mnd  is  not  transformable  into  one  of  the  second  kind. 

4.  There  is  a  one-to-one  reciprocal  correspondence  between  the  points  of  a 
complex  line  and  the  lines  of  an  elliptic  congruence  in  a  real  space  in  which 
the  points  of  a  chain  correspond  to  the  lines  of  a  regains.   By  mieams  of  this 
correspondence,  make  a  stadjr  of  the  effipS^  oomgraeaiee  and  its  group. 


234  W VERSION  GEOMETRY  [CHAP.VI 

5.  Let  $3  be  a  thi  ^-dimensional  complex  space.  Any  five  noncoplanar 
points  t»£  SJ  determine  a  unique  three-chain,  which  is  a  real  S8.  This  Ss  is 
related  to  Sa*  in  the  manner  described  in  §§  6  and  70.  Through  any  point  P 
of  Sg  nut  on  S3?  there  is  (§  78)  a  unique  line  which  contains  a  line  of  Sg 
(i.e.  a  chain  C1)  as  a  subset.  On  this  chain  Cj  there  is  a  unique  elliptic  invo- 
lution having  P  as  a  double  point.  Let  P\*>  the  other  double  point  of  this 
involution.  P  and  P  are  the  conjugate  imaginary  points  with  regard  to  the 
real  space  S3,  and  the  transformation  of  Sg  by  which  each  point  P  not  on 
Sa  goes  to  P3  and  each  point  on  $3  is  left  invariant,  may  be  called  a  reflec- 
tion in  the  thrtt-ehain  Sr  Any  transformation  which  is  a  product  of  an  odd 
number  of  reflections  in  three-chains  is  an  antiprojective  collineation,  and 
any  transformation  which  is  a  product  of  an  even  number  of  reflections 
in  three-chains  is  a  projective  collineation.  Every  collineation  is  expressible 
in  this  form. 

110.  The  principle  of  transference.  We  have  seen  how  the  geometry 
of  the  inversion  group  in  the  plane,  arising  initially  as  an  extension 
of  the  Euclidean  group,  is  equivalent  to  the  projective  geometry  of 
the  complex  line  and  also  to  that  of  a  real  quadric  which  may  be 
specialised  as  a  sphere.  "We  have  also  seen  the  equivalence  of  the 
projective  groups  of  all  one-dim0  ?ional  forms  in  any  properly  pro- 
jective space.  Since  the  regulus  is  a  oie-dimensional  form,  this  gave 
a  hold  on  the  group  of  the  general  quadric.  The  latter  group  in  a 
complex  space  has  been  seen  to  be  isomorphic  with  the  complex 
inversion  group  and  also  with  the  fundamental  group  of  the 
function  plane. 

At  each  step  we  have  helped  ourselves  forward  by  transferring 
the  results  of  one  geometry  to  another,  combining  these  with  easily 
obtained  theorems  of  the  second  geometry,  and  thus  extending  our 
knowledge  of  both.  This  is  one  of  the  characteristic  metfio^s  :v? 
modern  geometry.  It  was  perhaps  first  used  with  clear  understanding 
by  0.  Hesse,*  and  was  formulated  as  a  definite  geometrical  principle 
(Uebertragungsprinzip)  by  IF.  Klein  in  the  article  referred  to  in  §  34. 

This  principle  of  transference  or  of  carrying  over  the  results  of  one 
geometry  to  another  may  be  stated  as  follows :  Given  a  set  of  elements 
[e]  and  a  group  G  of  permutations  of  these  elements,  and  a  set  of 
theorems  [T]  which  state  relations  'left  invariant  1y  G*  Let  [e7]  be 
another  set  of  elements,  and  Gr  a  group  of  permutations  of  [V]. 
If  there  is  a  one-to-one  reciprocal  correspondence  between  \e\  and  [V] 

*Gesammelte  Wexke>  p.  581. 
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in  which  G  is  simply  isomorphic  Gf9  the  set  of  theorems  [T]  deter- 
by  a  mere  change  of  terminology  a  set  of  theorems  [ Tf]  which 
state  relations  among  elements  ef  which  are  left  invariant  "by  Gf. 

This  principle  becomes  effective  when  the  method  by  which  \e\ 
and  {?  are  defined  is  such  as  to  make  it  easy  to  derive  theorems 
which  are  not  so  easily  seen  for  [/ ]  and  &.  This  has  been  abundantly 
illustrated  in  the  present  chapter,  but  the  series  of  geometries  equi¥- 
alent  to  the  projective  geometry  on  a  line  could  be  much  extended- 
Some  of  the  possible  extensions  are  mentioned  in  the  exercises  below. 

From  the  example  of  the  conic  and  the  quadric  surface  (§  107)  it 
is  clear  that  in  order  to  carry  results  over  from  the  theory  of  a  set 
[e]  and  a  group  G  to  a  set  [V]  and  a  group  &  it  is  not  necessary  that 
the  correspondence  be  one-to-one.  The  transference  of  theorems  is, 
however,  no  longer  a  mere  translation  from,  one  language,  as  it  were, 
to  another,  but  involves  a  study  of  the  nature  of  the  correspondence. 

DEFINITION.  Given  a  set  of  elements  [e]  and  a  group  G  of  permu- 
tations of  [«],  the  set  of  theorems  [T]  which  state  relations  among 
the  elements  of  \e\  which  are  left  invariant  by  G  and  are  not  left 
invariant  by  any  group  of  permutations  containing  G  is  called  a 
ffeneralized  geometry  or  a  "branch  of  mathematics.* 

This  is,  of  course,  a  generalization  of  the  definition  of  a  geometry 
employed  in  §§  34  and  39.  At  the  time  when  the  role  of  groups  in 
geometry  was  outlined  by  BUein,  the  only  sets  \e\  under  consideration 
were  continuous  manifolds,  ia  complex  spaces  of  n  dimensions  or 
loci  defined  by  one  or  more  analytic  relations  among  the  coordinates 
of  points  in  such  spacea  The  older  writers  restrict  the  term  "geometry n 
by  means  of  this  restriction  on  the  set  [ej.  But  in  view  of  the  exist- 
ence of  modular  spaces  and  other  sets  of  elements  determining  sets 
of  theorems  more  nearly  identical  with  ordinary  geometry  than  some 
of  those  admitted  by  Klein's  original  definition,  it  seems  desirable  to 
state  the  definition  in  the  form  adopted  above. 

In  case  tie  set  of  theorems  \T~\  is  arranged  deductively,  as  explained 
in  the  introduction  to  Vol.  I,  it  becomes  a  mathematical  science.  The 
problem  of  the  foundation  of  such  a  science  is  that  of  determining,  if 
possible,  a  finite  set  of  assumptions  from  which  [F]  may  be  deduced. 

*  The  generalized  conception  of  a  geometry  is  discussed  very  clearly  in  the  article 
by  G.  Fano  in  tike  Encycldp&lie  der  ICathl  Wiss,  Ill  AB  46.  A  number  of  special 
cases  axe  outlined  in  the  latter  half  of  the  article. 
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EXERCISES 

1.  If  a  projeetive  collineation  interchanges  the  two  reguli  on  a  quadrie, 
homologous  lines  of  the  two  regull  meet  In  points  of  a  plane. 

*2.  Let  Rz  be  a  regains,  <o  a  plane  not  tangent  to  J?2,  and  0  the  pole  of  m 
(tt>  may  conveniently  be  regarded  as  the  plane  at  infinity  of  a  Euclidean  space). 
A  projectivity  T  of  R®  may  be  effected  by  a  coliineation  F  leaving  all  lines  of 
the  conjugate  regulus  invariant.  This  collineation  multiplied  by  the  harmonic 
homology  {  Om]  gives  a  collineation  Ff  interchanging  the  two  reguli.  By  Ex.  1, 
F"  determines  a  unique  plane.  Let  P  be  the  point  polar  to  F7  with  regard 
to  J?2.  The  correspondence  thus  determined  between  the  projectivities  T  of 
Rz  and  the  points  of  space  not  on  R*  is  one  to  one  and  reciprocal.  It  is  such 
that  projectivities  which  are  harmonic  (§  80,  Vol.  I)  correspond  to  conjugate 
points  with  respect  to  R\  and  all  the  involutions  correspond  to  points  of  <*>. 

*  3.  The  construction  of  Ex.  2  sets  up  a  correspondence  between  the  pro- 
jectivities of  a  one-dimensional  form  and  the  points  of  a  three-dimensional 
space  which  are  not  on  a  certain  quadric.  The  same  correspondence  may  be 
obtained  by  letting  a  projectivity 


CLjX  +  Ctg 

correspond  to  the  point  (a0,  av  a^,  as).  The  relations  between  the  one-dimen- 
sional and  three-dimensional  projective  geometries  thus  obtained  have  been 
studied  by  C.  Stephanos,  Mathematische  Annalen,  Yol.  XXII  (1883),  p.  299. 

*4.  Develop  the  theory  of  the  twisted  cubic  curve  in  space  along  the  fol- 
lowing lines:  (1)  Define  it  algebraically.  (2)  Give  a  geometric  definition. 
(3)  Prove  that  Definitions  (1)  and  (2)  are  equivalent.  (4)  Derive  the  further 
theorems  on  the  cubic  as  far  as  possible  from  the  geometric  definition.  It  will 
be  found  that  the  properties  of  this  cubic  can  be  obtained  largely  from  those  of 
conic  sections  and  one-dimensional  projectivities  in  view  of  an  isomorphism  of 
the  groups  in  question.  The  theorems  should  be  classified  according  to  the 
principle  laid  down  in  §  83. 

*  5.  A  rational  curve  in  a  space  of  Jc  dimensions  is  a  locus  given  paramet- 

ricaJIv  as  follows  :  „  ,  v  -n  ,  ^ 

J  =  -" 


where  Jt&  (£)y  •  •  •,  R^  (t)  are  rational  functions  of  t.  In  case  Tc  —  n  and  the  locus 
is  not  contained  in  any  space  of  less  than  n  dimensions,  the  curve  is  a  normal 
curve.  Develop  the  theories  of  various  rational  curves  along  the  lines  outlined 
in  Ex,  4.  For  reference  cf.  §  28  of  the  encyclopedia  article  by  Fano  referred 
to  above  and  articles  by  several  authors  in  recent  volumes  of  the  American. 
Journal  of  Mathematics. 

*  6.  The  linear  dependence  of  conic  sections  may  be  defined  by  substituting 
"point  conic  "  or  «  line  conic/*  as  the  case  may  be,  for  "  circle  "  in  the  definition. 
given  at  the  end  of  §  100.  Develop  the  theory  of  linear  families  of  conies  of 
one,  two,  three,  and  four  dimensions,  using  the  principle  of  correspondence 
whenever  possible  and  classifying  theorems  according  to  the  principle  laid 
down  in  §  83.  Cf.  Encyclop&Iie  des  Sc.  Math.  IH  18, 
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AEROfE  AOT>  OTCUDEAH  GEOMETRY  OF  THKEE 

111.  Affine  geometry.  DEFINITION.  Let  TTM  be  an  arbitrary  but 
fixed  plane  of  a  projective  space  S-  The  set  of  points  of  S  not  OB 
TT»  is  called  a  JSutlidean  and  TT.  is  caEed  the  plane  at  infinity 

of  tliis  space.  The  plane  7r«  and  the  points  and  lines  on  TT»  are  said 
to  be  ideal  or  at  infinity;  all  other  points,  lines,  and  planes  of  S 
are  said  to  be  ordinary.  When  no  other  indication  is  given,  a  point, 
line,  or  plane  is  understood  to  be  ordinary.  Any  projective  eollinea- 
tion  transforming  a  Euclidean  space  into  itself  is  said  to  be  affine ; 
the  group  of  all  such  collineations  is  called  the  affine  group  of 
three  dimensions,  and  the  corresponding  geometry  the  affine  geometry 
of  three  dimensions. 

DEFINITION.  Two  ordinary  lines  which  have  an  ideal  point  in 
common  are  said  to  be  parallel  to  each  other.  Two  ordinary  planes 
which  have  an  ideal  line  in  common,  or  an  ordinary  line  and  an 
ordinary  plane  which  have  an  ideal  point  in  common,  axe  said  to  be 
parallel  to  each  other. 

In  particular,  a  line  or  plane  is  said  to  be  parallel  to  itself  or  to  any 
plane  or  line  which  it  is  on.  For  ordinary  points,  lines,  and  planes  we 
have  as  an  obvious  consequence  of  the  assumptions  and  definitions  of 
Chap.  I,  VoL  I,  the  following  theorem : 

THEOREM  1.  Through  a  given  point  there  is  one  and  only  one  line 
parallel  to  a  given  line.  Through  a  given  point  there  is  one  and  only 
one  plane  parallel  to  a  given  plane.  If  two  lines,  I  and  V,  are  not  in 
tJie  same  plane  there  is  one  and  only  one  plane  through  a  given  point 
parallel  to  I  and  V,  If  I  and  V  are  parallel,  any  plane  through  I  is 
parallel  to  lr~ 

Another  obvious  though  important  theorem  n  the  f  oHowing : 
THEOREM  2.  The  transformations  effected  in  an  ordmary  plcme  *n 

by  the  ajine  group  in  spaee  constitute  the  tqjme  group  offihti  Mtjbdidecm 

plane  consisting  of  the  ordinary  points  of  w. 
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In  consequence  of  this  theorem  we  have  the  whole  affine  plane 
geometry  as  a  part  of  the  affine  geometry  of  three  dimensions,  and  we 
shall  take  all  the  definitions  and  theorems  of  Chap.  Ill  for  granted 
without  further  comment. 

This  discussion  is  valid  for  any  space  satisfying  Assumptions  A,  E. 
The  affine  geometry  of  an  ordered  space  (A,  E,  S)  has  already  been 
considered  in  §  31,  and  certain  additional  theorems  are  given  in 
Ess.  5~7  "below. 

EXERCISES 

1.  The  lines  joining  the  mid-points  of  the  pairs  of  vertices  of  a  tetrahedron 
meet  in  a  point. 

2.  Classify  the  qnadric  surfaces  from  the  point  of  view  of  real  affine 
geometry.   Develop  the  theory  of  diametral  lines  and  planes.  The  real  projec- 
iave  classification  of  the  nondegenerate  quadrics  has  been  given  in  §  103.  The 
affine  classification  is  given  in  the  Encyclopedie  des  Sc.  Math,  m  22,  §  19. 

*3.  Classify  the  linear  congruences  from  foe  point  of  view  of  the  real 
affine  geometry.  Cf .  §  107,  Vol.  I. 

*4.  Classify  the  linear  complexes  from  the  point  of  view  of  real  affine 
geometry.  Cf.  §  108,  Vol.  I. 

5.  With  respect  to  the  coordinate  system  used  in  §  SI  the  points  of  the 
line  joining  A  =  (at,  flg,  a,}  and  B  =  (bv  &2,  &s)  are 

(d-i  +  XSt     #2  +  A&2    OK  +  A0g\ 
TTT'  TTT'  TTAT/' 

B  corresponding  to  X  =  oo  and  the  point  at  infinity  to  A  =  —  1.  The  segment 
A  B  consist®  of  the  points  for  which  A  >  0  and  its  two  prolongations  of  those 
for  which  A  <  —  1  and  — 1<  A  <  0  respectively. 

6.  Two  points  D  and  J7  are  on  the  same  side  of  the  plane  ABC  if  and 

°**3  tf  S  (ABCD)  =  S  (ABCIT). 

7.  Using  the  notation  of  §  101  and  dealing  with  an  ordered  Euclidean 
space,  { Qu>}  is  an  affine  collineation  which  alters  sense  if  0  or  o>  is  at  infinity 
and  {!?}  is  an  affine  collineation  which  does  not  alter  sense  if  I  or  I'  is  at 
infinity.   In  an  ordered  projectave  space  {U'}  is,  and  {Ow}  is  not,  a  direct 
collineation. 

112.  Vectors,  eqttivalence  of  point  triads,  etc.  DEFINITION.  An 
elation,  having  TT«  as  its  plane  of  fixed  points  is  called  a  translation. 
If  Z  is  an  ordinary  line  on  the  center  of  the  translation,  the  translation 
is  said  to  he  parallel  to  L 

The  properties  of  the  group  of  translations  follow  in  large  part 
:<jin  the  following  evident  theorem. 
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THEOREM  3.  The  transformations  effected  in  an  ordinary  plane  IT 
by  the  tr  'a lions  hnvitig  IT  invariant  the  group  of  trans- 

lations of  the  JEuclMt'a/i  plane  of  the  ordinary  points  of  TT. 

As  corollaries  of  this  we  have  ^statements  about  translations  In 
space  which  are  verbally  Identical  with  Theorems  3~7,  Chap.  III. 
Theorem  8,  Chap.  Ill,  generalizes  as  follows  : 

COROLLABY.    If  Q JT,  OY,  and  OZ  are  three  noncoplan&r  lines  and 

T  any  translation,  there  a  unique  triad  of  translations  Ta,  TF? 

Tz  parallel  to  OJff  Oir,  OZ  respectively  and  such  that 

T  =  T^TyTa. 

The  theory  of  congruence  under  translations  generalizes  to  space 
without  change,  and  the  contents  of  §§39  and  40  may  be  taken  as 
applying  to  the  affine  geometry  in  three-space.  In  like  manner  the 
definition  of  a  field  of  vectors  and  of  addition  of  vectors  is  carried  over 
to  space  if  the  words  "  Euclidean  plane  '*  be  replaced  by  "  Euclidean 
space."  The  theorems  of  §  42  then  apply  without  change. 

We  arrive  at  this  point  on  the  basis  of  Assumptions  A,  E,  HQ. 
Adding  Assumption  P  we  take  over  the  theory  of  the  ratio  of  col- 
linear  vectors  from  §§  43,  44.  Some  of  the  theorems  to  which  it 
may  be  applied  without  essential  modifications  of  the  methods  used 
in  the  planar  case  are  given  in  the  exercises  below. 

The  definition  of  equivalence  of  ordered  point  triads  in  §48  is 
such  that  if  a  plane  IT  be  carried  by  an  affine  collineatioi  i  to  a 
plane  irfy  any  two  equivalent  point  triads  of  TT  are  carried  to  two 
equivalent  point  triads  of  IT*.  Moreover,  the  definition  of  measure 
of  ordered  point  triads  in  §  49  is  such  that  if  two  coplanar  ordered 
point  triads  ABC,  DEF  are  carried  by  an  affine  colliner^on  to 
A'&C',  tfM'F'  respectively, 

.  m  (ABC)  __  m 

^  '  m  (DSF)  "  m 

This  result  in  view  of  Theorem  39,  Chap.  Ill,  depends  on  the  com 
sponding  theorem  about  the  ratios  of  collinear  vectors.  In  (1)  the  unit 
of  measure  in  any  plane  is  regarded  as  entirely  independent  of  the 
unit  of  measure  in  every  other  plane,  but  nevertheless  the  ratio  of  tlie 
measures  is  an  invariant  of  the  affine  group.  Certain  ratios  of  ratios 
of  measures  are  invariants  of  the  protective  gixmp  (ci  Ex. ;  17'  below). 
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The  notion  of  equivalence  of  ordered  point  triads  may  be  extended 
as  foEows: 

DEFINITION.  Two  ordered  point  triads  ABC  and  A'B'C'  are  equiva- 
lent if  and  only  if  ABC  may  be  carried  by  a  translation  to  an  ordered 
triad  J'f#'C''' "which,  is  equivalent  in  the  sense  of  §  48,  Chap.  Ill, 

to  A'ffff. 

The  fundamental  propositions  with  regard  to  equivalence,  as  devel- 
oped in  §  48,  remain  valid  under  the  extended  definition.  Thus  if 
ABC^A1B1C1  and  A^BQ  ^W 


SThis  extension  of  the  notion  of  equivalence  carries  with  it  a  cor- 
responding restriction  of  the  idea  of  measure,  ie.  measure  is  now 
defined  as  in  §  49,  with  the  added  proviso  that  the  unit  triad  in  any 
plane  shall  be  equivalent  to  the  unit  triad  in  any  parallel  plane, 

The  method  by  which  the  theory  of  equivalence  of  ordered  point 
triads  was  developed  in  Chap.  Ill  does  not  generalize  directly  to  the 
case  of  ordered  tetrads  in  three-dimensional  space.*  We  shall  there- 
fore give  an  algebraic  definition  of  the  measures  of  an  ordered  set  of 
four  points,  leaving  it  to  the  reader  to  develop  the  corresponding 
synthetic  theory  (el  Ex.  13  below). 

DEFDHTIOH.  By  the  measure  of  an  ordered  tetrad  of  points  Av  A^ 
A  ,  A  relative  to  an  ordered  tetrad  OJFQR  as  unit  is  meant  tlie 
number 


(2) 


«.. 


where  (%,  aiz,  ais)  are  nonhomogeneous  coordinates  of  At  (i  =1, 2, 3, 4) 
in  a  coordinate  system  in  which.  0,  P,  Q,  R  are  (0,  0,  0),  (1,  0,  0), 
(0,  1,  0),  (0,  0,  1)  respectively.  Two  ordered  tetrads  are  said  to  be 
equivalent  if  and  only  if  they  have  the  same  measure.  In  real  affirte 
geometry  the  number  ^\m (A^A^A^  is  called  the  volume  of  the 
tetrahedron  A^A^  relative  to  the  unit  tetrahedron  OPQR  and  is 
denoted  by  v  (A^A^A^. 

The  theory  of  the  equivalence  of  point  pairs,  triads,  tetrads,  etc, 
is  the  most  elementary  part  of  vector  analysis  and  the  Grassmann 
Au&dehnwngsk'hre.  This  subject  in  particular,  and  the  affine  geometry 

*  Cf .  M.  Dehn,  Mathematische  AnnaJen,  Vol.  LV  (1902),  p.  466. 
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of  three  dimensions  in  general,  is  worthy  of  a  much  more  extensive 
treatment  tiian  It  is  receiving  here.  We  have  referred  only  to  that 
part  of  the  subject  which  is  essential  to  the  study  of  the  Euclidean 
geometry  of  three  dimensions. 

In  the  following  exercises  the  coordinate  system  is  understood  to 
be  that  which  is  described  in  the  definition  of  measure  of  ordered 
tetrads  above.  The  vectors  OP,  QQ,  OH  are  taken  as  units  of  measure 
for  the  respectively  parallel  systems  of  vectors.  The  ordered  point 
triads  OPQ,  OQR9  ORP  are  taken  as  units  of  measure  for  the  respec- 
tively parallel  systems  of  ordered  point  triads. 

DEFINITION.  By  the  projection  of  a  set  of  points  [JF]  on  the  #-axis 
is  meant  the  set  of  points  in  which  this  axis  is  met  by  the  pknes 
through  the  points  X  and  parallel  to  the  plane  x  =  0  ;  and  the 
projection  on  the  y-  and  2-axes  have  analogous  meanings. 

By  the  projection  of  a  set  of  points  [A"]  on  the  plane  x  =  0  is 
meant  the  set  of  points  in  which  this  plane  is  met  "by  the  lines  on 
points  X  and  parallel  to  the  «-axis;  and  the  projections  on  the 
planes  y  =  0  and  z  =  0  have  analogous  meanings. 

EXERCISES 

1.  The  measures  of  ordered  tetrads  of   points  are  unaltered  by  trans- 

formations 


3z  +  bw, 


(3)  /  =  \ix  +  & 

/  =  &81x  +  &8 

subject  to  the  condition  A  =  1,  where 


This  group  is  called  the  equtaffine  group  and  also  the  special  linear  group 
The  group  for  which  A2  =  1  leaves  volumes  invariant, 

2.  Katios  of  measures  of  ordered  tetrads  of  points  are  left  invariant  by 
the  affine  group. 

3.  In  an  ordered  space  two  ordered  sets  of  points  ABCD  and  A'&C'jy 
are  in  the  same  sense  or  not  according  as  m  (ABCU)  and  m  (A'B'C'D'y  hav€ 
the  same  sign  or  not. 

4.  The  product  of  two  line  reflections  {IT}  and  {mnf}  (cf.  §  101)  is  a 
translation  if  /'  and  m'  are  at  infinity  and  I  and  m  are  parallel. 

5.  Determine  the  subgroups  of  the  groujj  of  famiislataons  M  ^»ace^ 
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6.  The  projections  of   a  point   pair  P^  on   the  x-,   y-,  and  .z-axes 
•espectively  have  the  measures 

a  =  ss  -  TV     /3  =  fa  —yv     y  =  22  —  3V 

and  those  of  the  ordered  joint  triad  0/^Po  on  the  planes  r  =  0,y  =  0,  2  =  0 

respectively  have  the  measures 


These  numbers  satisfy  the  relation 

oA  4-  /3ja  +  y*  =  0. 

Any  two  points  PJP^  of  the  line  P^a  such  that  Vect  PtP2  =  Vect  PfPJ  deter- 
miiie  the  same  six  numbers  a,  ft,  y,  A,  ^  v.  These  numbers  are  proportional  to 
the  Plflcker  coordinates  (cf.  §  109,  Vol.  1)  of  the  line  PtP2. 

7.  Using   the   notations  of  Ex,  6,  X  =  m  (OPP1P2),  ju,  =  m  (OQP^), 
y  =  m  (OJJFjPg).   If  a',  f?,  y\  X',  ft%  v'  are  the  numbers  analogous  to  a,  ft,  y, 
A,  p,  v  determined  by  an  ordered  pair  P%P±, 

m  (PiP^P&P^)  =  aX  +  ftx7  +  yvf  +  h*  +  pj¥  +  vy'. 

8.  The  measures  of  the  projections  of  an  ordered  point  triad  P1P2P8  OB 

the  planes  a;  =  0,  #  =  0,  s  =  0  respectively  are 

v,  1 


The  homogeneous  coordinates  of  the  plane 


*3    ^3 

are  (u0,  UL,  w2,  us),  where 


9,  If  Pj,  P2,  Ps,  P4  are  four  noncoplanar  points  and  Pg,  P^  are  two 
points  collinear  with  Ps  and  P4,  then  Vect  (PfPi)  =  Vect  (PSP4)  if  aild  03lly 
if  TO  (P^P^)  =  m  (PjPi/^PJ). 

10.  If  Pp  P2,  P3,  P4  are  four  noncoplanar  points  and  the  lines  PiP2,  P{P*> 
P^Pg  have  a  point  in  common  and 

Vect  (PaP2)  =  Vect  (PfPf)  +  Vect  (PZP'f), 
then  m  (P1P2P8P4)  =  m  (P{P^P^)  + 


*11.  Study  barycentric  coordinates  and  the  barycentric  calculus  for  three- 
dimensional  space.  Cf.  §  51,  §  27,  and  references  to  Mobius  in  §  49. 

*12.  Study  the  measure  of  n-points  in  space,  generalizing  the  exercises 
in  §49. 

*13.  Define  two  ordered  tetrads  ABOD  and  A'B'C'D'  as  equivalent  pro- 
vided that  (1)  A  -A',  B  =  &9  C=C',  and  the  line  DIY  is  paraEel  to  the 
plane  ABC,  or  (2)  if  there  are  a  finite  number  of  ordered  tetrads  tv  *•*,  ^, 
such  that  ABCI>  is  in  relation  (1)  to  tv  ^  in  a  like  relation  to  £2,  ts  to  t^  •  •  •- 
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im  to  AfBfCfIf.    Develop  a  theory  of  equivalence  as  nearly  as  possible 

analogous  to  that  of  §  48.  Show  that  two  tetrads  are  equivalent  in  this  sense 
if  and  only  if  they  are  equivalent  according  to  the  definition  in  the  text, 

*14.  An  elation  whose  center  is  at  infinity  and  whose  plane  of  fixed  points 
is  ordinary  is  called  a  shiar.  The  set  of  all  pro-duets  of  simple  shears  is 

the  equiaffine  group.  Develop  the  theory  of  the  equiaffine  group  on  this  basis. 
Is  it  possible  to  generalize  §  52  to  space  ? 

15.  If  a  plane  meets  the  sides«40*41,  A^AV  ...,  AmAQ  of  a  ample  polygon 
-  -  .  Au  in  points  £0,  Bl%  .  .  .,  Bn,  respectively, 

A&  .     A  A 


16.  If  a  qiiadrie  surface  (§  104,  Vol.  I)  meets  the  lines  A0A19  A^A^  .  . 
respectively  im  the  pairs  of  points  BQC^  B^'^  .  .  .,  BmCn,  respectively, 


*17.  Six  pointe  of  a  plane  no  three  of  which  are  collinear  satisfy  th» 
following  identity: 

m  (123)  m  (456)  -  m  (124)  m  (563)  +  m  (125)  m  (634)  -  m  (126)  m  (345)  =  0. 

The  ratio  of  any  two  terms  in  this  sum  is  a  projeetive  invariant.  These 
propositions  are  given  by  W.  K.  Clifford  in  the  Proceedings  of  the  London 
Mathematical  Society,  Vol.  II  (1866),  p.  3,  as  the  foundation  of  the  theory  of 
two-dimensional  projectivities.  Develop  the  details  of  the  theory  outlined  by 
Clifford.  Cf.  also  Mobiiis,  Ber  barycentrische  Calcnl,  §  221. 

113.  The  parabolic  metric  group.  Orthogonal  lines  and  planes. 
DEFINITION.  Let  2»  be  ED  arbitrary  but  fixed  polar  system  in  the 
plane  at  infinity  irx.  This  polar  system  shall  be  called  the  absolute 
or  orthogonal  polar  system.  The  conic  whose  points  lie  on  their  polar 
lines  with  respect  to  2«  is,  if  existent,  called  the  circle  at  infinity* 
The  group  of  all  colliaeations  leaving  2M  invariant  is  called  the 
parabolic  metric  group  and  its  transformations  are  called  similarity 
transformations.  Two  figures  conjugate  under  this  group  are  said  to 
be  similar. 

DEFINITION.  Two  ordinary  planes  or  two  ordinary  lines  are  orthog- 
onal or  perpendicular  if  and  only  if  they  meet  TT*  in  conjugate  lines 
or  points  of  the  absolute  polar  system  2m,  AB  ordinary  line  and  plane 
are  orfhogowral  or  p&rpendi&tdar  if  and  only  if  they  meet  TT«  in  8 
point  and  line  which  are  polar  with  regard  to  2«.  A  line  perpendio 
ular  to  itself,  ie.  a  line  through  a  point  of  the  circle  at  infinity,  £ 
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a  or  line.   A  plane  perpendicular  to  itself, 

ie.  a  plane  meeting  TT*  in  a  tangent  to  the  circle  at  infinity,  is  called 
a  or  plane. 

As  the  analogue  of  Theorems  2  and  3  we  have 

THEOREM  4  The  similarity  transformations  which  leave  an  ordi- 
nary nonminimal  plane  TT  invariant,  effect  in  TT  the  transformations 

of  &  parabolic  metric  group  in  the  Euclidean  plane  consisting  of  the 

ordinary  points  of  TT. 

Generalizing  Theorem  1,  Chap.  IV,  we  have 

THEOREM  5.  At  every  point  0  of  a  Euclidean  space  the  correspond- 
ence between  the  lines  and  their  perpendicular  planes  is  a  polar  system, 
the  projection  of  £«.  All  the  lines  through  0  perpendiwdar  to  a  given 
line  are  on  the  plane  perpendicular  to  the  given  line  at  0;  and  all  the 
planes  through  0  perpendicular  to  a  given  plane  are  on  the  line  through 

0  perpendicular  to  this  plane.  If  existent,  the  isotropic  lines  through  a 
point  0  constitute  a  cone  of  lines,  and  the  isotropic  planes  through  0  the 
cone  of  planes  tangent  to  this  cone  of  lines. 

COROLLARY  1.  Two  perpendicular  nonminimal  planes  meet  in  a 
nonminimal  line,  and  two  perpendicular  nonminimal  lines  are  par- 
allel to  a  nonminimal  plane. 

COROLLARY  2.  If  a  plane  1  is  perpendicular  to  a  plane  2,  and  2 
is  parallel  to  a  plane  3,  then  1  is  perpendicular  to  3.  If  a  plane  1  is 
perpendicular  to  a  line  2,  and  2  is  parallel  to  a  line  or  plane  3,  then 

1  is  perpendicular  to  3.    If  a  line  1  is  perpendicular  to  a  plane  2, 
and  2  is  parallel  to  a  line  or  plane  3,  then  1  is  perpendicular  to  3. 
If  a  line  1  is  perpendicular  to  a  line  2,  and  2  is  parallel  to  a  line 
3,  then  1  is  perpendicular  to  3. 

THEOREM  6.  Two  nonparallel  lines  not  loth  parallel  to  the  same 
minimal  plane  are  met  by  one  and  only  one  line  perpendicular  to 
them  both;  this  line  is  not  minimal. 

Proof.  Let  A*  and  B*  be  the  points  in  which  the  given  lines 
meet  TT».  By  hypothesis  Am  =£  j£w>  and  the  line  A*>B*  is  not  tangent 
to  the  circle  at  infinity.  Let  Cm  be  the  pole  of  the  line  A»B+  with 
respect  to  S«.  The  required  common  intersecting  perpendicular  is  the 
line  through  Cm  meeting  the  two  given  lines ;  this  line  is  obviously 
unique  and  not  minimal 
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The  planes  perpendicular  to  the  edges  of  a  tetrahedron  at  the  mid-points 
of  the  pairs  of  vertices  meet  in  a  point  O.  The  line  perpendicular  to  any  face 
of  the  tetrahedron  at  the  center  of  the  circle  through  the  three  vertices  In 
this  face  passes  through  Q. 

114.  Orthogonal  plane  reflections.  DEFINITION,  A  homology  of 
period  two  whose  center,  P,  is  a  point  at  infinity  polar  in  the  absolute 
polar  system  to  the  line  at  infinity  of  its  plane  of  fixed  points,  TT,  is 
called  an  orthogonal  reflection  in  a  plane  or  an  orthogonal  pl&m 
reflection  or  a  symmetry  icith  respect  to  a  pit  me,  and  may  be  denoted 
by  {irP}*  The  plane  of  fixed  points  is  called  the  plane  of  symmetry 
of  any  two  figures  which  correspond  in  the  homology. 

Since  the  center  and  the  line  at  infinity  of  the  plane  of  fixed  points 
of  an  orthogonal  reflection  in  a  plane  are  pole  and  polar  with  respect 
to  2«,  we  have 

THEOREM  7.  An  orthogonal  reflection  in  a  plane  is  a  transforma- 
tion of  the  parabolic  metric  group. 

By  a  direct  generalization  of  Theorems  3  and  4,  Chap.  IV,  we  obtain 
the  following  : 

THEOREM  8,  (1)  If  TT  and  p  are  two  parallel  nonminimal  planes, 
the  product  {pS}  •  {irP}  is  a  translation  parallel  to  any  line  per- 
pendicular to  TT  and  p.  (2)  If  T  is  a  translation  parallel  to  a  non- 
minimal  line  I,  TT  any  plane  perpendicular  to  I,  and  p  the  plane 
perpendicular  to  I  passing  through  the  mid-point  of  the  point  pair 
in  which  ir  and  T  (TT)  meet  I,  then 


and  ifcris  the  plane  perpendicular  to  I  passing  through  the  mid-point 
of  the  pair  in  which  TT  and  T~I(TT)  meet  I, 

T={-7rP}-{<r£}. 

(3)  A  translation  parallel  to  a  minimal  line  I  is  a  product  of  four 
orthogonal  plane  reflections. 

THEOREM  9.  A  product  A^A,^  .  .  .  A1  of  orthogonal  plane  reflec- 
tions is  expressMe  in  the  form  A^A^  .  .  .  AJT  or  T^A^  -  .  -  AJ, 
where  Aj,  A£,  *  -  -,  A£  are  orthogonal  plane  reflections  whose  planes  of 

*  In  the  rest  of  tMs  chapter  this  notation  will  T>e  used  in  the  sense  here  defined 
and  not  in  the  ^ore  geaeoi  sense  of  §  101* 
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all  an  arMtrarj/  point  0,  and  T  and  Tf  are 

In  mm  O  is  left  invariant  by  A.A,^  •  •  -  Ap  T  and  T 
to  tf/t£  identity. 

Proof.  Let  A,f  f'i  =  1,  2,  -  -  -  n)  denote  the  orthogonal  plane  reflection 
whose  plane  of  fixed  points  is  the  plane  through  O  parallel  to  the 
plane  of  fixed  points  of  At.  Then  by  Theorem  8,  A£AJ  =  Tif  Tf  being 
a  translation.  Hence  A^  =  T,.A{  and 

(5)  AA-i  -  -  A,  =  T.AiT.-iAi  -  •  -  TXAI- 

By  the  generalization  to  space  of  Theorem  11,  Cor.  2,  Chap.  Ill,  if  2 
is  any  affine  collineation  and  T  a  translation,  T2  =  2T;,  where  T'  is  a 
translation.  By  repeated  application  of  this  proposition,  (5)  reduces  to 

.  •  .  AJ, 


where  T  and  Tf  are  translations. 

In  case  0  is  a  fixed  point  for  the  product  A^A^j  *  •  •  Ap  since 
it  is  also  left  invariant  by  each  of  the  reflections  A*,  it  is  left  invariant 
by  T  and  T.  Hence  in  this  ease  T  and  Tr  reduce  to  the  identity. 

THEOKEM  10.  If  A1?  A2,  A8  are  three  orthogonal  plane  reflections 
whose  planes  of  fixed  points  meet  in  a  line  l}  ordinary  or  ideal,  the 
product  A  A2A1  is  an  orthogonal  plane  re/lection  whose  plane  of  fixed 
points  contains  I. 

Proof.  One  of  the  chief  results  obtained  in  Chap.  VIII,  VoL  I,  can 
be  put  in  the  following  form  :  *  If  T1?  T2,  Tg  are  harmonic  homologies 
leaving  a  conic  invariant  and  such  that  their  centers  are  collinear, 
T  T/T  is  a  harmonic  homology  leaving  the  conic  invariant.  For  by 
Theorem  19  of  that  chapter,  and  its  corollary,  the  product  TaTx  is 
expressible  in  the  form  T8T,  where  T  is  a  harmonic  homology  whose 
center  and  axis  are  polar  with  respect  to  the  conic,  the  axis  being 
concurrent  with  those  of  T^  T2,  and  T8  ;  and  from  1^=  TST  follows 
TST2T1=TST8T=T. 

Now  if  A1?  A2,  As  are  orthogonal  plane  reflections  whose  planes  of 
fixed  points  meet  in  an  ordinary  line  I  their  centers  are  collinear. 
Hence  they  effect  in  TT«  three  harmonic  homologies  whose  centers 
are  the  poles  of  their  axes  with  respect  to  the  absolute  polar 
system  and  whose  centers  are  collinear.  Hence  A^A^  effects  a 
harmonic  homology  in  the  plane  at  infinity  and  its  axis,  m«,  passes 

*  Cf  .  the  fine  print  in  §  108. 
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through  the  point  at  infinity  of  1.  Since  i  mm  are  both  lines  of 
fixed  points  of  ASA2A1?  all  points  of  the  plane  ir  containing  I  and  m» 
are  invariant.  Hence  AgA2A1  effects  a  homology  having  the  pole  of 
7/i.  with  respect  to  2.  as  center.  Since  this  homology  is  of  period 
two  in  IT.  it  must  be  an  orthogonal  plane  reflection. 

In  case  the  planes  of  fixed  points  of  Ax,  Ags  A^  are  parallel  we  have 
by  Theorem.  8  (1)  that  ASAX  is  a  translation  parallel  to  a  line  perpen- 
dicular to  these  planes,  ie.  parallel  to  a  nonminimal  line.  Hence  by 
Theorem  8  (2)  there  exists  an  orthogonal  plane  reflection,  A4,  such  that 


COEOLLARY.  If  {X^}  and  {\Ln}  are  two  orthogonal  plane  refiec- 
tions,  and  Xj  is  any  ordinary  nonminimal  plane  in  the  same  pencil 
with  Xj  and  X2>  there  exists  a  plane  X^  an$  points  L[  and  L$  suck  tkat 


Proof.  By  the  theorem,  if  L(  is  the  point  at  infinity  of  a  line  per- 
pendicular to  Xj,  there  exists  an  orthogonal  plane  reflection 

such  that 

and  hence 

115.  Bisplacemente  and  symmetries.  Congruence.  We  may  now 
generalize  directly  from  §  57,  Chap.  IV  : 

DEFINITION.  A  product  of  an  even  number  of  orthogonal  plane 
reflections  is  called  a  displacement  or  rigid  motion.  A  product  of  an 
odd  number  of  orthogonal  plane  reflections  is  called  a  symmetry. 

THEOEEM  11.  UTie  set  of  all  displacements  and  symmetries  is  a 
self-conjugate  subgroup  of  the  parabolic  metric  group  and  contains 
the  set  of  all  displacements  as  a  self-conjugate  subgroup. 

DIIOTITIOK.  Two  figures  such  that  one  can  be  transformed  into 
the  other  by  a  displacement  are  said  to  be  congruent.  Two  figures 
such  that  one  can  be  transformed  into  the  other  by  a  symmetry  are 
said  to  be  symmetric* 

THEOBEM  12.  If  a  figure  F^  is  congruent  to  a  figure  F^  and  F^  to 
a  figure  F^  then  J^  is  congruent  to  F^.  If  F^  is  symmetric  with  F^  and 
F^  witXF^  then  FI  is  (Mngruent  to  F#.  If  'J?  is  congruent  to  F^  and  F^ 
symmetric  with  F#  then  J^  is  symmetric 


298  AFFIX  S  AND  EUCLIDEAN 

THEOEEM  13.  A  ay  displacement  haciny  an  ordinary  point  0  inva- 
riant is  a  product  of  two  orthogonal  plane  reflections  whose  planes  of 
fixed  points  0. 

Proof.  Consider  a  product  of  four  orthogonal  plane  reflections, 
whose  of  fixed  points  pass  through  0. 


Let  I  be  the  line  of  intersection  of  \  and  \3  m  that  of  \  and  X4? 
and  let  X  be  a  plane  containing  I  and  m,  where  in  case  I  =  m>  X  is 
chosen  so  as  not  to  be  minimal.  If  X  is  nonminimal,  by  the  corollary 
of  Theorem  10  there  exist  orthogonal  plane  reflections  {pM}t  {vN} 
such  that  |W  .  {XA}  =  {XjL}  .  {f&M }? 

and  {\ij  -  {\L,}  =  {^V}  -  {XX}. 

r  =  {^V}  •  {XX}  •  {X£}  -  {/* If }  =  {v2f}  -  &M}. 

In  case  X  is  minimal*  {\I*£  transforms  X  to  the  other  minimal 
plane  through  I  (ie.  the  other  plane  containing  /  and  a  tangent  to  the 
circle  at  infinity),  and  {X^J  transforms  this  plane  back  to  X.  In  lite 
manner  the  product  {X4£4}  •  {XgJCg}  leaves  X  invariant.  Hence  X  is 
left  invariant  by  T.  On  the  other  hand  the  line  I  is  obviously  not 
left  invariant  by  P,  and  therefore  F  does  not  leave  all  points  at  infin- 
ity invariant,  Hence  T  leaves  at  most  two  tangents  to  the  circle  at 
infinity  invariant,  and  thus  leaves  at  most  two  minimal  planes  through 
n  invariant  Let  X£  be  any"  plane  of  the  bundle  containing  X2  and  Xs 
v/hich  doe1.-  not  meet  X1  in  a  line  of  an  invariant  minimal  plane  of  P. 
By  the  corollary  of  Theorem  10  there  exists  a  plane  X£  and  points  Lr% 
and  Lft  such  that 

and  hence  such  that 

r  = 

Now  let  I  be  the  line  of  intersection  of  \  and  X£,  m  that  of  X£  and  X4, 
and  X7  the  plane  containing  I  and  m.  If  X7  were  minimal  it  would,  as 
argued  above  for  X,  be  invariant  under  P,  whereas  X£  was  so  chosen 
that  I  cannot  be  in  such  a  plane.  Hence  the  argument  in  the  pre- 
vious paragraph  can  be  applied  to  the  last  expression  obtained  for  P. 

*  This  case  obviously  does  not  arise  in  the  real  Euclidean  geometry  (§  116),  so 
that  this  paragraph  may  be  omitted  if  one  is  interested  only  in  that  case.  It  is 
needed,  however,  in  complex  geometry. 
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Thus,  in  any  case,  a  product  of  four  orthogonal  plane  reflections 
whose  planes  of  fixed  points  pass  through  O  reduces  to  a  product 
of  two  sucl i  reflections.  By  Theorem  9  any  displacement  leaving  0 
invariant  Is  a  product  of  an  even  number*  say  2  m,  of  orthogonal 
reflections  in  planes  through  0.  This  may  be  reduced  to  a  product 
of  two  orthogonal  reflections  in  planes  through  0  by  n  —  1  applica- 
tions of  the  result  proved  above. 

COROLLARY.   An  orthogonal  plane  reflection  is  not  a  displacement. 

Proof.  Let  0  be  a  point  of  the  plane  of  ixed  points  of  an  orthog- 
onal plane  reflection  A.  If  A  were  a  displacement  it  would,  by  the 
theorem,  be  a  product  of  two  orthogonal  plane  reflections  containing 
0  and  hence  could  only  have  a  single  line  of  fixed  points. 

DEFINITION.  A  displacement  which  is  a  product  of  two  orthogonal 
plane  reflections  whose  planes  of  fixed  points  have  an  ordinary  line  I 
in  common  is  called  a  rotation  about  I,  and  I  is  called  the  axis  of 
the  rotation.  If  the  axis  is  a  minimal  line  the  rotation  is  said  to  be 
isotropw  or  minimal* 

THEOREM  14.  The  product  of  two  orthogonal  reflections  in  perpen- 
dicular planes  is  a  rotation  of  period  two.  It  transforms  every  point 
P  not  on  its  axis  to  a  point  Pf  such  that  the  axis  is  perpendicular  to 
the  line  PP!  at  the  mid-point  of  the  pair  PPf.  It  leaves  invariant 
the  points  of  its  axis  and  the  points  in  which  any  plane  perpen- 
dicular to  its  axis  'meets  the  plane  at  infinity.  Its  axis  cannot  "be  a 
minimal  line.  , 

Proof.  Consider  any  plane  TT  perpendicular  to  the  planes  of  fixed 
points  of  the  two  orthogonal  plane  reflections  At  and  A2.  By  the 
first  corollary  of  Theorem  5  the  axis  of  A2At  is  nonminimal  and 
hence  TT  is  nonminimal  In  TT  the  transformations  effected  by  Aj 
and  A2  are  orthogonal  line  reflections  in  the  sense  of  Chap.  IV,  and 
their  product  is  a  point  reflection  (Theorem  5,  Chap.  IV)  in  the 
plane.  From  this  the  theorem  follows  in  an  obvious  way. 

DEITRITIOH.  The  product  of  two  orthogonal  reflections  in  perpen- 
dicular planes  is  called  an  inmlutoric  rotation  or  an  orthogonal  line 
reflection  or  a  half  turn.  If  I  is  its  axis  and  I1  the  polar  with  respect 
to  2«  of  the  point  at  infinity  of  Z,  it  may  be  denoted  by  {IP}.* 

*  In  the  rest  of  this  chapter  this  natation  will  be  used  in  the  sense  here  defined 
and  not  in  the  more  general  sense  of  §  101. 
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15.    DEFINITION.    The  pud  act  of  tie  orthogonal  plane 
rejhcfiuM  in  three  perpendicular  plants  is  a  transformation  carrying 

tuctt  ytint  P  to  n  jjtmnt  P'  snth  that  the  point  0  of  intersection  of  the 
chrte  i>!itA€*  is  the  mid-point  (//  the  pair  PP'.  A  transformation  of 
this  *>rt  is  calkd  a  putnt  reflection  of  symmetry  with  respect  to  the 
point  (I  as  centtf.  If  ix  not  a  displacement.  The  points  P  and  P!  are 
to  le  symmetric  with  respect  to  0. 

Proof.  In  the  plane  at  Infinity  the  three  orthogonal  plane  reflec- 
tions effect  the  three  harmonic  homolugies  whose  centers  and  axes 
are  the  vertices  and  respectively  opposite  sides  of  a  triangle.  The 
product  therefore  leaves  ail  poL.ts  at  infinity  invariant  It  also  leaves 
0  invariant  and  is  evidently  of  period  two  on  the  line  of  intersection 
of  any  two  of  the  planes  of  fixed  points  of  the  orthogonal  plane  reflec- 
tions. Hence  it  is  a  homology  of  period  two  with  O  as  center  and  7r« 
as  plane  of  fixed  points.  It  is  not  a  displacement,  since  by  Theorem  13 
a  dispkeement  leaving  0  invariant  would  have  a  line  of  fixed  points 
passing  through  0. 

THEOREM  16.  The  transformations  effected  in  a  nonminimal  plane 
w  "by  the  displacements  leaving  IT  invariant  constitute  the  group  of 
displacements  and  symmetries  of  the  parabolic  metric  group  whose 
alsolnte  involution  is  that  determined  ly  2*  on  the  line  at  infinity  ofir. 

Proof.  Let  F  be  any  displacement  leaving  TT  invariant,  0  an 
arbitrary  point  of  TT,  and  T  the  translation  carrying  0  to  F  (0).  Then 
T"1  T  (0)  =  0,  and  hence,  by  Theorem  13,  T'1  F  is  a  rotation.  Moreover, 
T""1  F  leaves  TT  invariant. 

It  is  obvious  from  the  definition  of  a  rotation  that  it  can  leave  TT 
invariant  only  in  case  its  axis  is  perpendicular  to  TT  or  in  case  it  is  of 
period  two  and  its  axis  is  a  line  of  TT.  If  T"1  F  falls  under  the  first 
of  these  cases,  it  effects  a  rotation  in  TT  according  to  the  definition  of 
rotation  in  Chap.  IV,  and  thus  F  effects  a  displacement  in  IT.  If  T~x  F 
falls  under  the  second  of  these  cases  it  effects,  and  therefore  F  also 
effects,  a  symmetry  in  TT  according  to  the  definition  in  Chap.  IV. 

COEOLLABY  1.  The  transformations  effected  in  a  nonminimal  plane 
TT  ly  the  displacements  and  symmetries  leaving  IT  invariant  constitute 
the  group  of  displacements  and  symmetries  of  the  parabolic  metric 
-/roup  whose  absolute  involution  is  that  determined  "by  2«  on  the  line 
'd,  infinity  of  TT. 
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COROLLAS Y  2.  If  0  is  an  arbitrary  point,  any  displacement  I1  is 
expressible  in  the  forms 

T  =  TP     and     r  =  FT', 
where  T,  Tf  are  translations  ami  P,  Pf  rotations  leaving  0  invariant. 

Proof.  As  in  the  proof  of  the  theorem  above,  let  T  be  the  translation 
earning  0  to  T  (0).  Then  T"1  F  (0)  =  0  and  hence,  by  Theorem  13, 
T"1!1  is  a  rotation,  P.  Hence  F  =  TP.  If  T  is  the  translation  carry- 
ing 0  to  T~l(0),  it  follows  in  like  manner  that  FTr(0)  is  a  rotation 
F  and  hence  that  T=  P'T'-1. 

COROLLARY  3.  The  transformations  effected  on  a  nonminimal  line 
p  ^y  the  displacements  having  p  invariant  constitute  the  group  com- 
posed of  ail  parabolic  transformations  and  involutions  leaving  the 
point  at  infinity  of  p  invariant. 

EXERCISES 

1.  Two  point  pairs  are  congruent  if  they  are  symmetric. 

2.  The  set  of  all  point  reflections  and  translations  forms  a  group  which, 
unlike  the  analogous  group  in  the  plane  (§  45),  is  not  a  subgroup  of  the  group 
of  displacements.  The  prod.net  of  two  point  reflections  is  a  translation,  and 
any  translation  is  expressible  as  a  product  of  two  point  reflections,  one  of 
which  is  arbitrary. 

3.  Study  the  theory  of  congruence  in  a  minimal  plane. 

4.  A  rotation  leaves  no  point  invariant  which  is  not  on  its  axis.  It  leaves 
invariant  all  planes  perpendicular  to  its  axis  and  no  others  unless  it  is  of 
period  two,  when  it  is  an  orthogonal  line  reflection. 

116.  Euclidean  geometry  of  three  dimensions.  The  last  theorem 
may  be  regarded  as  the  fundamental  theorem  of  the  parabolic 
metric  geometry  in  space,  for  by  means  of  it  all  the  results  of 
the  two-dimensional  parabolic  metric  geometry  become  immediately 
applicable. 

Suppose  now  that  we  consider  a  three-space  satisfying  Assumptions 
A,  E,  H,  G,  R  (or  A,  E,  K),  i.e.  a  real  projective  space.  Suppose  also 
that  2«  be  taken  to  be  an  elliptic  polar  system,*  ie.  the  polar  system 
of  an  imaginary  ellipse  (§  79).  Then  in  any  plane  the  parabolic  metric 
geometry  reduces  to?  the  Euclidean  geometry  and  the  displacements 
which  leave  this  plane  invariant  are  Euclidean  displacements, 

*The  existence  and  properties  of  an  elliptic  polar  system  may  be  determined 
without  recourse  to  imaginaries  (in  fact,  on  the  basis  Ar  E,  F,  S),  as  in  §  8S. 
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A  set  of  assumption?  for  the  Euclidean  geometry  of  three  dimen- 
is  composed  of  I-XVI,  giveu  in  §§  29  and  66.  We  have  seen  in 

§  29  that  FIX  are  satisfied  by  a  Euclidean  space  of  three  dimensions. 
Assumption  XI  Is  a  consequence  of  Theorem  12,  and  Assumptions  X, 
XII-XVI  of  Theorems  11  aud  16.  Hence  in  a  real  three-space,  if 
2,  is  mi  dliptic  jtulitr  system  the  parabolic  metric  geometry  is  the 
Eudidea A  t/eoaietry. 

The  general  remarks  in  §  66  are  applicable  to  the  three-dimensional 
as  well  as  to  the  two-dimensional  one. 

It  was  stated  in  §  60  that  the  congruence  assumptions  are  no  longer  strictly 
independent  when  a  full  continuity  assumption  is  added,  because  by  intro- 
ducing ideal  elements  and  an  arbitrary  2»  (as  in  the  present  chapter)  a 
relation  of  congruence  may  be  defined  for  which  the  statements  in  X~XVI 
are  theorems  which  can  easily  be  proved.  This  view  is  not  accepted  by 
certain  well-known  mathematicians,  who  hold  that  the  arbitrariness  in  the 
definition  of  the  absolute  involution  somehow  conceals  a  new  assumption.* 
It  may,  therefore,  be  well  to  restate  the  matter  here.f 

Assumptions  I-IX,  XVII  are  categorical  for  the  Euclidean  space;  i.e. 
if  two  sets  of  objects  [P]  and  [Q]  satisfy  the  conditions  laid  down  for 
points  in  the  assumptions,  there  is  a  one-to-one  reciprocal  correspondence 
between  [P]  and  [Q]  such  that  the  subsets  called  lines  of  [P]  correspond 
to  the  subsets  called  lines  of  [Q]-  Thus  the  internal  structure  of  a 
Euclidean  space  is  fully  determined  by  Assumptions  I-IX,  XYIL  The 
group  leaving  invariant  the  relations  described  in  these  assumptions  is  the 
affine  group,  and  all  the  theorems  of  the  affine  geometry  are  consequences 
of  these  assumptions.  The  latter  may  therefore  be  characterized  as  the 
assumptions  of  affine  geometry. 

Among  the  theorems  of  the  affine  geometry  is  one  which  states  that 
there  is  an  infinity  of  subgroups,  each  one  conjugate  to  all  the  rest  and 
such  that  the  set  of  theorems  belonging  to  it  constitutes  the  Euclidean 
geometry.  Each  of  these  groups  is  capable  of  being  called  the  Euclidean 
group,  and  there  is  no  theorem  about  one  of  them  which  is  not  true  about 
all  of  them.  The  set  of  theorems  stating  relations  invariant  under  any  one 
of  these  groups  is  the  Euclidean  geometry.  This  set  of  theorems  is  the 
same  whichever  Euclidean  group  be  selected,  i.e.  the  Euclidean  geometry  is  a 
unique  body  of  theorems. 

Each  Euclidean  group  has  a  self-conjugate  subgroup  of  displacements 
,/hich.  defines  a  relation  called  congruence  having  the  properties  stated  in. 

*  Cf .  the  remarks  on  a  paper  by  the  writer  in  the  article  by  Enriques,  Encyclo- 
p&lie  des  Sc.  Math.  Ill  1,  §  12. 

f  This  discussion  should  be  read  in  connection  with  the  remarks  on  foundations 
of  geometry  in  the  introduction  to  Vol.  I  and  in  §  13  of  this  volume  ;  also  in  con- 
n^ction  with  the  remarks  on  the  geometry  corresponding  to  a  group,  §§  34, 39, 110. 
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Assumptions  X-XVI.  Moreover,  any  relation  which  satisfies  these  assump- 
tions is  associated  with  a  group  of  displacements  which  is  self -conjugate  under 
a  Euclidean  group. 

Tims  Assumptions  X-XVI  characterize  the  relation  of  congruence  as  com- 
pletely as  possible.  I.e.  any  relation  satisfying"  these  assumptions  must  be  that 
determined  by  one  of  the  infinitely  many  groups  of  displacements.  The  set  of 
theorems  about  congruence  is  unique  and  Is  the  Euclidean  geometry. 

The  relation  between  the  affine  geometry  and  the  Euclidean  geometry  is 
analogous  to  that  between  the  Euclidean  geometry  and  the  geometry  belong- 
ing to  any  non-self -conjugate  subgroup  of  a  Euclidean  group.  Consider,  for 
example,. the  subgroup  obtained  by  leaving  a  particular  point  0  invariant. 
A  relation  which  is  left  invariant  by  this  group  may  be  defined  as  follows : 

DEFINITION.  A  point  P  is  nearer  than  a  point  Q  if  and  only  if  Dist  (OP) 
<  Dist  (OQ).  P  and  Q  are  equally  near  if  Dist  (OP)  =  Dist  (OQ). 

There  is  an  element  of  arbitrary  choice  in  this  definition,  just  as  there  is 
in  the  choice  of  an  absolute  involution  to  define  the  notion  of  congruence. 
Moreover,  the  geometry  of  nearness  is  just  as  truly  a  geometry  as  is  the 
Euclidean  geometry.*  It  would  be  easy  to  put  down  a  set  of  assumptions 
(XVIII-~V)  in  terms  of  near  regarded  as  an  undefined  relation,  which  would 
state  the  abstract  properties  of  this  relation,  just  as  X-XVI  state  the  abstract 
properties  of  congruence. 

Another  non-self-conjugate  subgroup  of  the  Euclidean  group  which  gives 
rise  to  an  interesting  geometry  is  the  group  leaving  invariant  a  line  and  a 
plane  on  this  line.  In  terms  of  this  group  the  notions  of  forward  and  bach- 
ward  and  up  and  doucn  can  be  denned,  and  the  geometry  corresponding  to  this 
group  is  a  set  of  propositions  embodying  the  abstract  theory  of  this  set  of 
relations. 

It  is  a  theorem  of  Euclidean  geometry  that  the  Euclidean  group  has 
subgroups  with  the  properties  involved  in  these  geometries,  just  as  it  is 
a  theorem  of  affine  geometry  that  the  affine  group  has  Euclidean  subgroups 
and  a  theorem  of  projective  geometry  that  the  protective  group  has  affine 
subgroups. 

Assumptions  I-IX,  XVII  have  a  different  role  from  X-XVI  or  XVHI-JV, 
in  that  they  determine  the  set  of  objects  (points  and  lines,  etc.)  which  are 
presupposed  by  all  the  other  assumptions.  The  choice  of  these  assumptions 
is  logically  arbitrary.  The  choice  of  such  sets  of  "  assumptions  "  as  X-XVI 
is  not  arbitrary;  it  must  correspond  to  a  properly  chosen  group  of  permu- 
tations of  the  objects  determined  by  I-IX,  XVII.  When  independence  proofs 
are  given  for  Assumptions  X-XVI,  it  is  done  by  giving  new  interpretations 
to  the  term  "congruence,"  not  to  "point"  or  "line." 

*  It  is  even  possible  to  give  a  psychological  significance  to  this  geometry.  The 
normal  individual  has  a  certain  place,  say  home,  in  terms  of  nearness  to  which 
other  places  are  thought  of ;  here  O  is  the  central  point  of  home.  In  astronomy 
stars  are  regarded  as  near  or  the  contrary,  according  to  their  distance  from  the 
sun ;  here  0  is  the  center  of  the  sen. 
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The  point  of  view  of  the  writer  is  that  if  X-XVI  or  XVHI-JV  are  to  be 
regarded  as  independent  assumptions,  their  independence  is  of  a  lower  grade 
than  that  of  FIX,  XVII.  They  const!  tote  a  definition  by  postulates  of  a 
relation  (congruence  or  nearness)  among  objects  (points,  Hues,  etc.)  already 
fully  determined.  Their  significance  is  that  they  characterize  that  subset  of 
the  theorems  deducible  from  I-IX,  XVII  which  corresponds  to  any  Euclidean 
group  and  which  therefore  is  the  Euclidean  geometry. 

EXERCISES 

*  1.  Develop  the  geometry  corresponding  to  some  non-self-oonjugate  sub- 
group of  the  Euclidean  group.  Determine  a  set  of  mutually  independent 
assumptions  characterizing  this  geometry. 

2.  The  identity  is  the  only  transformation  of  the  Euclidean  group  which 
leaves  fixed  two  points  A  and  B  and  two  rays  (cf.  definition  in  §  16)  A  C  and 
AD  orthogonal  to  each  other  and  to  the  line  AB. 

3.  I!  a  and  b  are  any  two  rays  haYing  a  common  origin,  0,  and  on  different 
lines,  there  is  a  unique  orthogonal  Ene  reflection  and  a  unique  orthogonal 
plane  reflection  transforming  a  into  b. 

4.  If  A,  B,  C,  D  are  any  four  points  no  three  of  which  are  coHinear,  there 
exists  a  unique  rotation  leaving  the  line  AB  invariant  and  transforming  C 
into  a  point  of  the  plane  ABD  on  the  same  side  of  AB  with  D. 

5.  Any  transformation  of  the  Euclidean  group  which  leaves  a  line  point- 
wise  invariant  and  preserves  sense  is  a  rotation. 

6.  Any  transformation  of  the  Euclidean  group  which  leaves  a  line  point- 
wise  invariant  and  alters  sense   is   an   orthogonal  reflection  in  a  plane 
containing  this  line. 

7.  There  is  one  and  only  one  displacement  which  transforms  three  mutually 
orthogonal  rays  OA,  OBt  OC  into  three  mutually  orthogonal  rays  O'A',  (/Bf, 
<TC',  provided  that  S  (OABC)  =  S((TA'&Cr). 


.  Generalization  to  n  dimensions.  The  discussion  of  the  Euclid- 
ean and  affine  geometries  in  §§  111-116  is  so  arranged  that  it  will 
generalize  at  onee  to  any  number  of  dimensions.  It  is  recommended 
to  the  reader  to  carry  out  this  generalization  in  detail,  at  least  in  the 
four-dimensional  case. 

The  elementary  theorems  of  alignment  for  four  dimensions  are 
given  in  §  12,  VoL  I  The  definition  of  a  Euclidean  four-space  is 
given  in  §  28,  VoL  II  The  generalization  of  §  111  is  obvious  on 
comparing  these  two  sections.  A  four-dimensional  translation  may 
be  defined  as  a  projective  collineation  leaving  invariant  all  points  of 
the  three-space  at  infinity  and  also  all  lines  through  one  of  these 
points.  The  generalization  of  §  112  then  follows  at  once. 
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A  three-dimensional  system  may  be  defined  as  the  polar 

system  of  a  proper  or  improper  regains  (Chap.  XI,  Vol.  I ;  c£  also 
§§  100— 1085  VoL  II),  or  it  may  be  studied  ab  by  generalising 

Chap.  X,  VoL  I.  The  of  perpendicular  lines,  planes,  and  three- 

spaces  then  follows  at  once  also  the  theorems  generalizing  those 
of  §  113.  An  orthogonal  reflection  in  an  S,  is  next  defined  as  a  projec- 
tive  collineation  of  period  two,  leaving  invariant  a  point  P  at  infinity 
and  each  point  of  a  three-space  whose  plane  afc  infinity  is  polar  to  P 
in  the  absolute  polar  system.  All  the  theorems  of  §§  114, 115  up  to 
Theorem  13  then  generalize  at  once.  Theorems  13-15  must  be  modi- 
fied, in  view  of  the  fact  that  there  are  more  than  one  type  of  four- 
dimensional  displacements  leaving  a  point  invariant.  Theorem  16 
holds  unchanged. 

Finally,  it  can  be  proved  as  in  §  116  that  in  case  of  a  real  space 
and  an  elliptic  polar  system  the  parabolic  metric  geometry  satisfies 
a  set  of  axioms  for  Euclidean  geometry  of  four  dimensions.  This 
set  differs  from  the  one  used  above,  in  that  VIII  is  replaced  by 

VIII'.  If  A,  B,  C,  D  are  four  noncoplanar  points,  there  exists  a 
point  M  not  in  the  same  S8  with  A,  JB,  (7,  -D,  and  suck  that  every  point 
is  in  the  same  S4  with  A,  JB,  C,  D,  JE. 

The  introduction  of  nonhomogeneous  coordinates  in  a  space  of 
n  dimensions  may  be  made  by  direct  generalizations  of  §  69,  VoL  L 
The  formulas  for  the  affine  group,  the  group  of  translations,  the 
Euclidean  group,  and  the  group  of  displacements  are  then  easily  seen 
to  be  identical  with  those  given  in  the  sections  below,  except  that  the 
summations  from  0  or  1  to  3  must  in  each  case  be  replaced  by 
summations  from  0  or  1  to  n. 

118.  Equations  of  the  affine  and  Euclidean  groups.  With  respect 
to  a  nonhomogeneous  coordinate  system  in  which  7r«  is  the  singular 
plane,  the  affine  group  is  evidently  the  set  of  all  projectivities  of 

the  form 

y/  = 

(6)  yr= 


where  A  = 


a      a      a 

SI        32        88 
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and  the  variables  and  coefficients  are  elements  of  the  geometric 

number  system. 

In  the  system  of  homogeneous  plane  coordinates  in  which  the  plane 
at  infinity  is  represented  by  [1,  0,  0,  0],  this  group  takes  the  form 


u{  =  &n%  4-  6u 

^ 


In  an  ordered  space  the  affine  group  has  a  subgroup  consisting  of 

all  transformations  for  which  A  is  positive.  This  group  has  been 
considered  in  §  31.  It  also  has  obvious  subgroups  consisting  of  all 
transformations  for  which  A2=  1  and  for  which  A  =  1. 

The  equations  of  a  translation  parallel  to  the  a?-axis  are  evidently 
as?  =  x  +  a,  y  r  =  %  z!  =  zf  and  similar  expressions  represent  a  transla- 
tion parallel  to  any  other  axis.  Hence  by  the  corollary  of  Theorem  3 
the  equations  of  the  group  of  translations  are 


(8) 


If  the  coordinates  are  so  chosen  that  the  planes  x  =  0,  y  =  0, 
z  =  0  are  mutually  orthogonal,  the  equations  of  the  circle  at  infinity 
in  terms  of  the  corresponding  homogeneous  coordinates  are 


These  are  reducible  by  the  transformation 

(9)  ^  =  £0> 
to 

(10)  a 

In  the  real  geometry  a,  "b,  c  are  positive  if  the  polar  system  is  elliptic  (§  85), 
and  the  transformation  (9)  carries  real  points  to  real  points.  The  formulas 
(9)  are  the  only  ones  in  the  present  section  in  which  irrational  expressions 
appear.  Hence  the  rest  of  the  discussion  holds  for  any  space  satisfying 
Assumptions  A,  E,  P,  H0.  In  any  such  space  it  is  easily  seen  that  (10)  repre- 
sents a  conic  whose  polar  system  may  be  taken  as  2«,  but  it  does  not  follow, 
as  in  the  real  case,  that  any  improper  conic  can  be  reduced  to  this  form. 
The  situation  here  is  entirely  analogous  to  that  obtaining  in  §  62. 
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In  the  three-dimensional  homogeneous  plane  coordinates*  ?r»  and 
the  planes  tangent  to  the  circle  at  infinity  (10)  satisfy  the  equation 

(11)  uf  +  u;  +  u*=Q. 

Any  plane 

(12)  «0  +  M/  +  n/  +  u/  =  0 

is  the  transform  under  a  collineation  of  the  form  (6)  of  the  plane 

(13)  (MU  +  a10n1  +  a^  +  axu9)  +  (fl^  -f  «21«2  +  «nws)  a? 
+  (a12w1  -f  aBKs  +  «„«,)  y  +  (alsttl  4-  ^Jiz  4-  «„«,)  2=0. 

Hence  (11)  is  the  transform  of 

(14)  (a;,  -f  *  £  +  <)  n,2  +  (a  »  -f  a  *  +  a^)  «,fl  +  «  +  «^2  +  <)  < 


+  2  (as  Ai  +  a«a 

In  order  that  (11)  and  (14)  shall  represent  the  same  locus,  we  must  have 

(15)      **+«&+«£=  <  -f  «4+  <=  < 


These  conditions  are  equivalent  to  the  equation  (cf.  §  95,  Chap.  X, 
Vol.  I) 

(16) 


where  p  =  a^  +  a^  +  a^. 

If  the  matrix  (a^a^^)  =~A  he  interpreted  as  the  matrix  of  a  planar 
colHneation,  as  in  §  95,  Vol.  I,  this  states  that  the  product  of  the 
collineation  by  the  collineation  represented  by  the  transposed  matrix 
is  the  identity.  Hence  the  product  of  the  two  matrices  in  the  reverse 
order  is  a  matrix  representing  the  identity.  This  means  that 


and 


Since  the  determinants  of  a  matrix  and  of  its  transposed  matrix  are 
equal,  we  have 
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DEFINITION.  A  matrix  such  that  its  product  by  a  given  matrix  A 
Is  the  identical  matrix  {§  955  Vol.  I)  is  called  the  inverse  of  ^4  and  is 

denoted  by  A'1.  A  square  matrix  whose  transposed  matrix  is  equal 
to  its  inverse  is  called  orthogonal.  A  linear  transformation, 


(17) 


whose  matrix  (^11«^«S3)  is  orthogonal,  is  said  to  be  orthogonal. 

The  results  at  which  we  have  arrived  may  now  be  expressed  in 

part  as  follows  : 

THEOREM  17.    The  transformations  of  the  parabolic  metric  group 

can  be  written  in  the  form 


(18)  yf  =  p  (an 


where  the  matrix  (a>na'nau)  is  orthogonal. 

From  the  form  of  these  equations  we  obtain  the  following 
corollaries  : 

COBGLLAKY  1.  Any  transformation  (18)  of  the  Euclidean  group  is 
the  product  of  an  orthogonal  transformation,  a  translation,  and  a 
homology  of  the  form 

z/^px, 

(19)  /  =  />y» 


COROLLARY  2.  A  homology  (19)  is  commutative  with  any  collinea- 
tion  leaving  the  origin  invariant. 

Since  an  orthogonal  matrix  is  any  matrix  satisfying  (16)  with 
p  =  1,  we  have 

COROLLARY  3,  The  product  of  two  orthogonal  transformations  is 
orthogonal.  The  determinant  of  an  orthogonal  transformation  is 
+  1  or  —  1. 
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In  view  of  the  formula  for  the  Inverse  of  a  matrix  (§  95,  Vol.  I), 
we  have 

COROLLARY  4  A  matrix  (anaMatt)  is  if  and  only  if 

(20)  A^  =  Aa,,,          (i  =  1,  2,  3  ;  /  «  1,  2,  3) 

where  A  is  the  of  the  matrix  and  Ay  the  cof  actor  of  a^. 

The  matrix  of  an  orthogonal  transformation  of  period  two  is  its 

own  inverse  and  hence  its  own  transposed.    Hence 

COROLLABY  5.  An  orthogonal  transformation  is  of  period  two  if 
and  only  if  a^  =  ajf 

The  double  points  of  any  orthogonal  transformation  (17)  must 
satisfy  the  equations 

(au  —  1)  x  +  a^f  +  a^  =  0, 

(21) 


The  determinant  of  the  coefficients  of  these  equations  is 


But  since  the  transformation  is  orthogonal,  ^it  =  Aail..    Hence  the 
determinant  of  (21)  reduces  to 


Another  determinant  which  is  of  importance  in  the  theory  of 
orthogonal  transformations  is  that  of  the  equations 


(22) 


Any  point  satisfying  these  equations  is  transformed  into  its  symmet- 
ric point  with  respect  to  the  origin.  The  orthogonal  transformation 
therefore  transforms  the  line  joining  these  points  into  itself  and 
effects  an  involution  with,  the  origin  as  center  on  this  line.  The 
determinant  of  the  equations  (22)  is 


which  reduces  to 
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Let  as  now  consider  an  orthogonal  transformation  (17)  which  we 
shall  denote  by  2.  If  A  =  —  1  for  2,  D3  =  0,  and  hence  there  is  at 
least  one  point  which  is  carried  by  2  into  its  symmetric  point  with 
respect  to  the  origin.  The  plane  through  the  origin  perpendicular  to 

the  line  Joining  these  points  is  left  invariant  by  2.    On  the  other 
hand,  Dl  =£  0  unless 


and  hence  2  leaves  no  other  point  than  the  origin  invariant  unless 
(23)  is  satisfied.  Suppose  now  that  (23)  is  satisfied.  A  cofactor  of  an 
element  arf  of  the  main  diagonal  of  Dt  is 


where  i^j^fc^  i   By  (20)  this  reduces  to 

-<*ii  +  a«i+*ii)  +  1» 

which  vanishes.  The  cofactor  of  an  element  a$(i  =£/)  of  2^  is 

^V+Gji, 

and  by  (20)  this  vanishes  when  A  =  —  1.  Thus  we  have  that  if 
A  =  —  1  and  (23)  is  satisfied,  2  has  a  plane  of  fixed  points.  Since  it 
transforms  one  point  into  its  symmetric  point  with  respect  to  the  ori- 
gin, it  must  be  an  orthogonal  plane  reflection.  Thus  we  have  proved 

THEOREM  18.  An  orthogonal  transformation  for  which  A  =  —  1 
always  has  an  invariant  plane.  It  either  leaves  no  point  except  the 
origin  invariant  or  it  is  an  orthogonal  plane  reflection.  The  latter 
erne  occurs  if  and  only  if  au  +  a^  +  a^  =  L 

By  comparison  with  Corollary  5  above  we  have 

COROLLABY.  -4  7i  orthogonal  transformation  for  which  A=—  1  is  an 
orthogonal  plane  reflection  if  and  only  if  '  ^-^^^  a^=a^  an^  ai$~asi' 

Let  us  now  consider  an  orthogonal  transformation  2  for  which 
A  —  1.  In  this  case  Z>1=  0,  and  hence  there  is  always  a  line  of  fixed 
points  passing  through  the  origin.  Let  A1  be  an  orthogonal,  plane 
reflection  containing  a  line  of  fixed  points  of  2.  Then  2AX  is  an 
orthogonal  transformation  for  which  A  =  —  1  and  for  which  there  are 
other  fixed  points  than  the  origin.  By  the  last  theorem,  therefore, 
it  is  an  orthogonal  plane  reflection  A2.  From  2At  =  A2  follows 
2  =  A2Ar  We  therefore  have 

THEOKEM  19.  An  orthogonal  transformation  for  which  A  =  l  is  a 
rotation. 
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COBOLLABY  1.  An  transformation  for  which  A  =  —  1  is 

a  symmetry. 

Any  transformation  (18)  for  which  p  =  1  is  a  product  of  an  orthog- 
onal transformation  and  a  translation.  It  is  therefore  either  a  dis- 
placement or  a  symmetry.  By  Theorem  16,  Cor.  1,  a  homology  (19) 
for  which  p2^  1  is  not  a  displacement  or  a  symmetry.  Hence  we  have 

COBOLLABY  2.  The  of  (18)  for  />  =  !  and  A  =  l 

is  the  group  of  displacements. 

COROLLARY  3.  The  subgroup  of  (18)  for  which  p  =  1  and  A2=  1  u 
the  group  of  displacements  and  symmetries. 

The  coordinate  system  which  has  been  employed  above  is  such 
that  the  planes  x  =  0,  y  =  0,  z  =  0  are  mutually  orthogonal.  Moreover, 
the  displacement  ^^  ^^  ^^^ 

leaves  (0,  0}  0)  invariant  and  transforms  (1,  0,  0)  to  (0,  1,  0)  and 
(0,  1,  0)  to  (0,  0,  1).    Hence  the  pairs   (0,  0,  0)  (1,  0,  0),  (0,  0,  0) 

(0,  1,  0),  and  (0,  0,  0)  (0,  0,  1)  are  congruent   Coordinates  satisfying 
these  conditions  are  said  to  be  rectangular. 

EXERCISES 

1.  The  group  of  displacements  and  symmetries  leaves  the  quadratic  form 

u  2  +  uj  +  v* 

absolutely  invariant. 

2.  Two  point  pairs  (a,  5,  c)(a',  5',  <?')  and  (x,yjz)(yf9yf>sf)  are  congruent 
if  and  only  if  (a  -  a')2  +  (b  -  5')2  +(c  -  c')*  =  (x  -  xTf  +  (y  -  /)2  +  (z  -  ?T)\ 

3.  Two  planes 


=  0 
are  orthogonal  if  and  only  if       u1vl  -f  w3z?2  4-  ?^3y8  =  0. 

4.  Three  planes  ^  +  ^  f  ^  +  ^  =  Qy  (  .  =  ^  2j  3) 

tiie  coefficients  being  such  that         Mt|  +  %f  4-  wx-|  =1,  (i  =  1,  2,  S) 

are  mutually  perpendicular  if  and  only  if  the  matrix  (Mn%2W8S)  is  orthogonal. 

5.  The  three  ordered  triads  of  numbers  (aa,  a&9  «i3)»  i  =  1,  2,  3,  are  direction 
cosines  of  mutually  perpendicular  vectors  if  and  only  if  the  matrix  (auO^Ogj) 
is  orthogonal. 

119.  Distance,  area,  volume,  angular  measure.  The  definition 
(§  67)  of  distance  between  two  points  extends  without  modification 
to  the  three-dimensional  case.  The  distance  between  a  point  0 
and  a  plane  TT  is  the  distance  between  O  ami  the  point  P  in  wMd* 
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TT  is  met  by  the  line  through  O  perpendicular  to  <JT.  The  distance 
between  two  lines  /£  is  Dist  (J?^),  where  Pl  and  Pz  are  the  points 
in  which  the  common  intersecting  perpendicular  line  meets  /a  and 
Ia  respectively. 

If  the  notion  of  equivalence  of  ordered  pint  triads  (§  112)  be 
extended  by  regarding  two  ordered  triads  as  equivalent  whenever 
they  axe  congruent,  it  is  obvious  that  any  triad  is  equivalent  to  triads 
in  any  plane  whatever  and  not  merely,  as  in  §  112,  to  triads  in  a 
system  of  parallel  planes.  Moreover,  if  ABC  are  noncollinear  points 
such  that  AB  is  congruent  to  AC,  the  ordered  triad  ABC  is  congruent 
and  therefore  equivalent  to  the  ordered  triad  AGB.  Hence 

ABC**  BOA  ^  CAB  ^ACB  ^  CBA^  BAG, 

ie.  according  to  the  extended  definition,  any  ordered  triad  is  equivalent 
to  any  permutation  of  itself. 

Since  m(ABC)  =  —m(ACB),  the  definition  of  measure  (§  49)  can- 
not be  extended  to  correspond  to  the  new  conception  of  equivalence. 
On  the  other  hand,  the  notion  of  area  (§  68)  of  a  triangle  is  directly 
applicable.  The  situation  here  is  entirely  analogous  to  that  described 
in  §  67  with  regard  to  the  measure  of  a  vector  and  the  distance 
between  two  points.  The  formal  definition  may  be  made  as  follows : 

DEFINITION.  Let  OPQ  be  a  triangle  (called  the  unit  triangle)  which 
is  such  that  the  lines  OP  and  OQ  are  orthogonal  and  the  point  pairs 
OP  and  OQ  are  congruent  to  the  unit  of  distance.  Then  if  A'B'C'  is 
a  triangle  coplanar  with  OPQ  and  congruent  to  ABC,  the  positive 
number  ^\m(A'S'C')\  =  a(ABC), 

where  m,  (AfB'C{)  is  the  measure  (§  49)  of  the  ordered  triad  A'B'C?  rela- 
tive to  the  ordered  triad  OPQ,  is  called  the  area,  of  the  triangle  ABC. 

The  definition  of  the  measure  of  an  ordered  tetrad  and  of  the  vol- 
ume of  a  tetrahedron  may  be  token  from  §  112,  with  the  proviso  that 
the  unit  tetrad  OPQR  is  such  that  the  lines  OP,  OQ,  OR  are  mutually 
orthogonal  and  the  point  pairs  OP,  OQ,  OR  congruent  to  the  unit  of 
distance. 

The  definition  of  the  measure  of  angle  may  be  taJsen  over  literally 
from  §  69.  Since,  however,  any  symmetry  in  a  plane  can  be  effected 
by  a  three-dimensional  displacement,  the  indetermination  in  the  meas- 
ure of  an  angle  is  such  that  any  angle  whose  measure  is  ft  also  has 
the  measure  JCTT  +  /S,  where  Jc  is  a  positive  or  negative  integer.  The 
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measure  of  an  angle  may  therefore  be  subjected  to  the  condition 


DEFINITION.  The  of  a  of  intersecting  lines  ab 

is  the  smaUesfc  value  between  0  2  IT,  inclusive,  of  the  measures 
of  the  four  £ai\  formed  by  a  ray  al  of  a  and  a  ray  b  of  6. 

It  is  denoted  by  m(ab).  If  a  and  i  do  not  intersect,  m(ab)  denotes 
m  (afb),  where  a1  is  a  line  having  a  point  in  common  with  b  and  parallel 
to  a.  The  angular  measure  of  two  planes  TT,  •sr'  Is  the  angular  measure 
of  two  lines  Z,  f  perpendicular  to  yr  and  TTF  respectively. 

The  following  statements  are  easily  proved  and  will  be  left  to  the 
reader  as  exercises  (cf.  §  72)  :  In  the  case  where  a  and  b  do  not  inter- 
sect, the  \  alue  of  m  (ab)  is  independent  of  the  choice  of  a1.  Although  in 
Euclidean  plane  geometry  0  =  m  (ab)  <  IT,  in  the  three-dimensional  case 


If  ll  and  lz  are  any  two  lines  parallel  to  a  and  b  respectively,  and 
il  and  ts  are  the  minimal  lines  through  the  intersection  of  l±  and  Z2, 
m(ab)  is  the  smaller  of  the  two  numbers 

^-flpgB^v,)     and     02=-|logTMy2>Vi)> 

that  determination  of  the  logarithm  in  each  case  being  chosen  for 
which  0  =i  0X<  TT  and  0  ==  0g<  jr. 

The  numbers  which  we  have  been  defining  in  this  section  are  some 
of  the  simplest  absolute  invariants  of  the  group  of  displacements.  The 
algebraic  formulas  for  these  invariants  and  some  others  are  stated  in 
the  exercises  below.  In  every  case  the  radical  sign  indicates  a  positive 
root.  By  the  angle  between  two  vectors  OA  and  OB  is  meant  the 
measure  of  4.AOB. 

The  orthogonal  projection  of  a  set  of  points  [P]  on  a  plane  TT  is  the 
set  of  points  in  which  the  lines  perpendicular  to  ?r  through  the  points  P 
meet  TT.  The  orthogonal  projection  of  a  set  of  points  [P]  on  a  line  I  Is 
the  set  of  points  in  which  the  planes  perpendicular  to  I  through  the 
points  P  meet  Z. 

The  exercises  refer  to  four  distinct  noncoplanar  points  JJ=  (x^  y^  2^), 

-?=(^>  y~i,  #2)>  -?  =  (^8>  yt,  %),  -£=(*4>  9*>  «4)>  B0  two  of  which  are 
collinear  with  the  origin.  The  coordinate  system  is  rectangular,  and 
0,  P,  Q,  R  denote  the  points  (0,  0,  0),  (1,  0,  0),  (0,  1,  0),  (0,  0,  1) 
respectively,  as  in  §  112. 
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EXERCISES 


1.  Dist  (I\PJ  =  \  t^  -  xs)£  +  (^  -  &)2  4-  (^  -  zsf. 

2,  The  cosines  of  the  angles  between  a  vector  OPX  and  the  x-,  y-,  and.  z-axes 

respective!  v  are 
% 


V*?  -r  tf  4-  *22 


*         »      z* 


*  *  + 


are   referred  to   as  the   direction  cosines  of  the  vector  0Pr    If  r  = 
Dist  (Pj/^),  the  direction  cosines  of  the  vector  /^J^  are 


g* -.•*>,    y?.":J 

r  r 


^J.f.^i, 

r 


3.  The  equation  of  a  plane  perpendicular  to  the  line  OPl  is 

•v  +  y\u  +  ziz  =  ^** 

4.  The  distance  from  the  point  P^  to  the  plane 


j      V  a51  -f  /P  +  7s 

5.  If  Qi  is  the  orthogonal  projection  of  Ps  on  the  line  C  A  \9  then 

+  Shift  +  -1-2 


is  Bist(OQ1)  in  case  (2t  and  Pi  are  on  the  same  siae  of  O,  aid  —  Bi 

in  case  Qx  and  Pl  are  not  on  the  same  side  of 


CPS  .  cos 


6. 


Pg)  -  Dist(PsP4)  -r-  sin#,  where  r  is  the  dis* 
and  P3P4»  and  ^  tke  angle  between  the  vectors 


fcance  between  the  lines  } 
PtP4  and  PaP4. 

7.  If  &  denotes  the  measure  of  4PiOPa,  and  /,  m,  n  the  direction  cosines  of 
a  vector  OK  perpendicular  to  the  plane  OP3P2  and  such  that  S^OP^PJK) 

=  Dist  (0PJ  -  Dist  (OP2)  -  sin  0  •  I, 
=  Dist  (OPi)  -  Dist  (OP2)  -  sin  ^  *  m, 

=  Dist  (OPi)  •  Dist  (OP2)  •  sin  0  •  n.* 

8.  With  respect  to  the  coordinate  system  employed  in  §  118,  the  angle 
between  two  lines  which  meet  «•«  in  (0,  c^,  c^,  03)  and  (0,  &,  j32,  /?8)  is 

-(a|+a|+a|)(^4-^.f^|) 


"A2+,S|) 
9.  If  four  planes  a,  $  y,  8  meet  on  a  line, 

T&  f  /?     8\  —  s^n  (ay)      sin  (/?y) 

sin  (aS)       sin  (y^S)  * 

where  (ay)  denotes  the  angular  measure  of  the  ordered  pair  of  planes  ay. 

*Cf.Ex.6,  §112. 
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120.  The  sptiere  and  other  qtiadrics.   DEFINITION.  A  is  the 

set  of  all  points  [P]  such  the  point  pairs  OP,  where  0  is  a  fixed 
points  are  all  congruent  to  a  fixed  point  pair  OPy  In  the  line  01^ 
is  minimal,  the  sphere  is  to  be  ;  otherwise  it  is  nonder- 

generate.  The  point  O  is  the  center  of  the  sphere. 

By  euffiparisGn.  with  the  definition,  in  §  60  it  is  clear  that  any  sec- 
tion of  a  nondegenerate  sphere  by  a  Bonminimal  plane  is  a  circle.  In 
the  circle  at  infinity  exists,  two  perpendicular  sections  Of  and  Cf 
of  a  sphere  $  by  nonniinimal  planes  constitute  with  the  circle  at 
infinity  three  conic  sections  intersecting  one  another  in  pairs  of  dis- 
tinct points.  By  §  105,  VoL  I,  there  is  one  and  but  one  quadric  surface 
containing  them.  A  nonminimal  plane  TT  through  the  center  of  the 
sphere  meets  this  quadric  in  a  conic  section  which  contains  at  least 
two  points  of  the  circles  C*  and  G%  and  two  points  of  the  circle  at 
infinity.  This  conic  is  therefore  a  circle  containing  the  points  of  the 
sphere  S  which  are  in  IT.  Hence  the  sphere  S  is  identical  with  the 
set  of  all  ordinary  points  of  the  quadric  surface  containing  Cf,  C£,  and 
the  circle  at  infinity.  Since  0  is  the  center  of  each  circle  in  which  S 
is  met  by  a  nonminimal  plane  through  0,  0  is  the  pole  of  the  plane 
at  infinity  with  regard  to  the  quadric.  Since  a  circle  in  a  non- 
minimal  plane  contains  the  ordinary  points  of  a  nondegenerate  conic, 
it  follows  that  the  quadric  surface  is  nondegenerate,  i.e.  is  a  quadric 
which  contains  two  proper  or  improper  reguli 

In  case  the  circle  at  infinity  does  not  exist,  improper  elements  may 
be  adjoined  as  explained  in  §  85,  VoL  I,  so  that  the  circle  at  infinity 
exists  in  the  resulting  improper  space.  The  argument  in  the  para- 
graph above  thus  applies  to  any  space  whatever  which  satisfies 
Assumptions  A,  E,  P,  Hfl.  Thus  we  have 

THEOREM  20.  A  nondegetierate  sphere  consists  of  tJie  ordinary  points 
of  a  nondegenerate  quadric  surface  $2  such  that  all  pairs  of  points  in 
the  plane  at  infinity  conjugate  with  regard  to  S*  are  conjugate  with 
regard  to  the  absolute  polar  system,.  The  center  of  the  sphere  is  the  pole 
of  the  plane  at  infinity  relative  to  this  quadric. 

Comparing  the  definition  above  with  Theorem  7,  Chap.  TV,  we  have 

COKOLLAKY.  A  degenerate  sphere  with  a  point  0  as  center  consists 
of  all  ordinary  points  on  the  cone  of  minimal  lines  through  0,  'except 
0  itself. 
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Had  a  degenerate  circle  In  the  plane  been  defined  In  the  same  way  that 
a  degenerate  sphere  is  defined  above,  it  would  have  been  found  to  consist  of 
points  on  only  one  minimal  line  through  O,  since  in  the  plane  the  group  of 
displacements  leaves  each  minimal  line  invariant. 

The  Euclidean  classification  of  quadrie  surfaces  may  now  be  made 
in  a  manner  entirely  analogous  to  the  Euclidean  classification  of  conic 
sections  in  Chap.  V.  After  completing  the  protective  classification 
(§  103)  and  the  affine  classification  (§111,  Ex.  2)  and  obtaining  the 
properties  of  diameters  and  diametral  planes,  the  principal  remaining 
problem  is  that  of  determining  the  axes,  an  axis  being  defined  as  a 
line  through  the  center  of  the  quadric  perpendicular  to  its  conjugate 

planes, 

A  line  1  and  a  plane  ir  meet  the  plane  at  infinity  In  a  point  i.  and  a 
line  pm  respectively.  If  I  and  ir  are  perpendicular,  La  and  p*  are  polar 
with  respect  to  2..  If  I  and  ir  are  conjugate  with  regard  to  a  quadrie 
(£9  Lm  and  _p«  are  polar  with  respect  to  the  conic  (real,  imaginary,  or 
degenerate)  IB  which  Q*  meets  «•„.  Hence  the  problem  of  finding  the 
axes  is  reduced  to  that  of  finding  the  points  which  have  the  same 
polar  lilies  with  respect  to  two  conies.  This  problem  has  been  treated 
In  §  101,  VoL  I,  for  the  case  where  both  conies  are  nondegenerate. 
In  general  the  two  conies  have  one  and  but  one  common  self-polar 
triangle.  Hence,  In  general,  a  quadric  surface  has  three  axes  which  are 
mutually  orthogonal.  The  determination  of  the  other  cases  which  may 
arise  is  a  problem  (Ex.  5,  below)  requiring  a  comparatively  simple 
application  of  methods  and  theorems  which  we  have  already  explained. 

The  classification  of  point  quadries  includes  that  of  cones  and 
conic  sections,  the  properties  of  cones  and  conies  in  three-dimensional 
Euclidean  geometry  being  by  no  means  dual  to  each  other.  In  con- 
nection with  this  it  is  of  interest  to  prove  the  following  theorem,  which 
embodies  perhaps  the  oldest  definition  of  a  conic. 

THEOREM  21.  Any  nondegenerate  real  conic  is  perspective  with  a 
circle. 

Proof.  Let  C2  be  a  given  conic  and  JT2  a  circle  in  a  different  plane 
having  a  common  tangent  and  point  of  contact  with  <72.  By  Theorem  1 1, 
Chap.  VIII,  VoL  I,  C*  and  JT2  are  sections  of  the  same  cone. 

COROLLARY.  Any  cone  of  lines  is  a  projection'  of  a  circle  from  a 
point 
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EXERCISES 

1.  The  equation  of  a  splaere  of  center  (a,  b,  e)  in  rectangular  coordinates  is 

(z-a)«  +  (y-&)«  +  (s-c)»  =  *. 

2.  The  set  of  points  on  the  lines  of  intersection  of  homologous  planes  in 
the  corresponding  pencils,      _ 

x2  +  V—  Ixs  =  A(z0  4-  Xj), 


is  a  sphere. 

3.  A  right  circular  cone  is  a  projection  of  a  circle  from  a  point  from  which 
the  extremities  of  any  diameter  are  projected  by  a  pair  of  perpendicular  lines. 
Any  conic  may  be  regarded  as  the  plane  section  of  a  right  circular  cone. 

*4.  Develop  the  theory  of  stereographic  projection  of  a  sphere  on  a  plane 
(cf.  §  100). 

*5.  Classify  the  qiiadrie  surfaces  from  the  point  of  view  of  Euclidean 
geometry.  Having  made  the  classification  geometrically,  find  normal  forms 
for  the  equations  of  the  quadrics  of  the  different  classes  and  the  criteria  to 
determine  to  which  class  a  given  quadric  belongs.  This  is  analogous  to  the 
work  in  Chap.  Y. 

*6.  Classify  the  linear  complexes  from  the  point  of  view  of  Euclidean 
geometry. 

*7.  Starting  with  a  definition  of  an  inversion  with  respect  to  a  sphere  analo- 
gons  to  that  of  an  inversion  with  respect  to  a  circle  (§  71),  develop  the  theory 
of  the  inversion  group  of  three-dimensions.  This  should  be  done  both  in  the 
real  and  complex  cases  and  the  real  and  complex  inversion  spaces  studied, 

121.  Resolution  of  a  displacement  into  orthogonal  line  reflections* 

The  properties  of  the  group  of  displacements  are  closely  bound  up 
with  the  theorem  that  any  displacement  is  a  product  of  two  orthogonal 
line  reflections.  In  proving  this  theorem  we  shall  place  no  restriction 
on  the  absolute  polar  system  2^,  except  that  it  "be  nondegenerate,  and 
shall  base  our  reasoning  on  Assumptions  A,  E,  H0  only.  We  are 
therefore  obliged  to  consider  transformations  which  do  not  exist  in 
the  Euclidean  geometry,  namely  those  with  minimal  lines  as  axes. 

DEFINITION.  The  line  at  infinity  polar  in  2.,  to  the  center  of  a  trans- 
lation is  called  the  axis  of  the  translation.  If  the  axis  is  tangent  to 
the  circle  at  infinity,  the  translation  is  said  to  be  isotropic  or  minimal. 

THEOKEM  22.  A  product  of  two  orthogonal  line  reflections  whose 
axes  I  and  m  are  parallel  is  a  translation  who&e  axis  is  the  line  at 
infinity  of  any  plane  perpendicular  to  the  plane  of  I  and  m  and  par- 
allel to  1.  Conversely,  let  T  le  any  translation  arid  I  any  nonminimal 
line  meetmg  Us  axis;  (ken  if  mis  the  line  containing  the 
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of  every  pair  of  points,  L  and  T  (£),  /or  li'MeA  L  is  on  I,  and  if  I1  is 

the  pole  in  2*  of  the  point  at  infinity  of  I, 


Proof.  If  the  axes  I  and  w  of  two  orthogonal  line  reflections 
and  {HIM'}  are  parallel,  they  meet  w.  in  a  point  J£.  Each  of  the 
orthogonal  line  reflections  effects  ia  *-„  a  harmonic  homology  whose 
axis  I  is  the  polar  of  J*  in  2..  Hence  the  product  leaves  all  points 
at  infinity  invariant.  In  the  plane  of  I  and  m  the  product  {ml!}  •  {IV} 
effects  a  planar  translation  parallel  to  any  line  perpendicular  to  I. 
Therefore  the  product  {ml1}  •  {//'}  is  a  translation  in  space  parallel 
to  this  line.  Its  axis,  therefore,  is  the  line  at  infinity  of  any  plane 
perpendicular  to  the  plane  of  I  and  m  and  parallel  to  L 

The  converse  follows  directly  in  the  same  manner  as  the  analogous 
statement  in  Theorem  4,  Chap.  IV. 

THEOREM  23.  Any  displacement  is  a  product  of  two  orthogonal 
line  reflections. 

Proof.  In  case  the  displacement,  which  we  shall  denote  by  A,  is  a 
translation  the  theorem  reduces  to  Theorem  22.  In  any  other  case  A 
is  a  product  of  a  rotation  and  a  translation  (Theorem  16,  Cor.  2),i.e. 
A={JB./>}-{«w}-T, 

where  T  is  a  translation  which  may  be  the  identity.  Thus  A  effects 
in  the  plane  at  infinity  a  product  of  two  harmonic  homologies  whose 
centers  and  axes  are  -£,  pm  and  J5*,,  rm  respectively,  where  p.  is  the 
line  at  infinity  of  TT  and  r^  that  of  p. 

Let  $  be  an  arbitrary  ordinary  point  and  Qr=  A($).  Let  I  be  the 
line  of  intersection  of  the  planes  joining  Q  to  pm  and  Qf  to  rx.  These 
planes  cannot  be  parallel,  because  p*  and  r»  do  not  coincide  ;  and  I 
cannot  contain  J£  or  JB«,,  because  K>  is  not  on  pm  and  JS«  is  not  on  r*. 

Let  0  be  an  ordinary  point  of  I  such  that  neither  of  the  lines  OQ 
and  OQf  contains  R  or  R*.  (If  the  lines  OQ  and  OQ1  coincide,  they 
coincide  with  1.)  Let  P  be  the  mid-point  of  OQ,  R  the  mid-point  of 
OQ',  and  let  p  and  r  be  the  lines  PP*  and  RRM  respectively.  Then 
p  and  r  are  such  that  there  exist  orthogonal  line  reflections  {pp»} 
and  {rrM}  such  that  {rr«,}($')  =  0, 


Hence  {pp.}  -  {rr^}  -  (Q1}  =  Q. 
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Moreover,  {pp*}  -  {rrx}  effects   the   inverse    of    the   transformation 
effected  in  the  plane  at  infinity  by  A.    Hence  {pp*}  •  {rrx}  •  A  leaves 

invariant  all  points  at  infinity  as  well  as  Q,  and  hence 

{H».}.{rrx}.A=l, 


or 


It  is  now  very  easy  to  enumerate  the  possible  types  of  displace^ 
ments.  A  displacement  A  being  expressed  in  the  form  {IV}  •  {mm'}, 
the  following  cases  can  arise  :  * 

L  The  lines  I  and  m  intersect  in  an  ordinary  point  O.  A  is  a  rota- 
tion which  is  the  product  of  the  orthogonal  reflections  in  the  planes 
perpendicular  to  I  and  m  respectively  at  0.  Two  subcases  must  be 
distinguished  : 

(a)  The  plane  containing  I  and  m  is  not  minimal  A  is  a  rotation 
about  the  common  intersecting  perpendicular  of  I  and  m. 

(5)  The  plane  containing  I  and  m  is  minimal.  A  is  an  isotropic 
rotation  about  the  line  joining  0  to  the  point  in  which  the  plane  of 


*  It  is  to  "be  remembered  ttiat  neither  /  nor  m  can  be  minimal. 
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I  and  j/i  touches  the  circle  at  Infinity.  It  evidently  effects  a  parabolic 
transformation  in  the  pencil  of  planes  meeting  its  axis  ami  also  effects 
an  elation  in  the  fixed  plane  on  the  axis. 

II.  The  lines  I  and  m  are  parallel.  If  we  denote  their  common 
point  at  infinity  by  JS,  and  its  polar  line  with  respect  to  2«  by  p<»9 
Theorem  22  states  that  A  is  a  translation  whose  axis  is  the  line  polar 
in  2«  to  the  point  in  which  the  plane  of  I  and  m  meets  p*>.  The  latter 
point  is  the  center  of  the  translation.  Two  cases  arise : 

(a)  The  axis  of  the  translation  is  not  tangent  to  the  circle  at  infinity. 

(i)  The  axis  of  the  translation  is  tangent  to  the  circle  at  infinity, 
and  the  translation  is  isotropic. 

Ill   The  lines  I  and  m  do  not  intersect   Again  two  cases  arise : 

(a)  The  lines  I  and  m  have  a  common  intersecting  perpendicular 
line  a  (Theorem  6)  which  is  not  minimal.    Let  p  be  the  line  parallel 
to  m  and  passing  through  the  point  of  intersection  of  /  with  a.   Then 

&={tt'}  •  ifp*}  •  ipp'}  •  {mm*}. 

Thus  A  is  the  product  of  a  rotation  {II1}  *  {ppf}  about  a  by  a  translation 
{ppf}  '  {mm*}  parallel  to  a. 

(b)  The  lines  /  and  m  have  no  common  intersecting  perpendicular. 
In  this  case  they  are  (Theorem  6)  both  parallel  to  the  same  minimal 
plane  a.   Let  a*  be  the  line  at  infinity  of  a,  and  A*  its  point  of  con- 
tact with  the  circle  at  infinity.  Then  I  and  m  pass  through  points  of  aw 
distinct  from  each  other  and  from  A*,  and  V  and  mf  pass  through  A*. 
Therefore  A  effects  a  transformation  of  Type  III  (§  40,  Vol.  I)  in  the 
plane  at  infinity,  with  A*  as  its  fixed  point  and  am  as  its  fixed  line. 
It  also  effects  a  parabolic  transformation  in  the  pencil  of  planes  with  aw 
as  axis.   Thus  its  only  fixed  point  is  -4.,  its  only  fixed  line  &«,,  and  its 
only  fixed  plane  TT*,. 

DEFINITION.  A  displacement  of  Type  Ilia,  i.e.  a  product  of  a  non- 
isotropic  rotation  by  a  translation  parallel  to  its  axis,  is  called  a  twist  or 
screw  motion.  The  axis  of  the  rotation  is  called  the  axis  of  the  twist. 

THEOEEM  24.  A  displacement  which  interchanges  two  distinct  ordi- 
nary points  is  an  orthogonal  line  reflection. 

Proof.  Denote  the  given  points  by  A  and  B.  The  given  displace- 
ment A  cannot  be  a  translation,  because  a  translation  carrying  a 
point  A  to  a  point  B  would  carry  B  to  a  point  C  such  that  B  is  the 
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mid-point  of  the  pair  AC.  Xor  can  A  be  a  twist  or  a  transformation  of 
Type  Illb,  because  either  of  these  types  effects  the  same  transforma- 
tion as  a  translation  on  a  certain  system  of  parallel  planes,  and  hence 
no  point  can  be  transformed  involutorically.  And  A  cannot  be  an 

isotropic  rotation,  because  in  this  case  it  would  effect  a  parabolic  trans- 
formation in  the  planes  on  its  axis  and  an  elation  in  the  one  fixed 
plane  on  the  axis.  Hence  A  is  a  nonisotropic  rotation.  By  reference 
to  §  115  it  follows  that  A  must  be  an  orthogonal  line  reflection. 

THEOREM  25.  If  A1?  A0,  As  are  three  orthogonal  line  reflections 
whose  axes  are  parallel  or  hare  a  common  intersecting  perpendicular 
I,  the  product  A3A0At  is  an  orthogonal  line  reflection  whose  axis  is 
parallel  to  the  other  three  axes  in  the  flrst  case  and  is  an  inter- 
secting perpendicular  of  I  in  the  second  case. 

Proof.  In  case  the  three  axes  are  parallel,  by  Theorem  22,  A2At  is 
a  translation  which  is  also  expressible  as  the  product  of  Aa  by  another 
orthogonal  line  reflection  A4,  so  that 

and  hence  A8A2AX  =  A4. 

In  case  the  three  axes  have  a  common  intersecting  perpendicular  I, 
the  orthogonal  line  reflections  effect  involutions  on  I  having  the  point 
at  infinity  of  I  as  a  common  double  point.  Hence  (§  108,  Theorem  42) 
the  product  A3A2AX  effects  an  involution  on  I  whose  double  points  are 
the  point  at  infinity  and  an  ordinary  point  P.  Hence,  by  Theorem  24, 
AgAjjAj  is  an  orthogonal  line  reflection  A4.  Since  P  is  left  invariant 
by  A4,  it  is  on  the  axis  of  A4 ;  and  this  axis  is  perpendicular  to  I  because 
A4  leaves  I  invariant. 

EXERCISE 

Tlie  product  of  an  isotropic  rotation  by  a  translation  parallel  to  its  axis  is 
an  isotropic  rotation  about  an  axis  in  the  same  minimal  plane. 

122.  Rotation,  translation,  twist.  Let  us  now  require  the  absolute 
polar  system  to  be  elliptic,  as  in  the  real  Euclidean  geometry.  In  this 
case  there  are  no  minimal  lines,  and  hence  the  possible  types  of  dis- 
placement are  reduced  to  la,  Ila,  Ilia.  Thus  we  have 

THEOREM  26.  In  case  the  absolute  polar  system  is  elliptic  any  dis- 
placement is  a  rotation  or  a  translation  or  a  twist. 
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With  this  assumption  about  the  absolute  polar  system  we  have 
a  particularly  simple  method  for  the  combination  of  displacements 
which  depends  on  Theorem  25.  Suppose  that  we  wish  to  combine 
two  displacements  {I/,}  •  {I/,}  and  {l&}  •  {Ifi}.  Let  a  be  a  common 
intersecting  perpendicular  of  ^  and  72,  and  I  of  ls  and  Ii3  and  let  m  be 
a  common  intersecting  perpendicular  of  a  and  6.  Then  the  product  A 
of  the  two  displacements  satisfies  the  following  conditions  : 


By  the  theorem  just  proved  there  exist  two  orthogonal  line  reflections 


(24) 

and 

(25) 

Hence  A  =  {qq1}  •  {ppr}. 

Another  way  of  phrasing  this  argument  is  as  follows  : 
By  (24),  (VI)  •  {«}  =  fez'} 

and,  by  (25),  {IJ£  *  {l&}  =  (mm' 

Hence         A  =  {qtf}  -  {mm'}  •  {mm'}  -  {ppf}  = 

The  analogy  of  this  process  with  that  of  the  composition  of  vectors  is  very 
striking.  A  vector  is  denoted  by  two  points.  A  displacement  is  denoted  by 
Ag  .  Ax  where  A^  and  Ax  are  the  orthogonal  line  reflections  of  which  it  is  the 
product.  In  order  to  add  two  vectors  AB  and  CD  we  choose  an  arbitrary 
point  0  and  determine  points  P  and  Q  such  that 

AB  =  PO  and  CD  =  0Q. 
Then  we  have  AB  +  CD  =  PO  +  OQ  =  PQ. 

In  the  case  of  two  displacements  A^Aj  and  A4A8  we  find  an  orthogonal  line 
reflection.  A  (which  is  not  arbitrary  but  is  determined  according  to  Theorem  25), 
for  which  there  are  two  others,  A5  and  A6,  such  that 
A^  =  AAS  and  A4A3  =  A6A. 
Hence  A^A^Aj  =  A6AAA5  =  A6A5. 


Similar  remarks  can  be  made  with  regard  to  any  group  of  transformations 
which  are  products  of  pairs  of  involutoric  transformations.  See  §  108  and, 
particularly,  the  series  of  articles  by  H.  Wiener  which  are  there  referred  to. 

The  resolution  of  a  general  displacement  into  a  product  of  two 
rotations  of  period  two  is  a  special  solution  of  the  problem  to  express 
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a  given  displacement  A  as  a  product  PA  where  P  and  A  are  rotations, 
A  being  of  period  two.  The  general  solution  of  this  problem  may  be 
found  very  simply  in  terms  of  the  special  one  as  follows  : 

Let  P  be  any  point  of  space,  and  let  a  be  any  line  through  P 
such  that  A={W}.  {«*'}. 

Let  p  be  the  line  through  P  perpendicular  to  a  and  intersecting  J, 
and  let  TT  be  the  plane  through  P  perpendicular  to  p.  Then  any  line  I 
on  P  and  IT  may  be  taken  as  the  axis  of  A.  This  is  obvious  if  /  =  &. 
It  13=  a,  the  product  {aaf}  *  {II1}  is  a  rotation  about  p,  because  I  and  a 

are  perpendicular  to  p  at  P.   Hence 

A  •  {IP}  =  {W}  •  {aaj  .  {IV}  =  P 

is  a  rotation  about  an  axis  through  the  point  of  intersection  of  "b  and  p. 
Hence 

(26)  A=PA 

where  A  = 


Moreover,  If  I  be  any  line  through  P  and  not  in  ir9  {aaf}  -  {IV}  is 
a  rotation  about  a  line  g  perpendicular  to  a  and  I  and  hence  distinct 
from  p.  Since  q  is  perpendicular  to  a  and  not  identical  with  p9  it 
does  not  meet  5.  Hence  the  displacement 


is  not  a  rotation.  Hence  the  pencil  of  lines  on  P  and  ir  is  the  set  of 
all  lines  on  P  which  are  axes  of  the  rotations  A  of  period  two  such 
that  A  =  PA  where  P  is  a  rotation. 

This  argument  applies  to  any  ordinary  point  P.  There  is  no  diffi- 
culty in  seeing  that  any  point  at  infinity  is  also  the  center  of  a  flat 
pencil  of  lines  any  one  of  which  may  be  chosen  as  the  axis  of  A  in  (26). 
From  this  it  follows  by  Theorem  24,  Chap.  XI,  Vol.  I,  that  the  set  of 
all  lines  which  are  axes  of  A's  satisfying  (26)  form  a  linear  complex, 
The  argument  for  the  case  when  P  is  at  infinity  is  left  as  an  exercise  f  01 
the  reader  (Ex.  7).  By  another  application  of  Theorem  24,  Chap.  XI 
VoL  I,  it  is  easy  to  prove  that  the  axes  of  the  rotations  P  which 
satisfy  (26)  are  the  lines  of  another  linear  complex.  This  is  also 
left  as  an  exercise  (Ex.  8).  Other  instances  of  the  resolution  of  a 
general  displacement  into  displacements  of  special  types  are  given 
in  Exs.  9-11.  These  exercises  all  connect  closely  with  those  given 
in  the  next  section 
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DEFINITION.  A  twist  T  such,  that  F2  is  a  translation  is  called  a 
half  twist. 

An  orthogonal  line  reflection  is  a  special  case  of  a  half  twist,  and 
any  half  twist  is  a  product  of  two  orthogonal  line  reflections  whose 
axes  are  perpendicular. 

EXERCISES 

1.  If  the  three  common,  intersecting  perpendiculars  of  the  pairs  of  oppo- 
site edges  of  a  simple  hexagon  are  also  the  lines  joining  the  mid-points 
of  the  pairs  of  vertices  on  opposite  edges,  they  have  a  common  intersecting 
perpendicular, 

2.  If  the  product  of  three  orthogonal  line  reflections  is  another  line  reflec- 
tion, the  three  axes  are  parallel  or  are  all  met  by  a  common  perpendicular. 

3.  For  any  three  congruent  figures  Fv  Fz,  Fz  there  exists  a  figure  F  and 
three  lines  lv  ls,  ls  such  that 


(See  the  note  by  G.  Darboux  on  p.  351  of  Legons  de  Cinematique,  Paris,  1897, 
by  (r.  Koenigs,  where  the  theorem  is  credited  in  part  to  Stephanos.) 

4.  The  axes  of  two  harmonic  orthogonal  line  reflections  meet  and  are 
perpendicular. 

5.  For  any  pair  of  orthogonal  line  reflections  there  is  a  third  which  is 
harmonic  to  both. 

6.  Under  what  conditions  are  two  displacements  commutative  ? 

7.  For  any  displacement  A  there  exists  a  linear  complex  C  of  lines  such 
that  every  ordinary  line  of  C  is  an  axis  of  a  rotation  A  of  period  two  such  that 

A=PA 

where  P  is  a  rotation.   ISTo  line  not  in  C  is  an  axis  of  such  a  A. 

8.  If  A  is  a  displacement  which  is  not  of  period  two,  the  axes  of  the 
rotations  P  determined  in  Ex.  7  form  a  linear  complex  (7X  which  has  in 
common  with  C  all  the  lines  perpendicular  to  the  axis  of  A. 

9.  Any  displacement  A  can  be  put  in  the  form 

A  =  AP 

where  A  and  P  are  rotations  and  A  is  of  period  two.    The  axes  of  the  A's 
satisfying  this  condition  constitute  the  ordinary  lines  of  the  complex  C(Ex.  7) 
and  those  of  the  P's  the  ordinary  lines  of  Ct(Ex.  8). 
10.  Any  displacement  A  can  be  put  in  the  form 

(27)  A  =  ?,.?, 

where  Px  and  P2  are  rotations  or  translations.  If  A  is  not  a  rotation  or  trans- 
lation, the  axis  of  Pl  or  of  P2  can  be  chosen  arbitrarily.  The  axes  of  the  Pj*s 
which  satisfy  (27)  are  carried  into  the  axes  of  the  corresponding  P8*s  by  9 
correlation  T. 
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11.  Any  displacement  A  can  be  put  in  the  form 

(28)  A  =  FH 

where  P  is  a  rotation  or  translation  and  H  a  half  twist.  The  axis  either  of 
P  or  of  H  can  be  chosen  arbitrarily.  For  any  P  and  H  satisfying  (28)  there 
exists  a  rotation  or  translation  P"  and  a  half  twist  H'  such  that 

A  =  HF  and  A  =  HT. 

12.  Eyery  symmetry  is  expressible  as  a  product  in  either  order  of  an 
orthogonal  reflection  in  a  plane  v  and  a  rotation  about  a  line  I  perpendicular 


13.  The  mid-points  of  pairs  of  points  which  correspond  under  a  symmetry 
are  the  points  of  the  plane  «•  (Ex.  12)  or  else  coincide  with  the  point  lit.   The 
planes  perpendicular  to  the  lines  joining  these  pairs  at  their  mid-points  pass 
through  the  point  ITT. 

14.  Every  symmetry  transformation  is  expressible  as  a  product  in  either 
order  of  an  orthogonal  plane  reflection  and  an  orthogonal  line  reflection. 

15.  Determine  the  types  of  symmetry  transformations  which  are  distinct 
under  the  Euclidean  group. 

123.  Properties  of  displacements.  The  main  properties  of  displace- 
ments which  we  have  found  may  he  stated  as  follows  for  the  real 
Euclidean  geometry:  ^ 

Any  displacement  A  has  a  unique 
axis  a  which  is  a  line  at  infinity  only 
in  case  A  is  a  translation.  The  displace- 
ment is  a  product  of  two  orthogonal 
line  reflections,  ie. 


The  lines  ^  and  Z2  meet  a  in  two  points 
Al  and  A2  and  are  perpendicular  to  it 
Let  the  measure  of  the  angle  between 
L  and  L  be  0  and  the  distance  between 

T?T/"-     7A 

AI  and  Az  be  d.   Then  A  is  the  result- 
ant of  a  translation  T  parallel  to  a  which  carries  every  point  X 
to  a  point  X1  such  that 


and  a  rotation  P  with  a  as  axis  which  carries  each  plane  TT  on  d  to 
a  plane  TT'  such  that  the  angular  measure  of  TT  and  <TT'  is  2  0, 

DEFINITION.  The  numbers  2  0  and  2  d  respectively  are  called  the 
angle  of  rotation  and  distance  of  translation  respectively  of  A. 
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The  rotation  P  such,  that  A  =  TP=  PT  is 

P  =  {lJ!}-{^}> 

where  I2  is  the  line  through  Al  parallel  to  I2.  Let  J^  and  J?a  be  two 
points  of  ^  and  Zft  respectively,  so  chosen  that  the  measure  of  4  J^A 
is  8  (and  not  ir~d)*  Let  one  of  the  two  sense-classes  (§  31)  in  the 
Euclidean  space  be  designated  as  positive. 

If  0  gfe  d  &  ~,  there  are  two  points  J?S7  JB£  on  a  such  that 

Dist  (A&)  =  Dist  (A&)  =  tan  ft 
These  points  are  on  opposite  sides  of  the  plane  A^B^  and  hence 

S^AAA)  =£  S(£iBis*Bi)-  Let  &*  ^  that  one  of  tbese  Points  for 
which  S(A1B1S.IB^  is  positive.  If  5  =  0,  let  -B,=^r  It  is  easily  seen 
that  this  determination  o!  #3  is  the  same  for  any  choice  of  B^  and  JE?a 

subject  to  the  conditions  imposed  above.   Hence  any  displacement  A 

for  wJiiek  &  ^  ~  determines  uniquely  a  line  a  and  two  vectors  A^A^ 

ajid  AJty  which  are  parallel  to  a  if  a,  is  ordinary.  If  a  is  ideal,  A 
is  a  translation  and  A^BZ  zero. 

Conversely,  an  ordinary  line  a  and  two  vectors  parallel  to  a  deter- 
mine a  unique  displacement  A.  For  let  A^  be  any  point  of  a,  and  ^ 
any  line  through  Al  and  perpendicular  to  a.  Then  the  first  vector 
determines  a  unique  point  A^  and  the  second  a  unique  point  J^s. 
There  are  two  lines  Z2,  Z2  through  ^1  perpendicular  to  a  and  such  that 
m  (Ify  =  m  (Ify  =  5  where  tan  9  =  Dist  ^5,.  Let  B1  be  an  arbitrary 
point  of  lv  and  52,  \  points  of  Z2>  Z2  respectively,  such  that  &  is  the 
measure  of  4-S^A^  and  4-^A^.  Then  let  J?s  be  that  one  of  I?2 
and  J22  such,  that  >S  (^t^^^g)  is  positive,  and  let  £2  be  the  line  through 
A  parallel  to  A^B^  ^ne  displacement  determined  is 


Hence  any  displacement  A  which,  is  not  a  'half  twist  determines  and 
is  determined  ty  a  lim  a  and  two  vectors  A^A^  and  A^B^.  From  this 
it  is  plain  that  if  it  be  desired  to  specify  a  displacement  by  means  of 
parameters  or  coordinates,  it  is  necessary  to  give  a  set  of  numbers 
which  will  determine  the  line  a  (e.g.  the  Pliicker  coordinates  of 

*  The  measure  of  any  pair  of  lines  in  three-dimensional  Euclidean  geometry 
satisfies  the  condition  0  35  0,^  -•  Cf  .  §  119. 
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the  line)  and  two  additional  numbers  which  will  specify  the  vectors 
JrC  and  A^B^  This  question  is  considered  from  various  points  of 
view  In  the  following  sections. 

For  a  treatment  of  the  general  problem  of  parameter  representations 
of  displacements  and,  indeed,  of  the  whole  theory  of  displacements,  see 
the  articles  by  E.  Study,  Mathematische  Annalen,  VoL  XXXIX  (1891), 
p.  441,  and  Sitzungsberichte  der  Berliner  Mathematischen  Gesellsehaft, 
VoL  XII  (1913),  p.  36.  The  exercises  In  this  section  and  the  last  one 
are  largely  drawn  from  the  first  of  these  articles  and  from  the  articles 
by  Wiener,  referred  to  above. 

EXERCISES 

1.  Let  I  be  the  axis  of  a  twist,  a  any  ray  perpendicular  to  and  intersecting  /, 
and  b  the  ray  into  which  a  is  displaced.    Let  c  be  the  ray  with  origin  at  the 
mid-point  of  the  segment  joining  the  origin  of  a  and  I  and  bisecting  the  angle 
between  the  rays  through  this  point  parallel  to  a  and  I  respectively.   (Two  rays 
are  parallel  if  they  are  on  parallel  lines  and  on  the  same  side  of  the  line  joining 
their  origins.)   The  given  twist  is  the  product  of  the  line  reflection  whose  axis 
contains  a  by  the  line  reflection  whose  axis  contains  c. 

2.  The  product  of  three  rotations  whose  axes  have  a  point  in  common  and 
whose  angles  of  rotation  are  respectively  double  the  angles  between  the  ordered 
pairs  of  planes  determined  by  the  pairs  of  axes  in  a  definite  order,  is  the  identity. 

3.  The  rotations  P  and  P'  described  in  Ex.  11,  §  122,  have  the  same  angle 
of  rotation,  and  the  half  twists  H  and  H'  described  in  the  same  exercise  have  the 
same  distance  of  translation. 

4.  There  exists  an  orthogonal  line  reflection  interchanging  two  congruent 
ordered  pairs  of  points  A^^  and  AJBZ  if  and  only  ifA^B^  is  congruent  to  A2Br 

5.  There  is  a  unique  orthogonal  line  reflection  carrying  a  given  sense-class 
on  a  line  /  to  a  given  sense-class  on  a  line  I'.   The  axes  of  the  two  orthogonal 
line  reflections  carrying  a  line  I  to  a  line  I'  are  perpendicular  to  each  other  and 
to  the  common  intersecting  perpendicular  of  I  and  I'  at  the  mid-point  of  the 
pair  of  points  in  which  the  latter  meets  I  and  I'. 

6.  If  an  ordered   triad   of  noncollinear  points  A^B^C^  is   congruent  to 
an  ordered  triad  A^B^C^  the  axis  of  the  displacement  carrying  A^  Blt  Ct 
to  A %,  B%,  C2  respectively  meets  orthogonally  the  axis  of  the  orthogonal  line 
reflection  which  carries  A±  and  BI  to  two  points  A{  and  B±  of  the  line  J.2B2 
such  that  S(AiBi)  *  S(4aBa> 

7.  If  three  noncollinear  points  Av  Az,  A3  are  displaced  into  A2,  A%,  A± 
respectively,  the  axis  of  the  displacement  is  the  common  intersecting  per- 
pendicular of  the  line  joining  Az  to  the  mid-point  of  A^A^  and  the  line 
joining  A&  to  the  mid-point  of  A2A±. 

8.  Show  how  to  construct  the  axis  of  the  displacement  carrying  an  ordered 
point  triad  AlBICl  to  a  congruent  ordered  triad  A^B2C^. 
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9.  If  a  line  I  be  displaced  to  a  line  f?  the  mid-points  of  pairs  of  congruent 
points  are  the  points  of  a  line  I  or  are  identical ;  the  planes  perpendicular  to 
the  lines  joining  the  pairs  of  congruent  points  at  their  mid-points  meet  on  a 
line  I  or  are  parallel  or  coincide.  Under  what  circumstances  do  the  different 
cases  arise? 

10.  If  a  plane  a  be  displaced  to  a  plane  a,  the  mid-points  of  the  pairs  of 
congruent  points  are  the  points  of  a  plane  a  or  the  points  of  a  line  or  coincide ; 
the  planes  perpendicular  to  the  lines  joining  the  pairs  of  congruent  points 
at  their  mid-points  pass  through  a  point  A  or  all  meet  on  a  line  or  coincide. 
Under  what  circumstances  do  the  different  cases  arise  ?  ^ 

11.  Let  A  be  a  displacement,  P  a  variable  point  of  space,  P*  =  A(P),  P  the 
mid-point  of  the  pair  PPf9  and  TT  the  plane  through  P  perpendicular  to  the 
line  PPt  if  P  5*  P'.  Then  if  A  is  not  a  half  twist,  the  transformations  Tx  such 
that  T!  (P)  —  P  and  T3  such  that  Ts  (P)  =  P/  are  affine  collineations  and 

T2TX  =  A  =  TjTg. 

If  A  is  not  a  rotation,  the  transformation  T  such  that  I?  (P)  =  w  is  a  protective 
correlation  such  that  P  (w)  =  P' ;  i.e.  such  that 

T3  =  A. 

If  A  is  not  a  rotation  or  a  half  twist,  the  transformation  N  such  that  N  (P)  =  TT 

is  a  projective  correlation,  and  in  fact  is  the  null-system  of  the  complex  C 

referred  to  in  Ex.  7,  §  122.   These  transformations  also  satisfy  the  equations 

T^OT,    T2  =  TN,    NA  =  AN. 

12.  Using  the  notations  of  Ex.  11,  if  a  is  any  plane,  A  (a)  =  a',  and  T2  (a)  =  a, 
then  a  bisects  the  pair  of  planes  a  and  a',  and  Tx  (a)  =  a'. 

13.  In  the  correlation  N  the  lines  /  and  Z  defined  by  Ex.  9  correspond. 
The  plane  a  and  the  point  A  defined  in  Ex.  10  also  correspond  in  N. 

14.  The  linear  complex  C(Ex.  7,  §  122)  contains  every  line  I  which  coin- 
cides with  the  line  I  determined  by  the  same  line  J(Ex.  9).   Hence  it  is  the 
set  of  those  lines  I  which  are  perpendicular  to  the  lines  joining  corresponding 
points  of  I  and  I',  and  it  is  also  the  set  of  lines  I  which  intersect  the  lines  join- 
ing corresponding  points  of  I  and  T. 

15.  The  affine  collineation  Tx  (Ex.  11)  carries  the  axis  of  P  (Ex.  11,  §  122) 
to  that  of  H'. 

16.  The  correlation  T  (Ex.  11)  carries  the  axis  of  Pl  (Ex.  10,  §  122)  to  that 
of  P2. 

17.  The  transformations  T~x,  T2,  T,  T~l  all  carry  C  (Ex.  7,  §  122)  into  Cl 
(Ex.  8,  §  122). 

124.  Correspondence  between  the  rotations  and  the  points  of  space. 

If  we  confine  attention  to  tlie  rotations  leaving  a  point  0  invariant,* 

*  By  the  reasoning  in  §  90  it  is  clear  that  this  amounts  to  considering  the  effect 
of  all  displacements  on  the  field  of  vectors. 
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the  considerations  of  the  last  section  simplify  considerably.  The 
points  J11  and  A,  may  be  taken  as  coincident  with  0,  and  the  point 
B9  shall  be  denoted  by  £.  Then  every  noninvolutoric  rotation  P 
corresponds  to  a  definite  point  It  on  its  axis.  An  involutoric  rotation 
(orthogonal  line  reflection)  may  be  taken  to  correspond  to  the  point 
at  infinity  of  its  axis.  Hence  the  rotations  leaving  0  invariant  cor- 
respond in  a  one-to-one  and  reciprocal  way  to  the  points  of  the  real 
protective  space  consisting  of  the  given  Euclidean  space  and  its 
points  at  infinity. 

Let  OX,  0  F,  OZ  be  axes  of  a  rectangular  coordinate  system  with  0 
as  center  such  that  S(OXYZ)  is  the  positive  sense-class.  Whenever 
E  is  distinct  from  the  origin,  denote  the  measures  of  &ROX, 
&ROZ  by  a}  ft,  7  respectively.  Then  the  coordinates  of  E  are 

x  =  tan  d  cos  a9 


z  =  tan  6  cos  j. 

Let  (aQ9  al9  &2,  #s)  be  the  homogeneous  coordinates  of  It,  so  chosen 
that  if  It  is  ordinary,        a  a  a 


and  if  R  is  at  infinity,  aQ=  0,    In  either  case  we  may  take 
#0  =  cos  Qy     al  =  sin  6  cos  a,     #2=  sin  9  cos yS,     #s  =  sin 6 

According  to  Theorem  23  any  rotation  (aQ,  #x,  «2,  #3)  is  expressible 
as  a  product  of  two  involutoric  rotations  (0,  \,  X2,  X3)  and  (0,  /^,  /x2,  /AS). 
According  to  the  convention  just  introduced,  the  X's  and  //s  may 
be  regarded  as  direction  cosines.  Hence,  by  Exs.  5  and  7,  §  119, 

(29)  a0  = 

Two  fundamental  problems  now  arise :  (1)  to  express  the  coordi- 
nates of  the  point  representing  the  resultant  of  two  rotations  in 
terms  of  the  coordinates  of  the  points  representing  the  rotations,  and 
(2)  to  write  the  equations  of  a  rotation  in  terms  of  the  parameters 

The  formulas  (29)  are  a  special  case  of  the  formulas  which  furnish 
the  solution  of  the  first  of  these  problems.  The  formulas  for  the 
general  case  may  be  found  by  an  application  of  the  method  for 
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compounding  rotations  described  in  §  122.  Let  the  two  rotations 
correspond  to  J  =  («0,  «,,  as,  «,)  and  5  =  (4,  /3Z>  ftv  £.)  respectively. 
Let  /* ,  /*2,  ^3  be  direction  cosines  of  a  line  perpendicular  to  OA  and 
05.  Then  the  rotation  («0,  al5  «2,  a,)  is  expressible  by  means  of 
the  formulas  (29)  and  (£0,  ft,,  £,,  £,)  by  the  following: 


(30)  /30=AVi 


,  ft, 


According  to  the  principle  explained  in  §  122,  the  point  (-y0,  yl}  7,,  <ys) 
which  represents  the  product  of  (afl,  o^,  asJ  aj  followed  by  (^0,  ^,  yS2,  ^a)  is 


(31)    70= 


\\ 


X.  X, 


The  result  of  eliminating  the  X's,  p'a,  and  v'a  from  these  equations  is 


(32) 


This  is  most  easily  verified  by  substituting  (29),  (30),  and  (31)  in  (32). 
The  rotation  (<y0,  <y1?  y2,  *ys)  which  is  the  product  of  (a;0,  a^  cr2,  a8)  and 
(yS  ,  /8  ,  y8  ,  /9S)  must  be  that  given  by  (32)  ;  for  if  not,  there  would 
be  some  ease  in  which  (32)  would  not  be  satisfied  by  the  values  of 
<V  /30>  %>,  etc.  given  by  (29),  (30),  and  (31). 

The  formulas  (32),  which  are  due  to  0.  Eodrigues,  Journal  de 
Mathematiques,  Vol  V  (1840),  p.  380,  are  the  same  as  those  for 
the  multiplication  of  quaternions.  Ci  §  127. 

The  problem  (2)  of  expressing  the  coefficients  of  the  equations  (17) 
of  a  rotation  in  terms  of  the  coordinates  of  the  corresponding  point 
{#0,  al9  #2,  #3)  may  be  solved  very  easily  "by  the  formulas  and  theorems 
of  §118,  in  the  case  of  rotations  of  period  two.  The  involutoric 
rotation  corresponding  to  (0,  X1?  X2,  Xg)  is,  in  fact, 

a/«  (2  A*  -  la?  +  2 
(33)  y' 


This  is  easily  verified,  because  (1)  the  matrix  is  orthogonal  and  its 
determinant  is  +1,  (2)  the  transformation  leaves  the  point  (Xlf  \,  Xft) 
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invariant,  (3)  the  matrix  is  symmetric  and  hence  corresponds  to  a 
transformation  of  period  two. 

To  obtain  the  equations  of  the  transformation  corresponding  to 
(a0,  al9  az,  #3)  it  would  be  sufficient  to  take  the  product  of  (33)  and 
the  corresponding  transformation  in  terms  of  /^1,  /*2,  ^  and  compare 
with  equations  (29).  The  algebraic  computations  involved  would, 
however,  be  more  complicated  than  in  the  following  method,  which 
is  based  on  a  simple  observation  with  regard  to  collineations  whose 
equations  are  of  the  form 


(34) 


If  P=(x9  y,  z)  and  JP=  (x9  y,  z),  then  the  vector  OP  is  perpendicular 
to  the  vector  PP,  because 

(35)  5(a-5)  +  y(y-y)-h5(»--2)=0. 

The  transformation  (34)  also  has  the  obvious  property  of  leaving 
invariant  all  points  on  the  line  joining  the  origin  to  (al9  <z2,  #g). 
Conversely,  if  a  collineation 


(36) 


has  the  property  that  whenever  P  =  (x,  y,  z)  is  distinct  from  P  =  (#,  y9  z), 
OP  is  perpendicular  to  PP9  the  relation  (35)  requires  that  a^  =  —  a# 
whenever  -&¥=/  and  that  p=  an=  a23=  asg.  If,  moreover,  (36)  leaves 
all  points  of  the  line  joining  the  origin  to  (al9  #2,  #8)  invariant,  it  must 
be  either  of  the  form  (34)  or  of  the  form 


(34;)  a$  =  ap  4-  ajj  -  a 


It  is  also  to  be  observed  that  the  determinant  of  Transformations 
(34)  and  (34')  is  aQA,  where 

(37)  A  =  *S  +  **  +  **  +  *;. 

This  determinant  can  vanish  for  real  of  a  only  if  #6=  0, 


332  AFF1NE  AXD  EUCLIDEAX  GEOMETRY      [CHAP.VH 

Xow  consider  an  orthogonal  transformation  (IT)  representing  a 
rotation  P  which  is  not  of  period  two.  Let  P  be  an  arbitrary  point, 
jy  _  P(P),  and  P  the  mid-point  of  P  and  P1.  The  relation  between  P 

and  P  is  given  by  the  equations* 

2  &  =  ( 

(38)  2  y  =  flslo? 


The  line  PP  is  perpendicular  to  OP  and  (38)  must  have  the  same 
invariant  points  as  P.  Hence  if  P  is  the  rotation  corresponding  to 
(a  ,  a  ,  #0,  «  ),  the  equations  of  the  transformation  from  P  to  P  must 
be"  of  "the  form  (34)  or  (34f). 

Forming  the  determinants  analogous  to  (19)  in  §  31,  we  see  that 
S(OPPR),  where  E  =  (a0,  o^,  <ra,  aj,  is  positive  if  P  is  given  by  (34) 
and  negative  if  P  is  given  by  (34').  Hence  (38)  must  be  the  inverse 
of  (34).  Solving  the  equations  (34)  we  have 


A 

(89)  ys 


Sg  +  ^+*o*ty  +  *o'  +  *»tff> 


A  A         *  A 

Since  (38)  and  (39)  must  be  the  same  transformation,  we  have 


ii, 
(40)    «2i==25 


These  are  the  formulas,  due  to  Euler,  for  expressing  the  coefficients  of 
an  orthogonal  transformation  in  terms  of  the  homogeneous  parameters 
*»>  **  as>  ar 

*  The  transformation  from  P  to  P  is  that  denoted  by  Tx  in  Ex.  11,  §  123. 
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The  formulas  for  the  a's  in  terms  of  the  a^s  may  be  obtained  by 

taking  linear  combinations  of  Equations  (40) : 


From  this  it  follows  that 

125.  Algebra  of  matrices.    The  algebra  of  the  last  section  may 

be  put  in  a  most  compact  form  by  means  of  matrix  notation.  This 
requires  one  or  two  new  definitions.  The  sum  of  two  matrices  is 
defined  by  means  of  the  following  equation: 


This  operation  obviously  satisfies  the  associative  and  commutative 
laws,  namely 


where  At  Bt  C  stand  for  matrices. 

Multiplication  of  matrices  has  been  defined  in  §  95,  VoL  I,  ie, 

(43)  s  K-)-(&v)=(c-y). 

wbere  c^  =  ^  aa&kj-   ^nder  this  definition  it  is  clear  that 


and 

Also  it  has  already  been  proved  that 


It  is  now  easy  to  see  that,  under  these  definitions,  matrices  have 
most  of  the  properties  of  a  noncommutative  number  system  in  the 
sense  of  Chap.  VI,  VoL  I,  the  matrices 

0  0\  /I  0 

0  0  01     and     (010 

007  \0  0 

taking  the  roles  of  0  and  1  respectively.  The  matrices  of  the  f  onn 


/x  0  0\ 
(0  x  0) 
\0  0  x) 


884 
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form  by  themselves  a  number  system  which  is  isomorphic  with  the 
number  system  of  the  geometry.  Such  a  matrix  may  be  called  a 
scalar  and  be  denoted  by  x, 

Now  let  us  denote  the  orthogonal  matrix  of  the  equations  of  a 
rotation  (17)  by  R,  and  let  the  skew  symmetric  matrix 


~* 


\ 


Q 


be  denoted  by  8.  Then  the  matrix  of  the  transformation  (34)  is  1  +  S 
and  the  matrix  of  the  transformation  (38)  is  J  (1  +  J2).  The  comparing 
of  coefficients  of  (38)  and  of  (39)  amounts  to  writing 


This  equation  may  be  transformed  as  follows  : 


The  last  equation,  however,  states  a  relation  which  is  obvious 
from  the  point  of  view  of  matrices.  For  if  S  be  any  skew  s}^mmetric 
matrix,  the  transposed  of  S  is  —  S.  Since  the  product  of  the  trans- 
posed matrices  of  the  two  given  matrices  is  the  transposed  of  the 
product,  the  transposed  of 


s 
which  is  also  its  inverse.   Hence,  whenever 


K  is  orthogonal 
This  equation  may  be  solved  as  follows  : 

1  +  B  =  {1  +  S)  (1  +  S)~l  +  (1  -  S)  (1  +  S)-1 


(1+.B)-1  = 
2(1+.K)-1-1  =  S) 
2  (1  +  .ff)-1  -  (1  +  R)  (1  +  jj)-i  = 
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which  gives  the  formula  for  a  skew  symmetric  matrix  in  terms  of 
an  orthogonal  matrix. 

The  operation  of  taking  the  inverse  of  a  matrix  is  defined  (cl  §  95, 
Vol.  I)  in  case  the  determinant  of  the  matrix  is  distinct  from  zero. 

In  the  operations  above.,  this  is  a  restriction  on  the  matrix  \-\-R  and, 
by  comparison  with  Equations  (22),  is  seen  to  mean  that  no  point 
must  be  transformed  by  the  rotation  corresponding  to  R  into  its 
symmetric  point  with  respect  to  the  origin. 

The  generalization  from  three-rowed  to  ?i-rowed  matrices  is  obvious, 
and  we  thus  have  the  skew  symmetric  and  orthogonal  matrices  of 
n  rows  connected  by  the  relations 

(44)  E=(l-S)(l  +  S)~\ 

(45)  S=(I-X)(L  +  JK)~\ 

The  equations  between  the  corresponding  elements  in  the  matrices 
which  enter  in  the  first  of  these  two  matrix  equations  are  the  formu- 
las given  by  Cayley  (Collected  Works,  Cambridge,  1889,  Vol.  I,  p.  332), 
expressing  the  %2  coefficients  of  an  orthogonal  transformation  as 

rational  functions  of     ^     —  -  parameters. 

126.  Rotations  of  an  imaginary  sphere.  The  group  of  rotations 
leaving  a  point  invariant  may  be  regarded  as  a  subgroup  of  the 
collineations  of  a  sphere  having  this  point  as  center.  Let  us  consider 
the  imaginary  sphere 

(46)  ^2  +  ^2  +  ^  +  <=0 

and  apply  some  of  the  results  obtained  in  §  102.   If  a  collineation 


carries  each  line  of  one  regulus  on  the  sphere  into  itself,  any  point 
(XQ,  xv  x29  XB)  satisfying  the  condition  (46)  must  be  carried  into  a 
point  (xh  x[,  x^  x£)  satisfying  the  condition 

(48)  ^2-f-<  +  42  +  ^82  =  0, 
which  states  that  it  is  on  the  sphere,  and  the  condition 

(49)  a>X  4-  Xjpi  +  x^  -f  x9xi  =  0, 
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which  states  that  it  is  on  the  plane  tangent  at  (#0,  xl9  xz>  ast).   Substi- 
tuting (47)  in  (48)  we  have,  as  in  §  118, 


8  S 


v->   —  XV 

*ia-2/« 

issQ  tssO 

V0/  +  CliC\f  " 

Substituting  (47)  in  (49)  we  have 

The  matrix  of  the  equations  (47)  must  therefore  be  of  the  form 

(50) 

eca  -< 

IJ.      ft       ft 
"i        A-*0        r-*g 

""£«  "~£s        A> 

On  multiplying  together  two  matrices  of  one  of  these  forms,  the 
product  is  seen  to  be  of  the  same  form ;  whereas  if  two  matrices  of 
different  forms  are  multiplied  together,  the  product  does  not  satisfy 
the  condition  cy  =  —  cji9  i^j.  Hence  the  matrices  of  the  form  (50) 
must  represent  the  projective  collineations  leaving  all  lines  of  one 
regulus  on  (46)  invariant,  and  those  of  the  form  (51)  must  represent 
the  projective  collineations  leaving  all  lines  of  the  other  regulus 
invariant.  Hence,  by  §  102,  any  direct  projective  collineation  leaving 
the  sphere  invariant  is  represented  by  a  product  of  a  matrix  of  type 
(50)  by  one  of  type  (51). 

A  rotation  is  a  direct  collineation  leaving  invariant  both  the  sphere 
and  the  plane  at  infinity  #0  =  0.  A  collineation  (47)  leaves  #0  =  0 
invariant  if  and  only  if  coi  =  e^  =  0og  =  0.  But  on  multiplying  (50) 
and  (51)  it  is  clear  that  this  can  happen  only  if  <XQ  =  p/8a,  o^  =  —  p/3^ 
a^  —  pPtf  #!  ——/>£,»  P  being  any  number  except  zero.  Hence  the 
matrix  representing  a  rotation  is  AA,  where 


and     J 


**      <**-«ii 


*a 
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The  matrix  of  the  product  AA  is 

000 

0  2  (o^a,  —  a0oy      2  (a<flt  4-  (Xffl^      #02 + &l  —  &l  —  a% 

which  agrees  with  (40)  of  §  124. 

Hence  the  parameters  (aot  al9  a2,  a3)  in  the  Euhr  formulas  may  be 
regarded  as  the  elements  of  a  matrix  of  the  form  (50)  which  represents 
the  projectivity  effected  on  one  of  the  reguli  of  (46)  by  the  rotation. 

If  two  rotations  effect  projectivities  A  and  B  respectively  on  a 
regulus,  the  product  of  the  rotations  effects  the  projectivity  BA  on 
the  regulus  (§  102).  Hence  the  product  of  two  rotations  whose 
parameters  are  (o;0,  as,  as,  as)  and  (j80,  /31?  ftz,  ^3g)  respectively  has  the 
parameters  (y0,  7^  y0,  ys),  where 

&*     P*\      t    a*     *i     a2      aa\ 
f-%     70     73-7.2U!-^     ^o^8     ft\./"-«i      «o-«. 


This  yields  the  same  formulas  as  (32)  in  §  124. 

EXERCISE 

A  parameter  representation  for  the  sphere  (46)  is 


where  i2  =  —  1.  The  two  reguli  on  the  sphere  are  the  sets  of  lines  for  which 
Xj/X0  and  f^//^  respectively  are  constant.  The  transformation  whose  matrix 
is  (50)  is  given  by  the  projectivity 

X£  =  (oo  +  io1)X0  +  (a,  -  to,)  A!, 


127.  Quaternions.  The  definitions  of  sum  and  product  of  matrices 
in  §  125  for  three-rowed  matrices  clearly  apply  to  matrices  of  any 
number  of  rows.  With  this  understanding  the  sum  of  two  matrices 
of  the  form  (50)  is  obviously  a  matrix  of  the  same  form.  The  same 
has  been  seen  in  the  last  section  to  be  true  of  the  products  of  two 
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such  matrices.  Hence  the  set  of  all  such  matrices  Is  carried  into 
itself  by  the  operations  of  addition  and  multiplication  of  matrices 
defined  in  §  125. 

Let  us  introduce  the  notation 


,100      (K 
0100! 

o    o    i    or 
*o    o    o    r 

0010, 

0      0      0      II 

-1      0      0      01 

0-1      0      O/ 


0100'^ 
-1000 
000-1 
0      0      1      O/ 

0      0      0      l\ 

00-10 

0100 

-1      0      0      01 


Then  any  matrix  of  the  sort  we  are  considering  is  expressible  in 

the  form 

al  +  a    +  a 


The  matrices  i,  /,  k  satisfy  the  following  multiplication  table : 

J       k 

(52) 


-1       Jc  -j 

—  Je  —  1       i 
k        j  —  i  —  1 

It  has  been  seen  in  §  125  that  matrices  satisfy  the  associative  and 
commutative  laws  of  addition,  the  associative  laws  of  multiplication, 
and  the  distributive  laws.  They  obviously  do  not,  in  the  present  case, 
satisfy  the  commutative  law  of  multiplication.  Addition  is  performed 
by  the  rule 

(5  3)        (a nl  +  a  A  +  aj  +  cclc)  +  (B 'I  +  j3A  4-  8  j  +  j3Jk) 

\        f  \0  1*        2«/*        3    /    '     \'    0  '1  ™2t/      '     ~g    / 


and  multiplication  by  the  rule 
(54)         (aQ  1-h  ae^  +  aj  +  ajc) 

where 


4- 


=  "A  -  *A  -  «A  -  aA- 


(55) 
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From  (53)  it  is  clear  that  the  operation  of  subtraction  can  be  per- 
formed on  any  two  matrices  of  this  form.  From  (55)  it  is  clear 
that  (^1-f-  ^i  -I-  0J+-  fiak)~l  exists  whenever  the  determinant 


A*    A  ~A.    $>i 

is  different  from  zero.  This  condition  is  satisfied  whenever  $0>  jSj, 
^s,  j83  are-  real 

Hence  when  #0,  a^,  #2,  #3  are  real,  the  matrices  of  the  form  (50) 
constitute  a  noncommutative  number  system  in  the  sense  of  Chap.  VI, 
Yol.  I.  This  number  system  is,  in  fact,  the  Hainiltonian  system  of 
quaternions.  Compare  the  references  at  the  end  of  the  next  section, 
particularly  p.  178  of  the  article  in  the  Encyclopadie  and  the  article 
by  Dickson  in  the  Bulletin  of  the  American  Mathematical  Society. 

EXERCISE 

A  system  of  quaternions  may  be  defined  as  a  set  of  objects  [g]  such  that 
(1)  for  every  ordered  pair  of  vectors  af  b  there  is  a  q,  which  we  shall  denote 
by  (£);  (2)  for  every  q  there  is  at  least  one  pair  of  vectors;  (3)  two  pairs  of 

vectors  0.4,  OB  and  OA',  OB'  correspond  to  the  same  q  if  and  only  if  the 
ordered  triads  OA  B  and  OA'B'  are  coplanar  and  directly  similar  in  their 
common  plane;  (4)  the  g's  are  subject  to  operations  of  addition  and  multi- 
plication defined  by  the  equations 


0*0-0) 

Prove  that  a  system  of  <fs  satisfies  the  fundamental  theorems  of  a  number 
system  with  the  exception  of  the  commutative  law  of  multiplication.  See 
G-.  Koenigs,  Legons  de  Cine"matique  (Paris,  1897),  p.  464. 

128.  Quaternions  and  the  one-dimensional  projective  group.    On 

comparing  (32)  and  (55)  it  is  clear  that  there  is  a  correspondence 
between  quaternions,  taken  homogeneously,  and  the  rotations  leaving 
a  point  invariant  in  which  if  two  quaternions  qlf  g2  correspond  to  the 
rotations  P1?  P2  respectively,  the  product  q^  corresponds  to  PaPr  The 
group  of  rotations  is  isomorphic  with  the  group  of  projective  trans- 
formations of  the  circle  at  infinity  and  hence  with  the  projective  group 
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of  any  complex  one-dimensional  form.    There  must,  therefore,  be  a 
relation  between  quaternions  and  the  one-dimensional  projectivities, 

•  __&£  + ft 

jx+S 

The  simplest  way  to  obtain  a  number  system  corresponding  to 
these  transformations  is  to  apply  the  operations  of  addition  and 
multiplication  as  defined  above  to  two-rowed  matrices,  Le. 


w,   - 

CH      I    *    I         **  ^>       I   **~  I                 **       »       5>  O         I        ^    5k1        / 

7n  I      \  'V  o    I        \^  CC    -r"  O  *Y  *Y  O    — T"  O  O    / 

-     I         2'          ^2         S/           \'l    2^        172  '1^8     '        1    2/ 


If  we  write 

a  °\     0  =/°  l]     €  =(°  °\     e  =(°   ° 

(  jO\ 

^  j  =  ae^  4-  ^2  4-  7«3  +  &4. 

The  units  el}  es,  es,  e4  satisfy  the  multiplication  table 


el  ez  0  0 

0  0  e1  e2 

«8  e4  0  0 

0  0  «s  e^ 

Although  these  matrices  satisfy  the  associative  and  distributive 
laws  of  addition  and  multiplication  and  the  commutative  law  of 
addition,  it  is  clear  that  they  do  not  constitute  a  number  system, 
because  it  is  possible  to  have  ab  =  0  when  a  =£  0  and  "b  ^  0.  Never- 
theless, if  we  write 


any  matrix  ^      ^  ]  is  expressible  linearly  in  1,  t,  /,  >fc;  and 

^"2  ...ya  _  ^2  __  ___  j^     ^y  _  _y^  _  ^    jk  =  —  Jcj  =z  i,     Jti  =  —  -  7^  =y. 

Hence  the  system  of  two-rowed  matrices 


where  er,  y3,  7,  8  are  complex  numbers,  is  equivalent  to  the  set  of 
elements 
(56) 
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where  1,  z,  /,  k  satisfy  the  multiplication  table  (52)  of  quaternions. 
The  elements  (56)  are  quaternions,  properly  so  called,  only  when 
a,  5,  c,  d  are  real.  When  ay  ft,  c,  d  are  ordinary  complex  numbers,  the 
elements  (56)  do  not  form  a  number  system  in  the  sense  of  Chap.  VI, 
VoL  I,  because  there  can  be  elements  ar,  y  both  different  from  0  such 
that  xy  =  0. 

It  is  interesting  to  note  that  1,  z,  /,  k  are  the  matrices 


/i  o\   A/TT  o  \   /  o  i\   /  o 
(o  V'  lo  -V^i>  V-i  °>  W= 


o  -V^i     V-i  °     W=i       o 

which  represent  the  identity,  and  three  mutually  harmonic  involutions 


If  the  projectivities  are  represented  on  a  conic,  these  three  involutions 
frave  the  vertices  of  a  self-polar  triangle  as  centers. 
The  matrix  represented  by 


its  determinant  is 


The  geometric  significance  of  this  remark  is  obvious  on  comparison 
with  the  exercise  in  §  126. 

The  relation  between  quaternions  and  the  one-dimensional  projec- 
tive  group  was  discovered  by  B.  Peirce  (cf.  Chap.  VI  by  A.  Cayley  in 
Tait's  Quaternions,  3d  edition,  Cambridge,  1890).  It  is  an  instance  of  a 
general  relation,  noted  by  EL  Poincare,  between  any  linear  associative 
algebra  and  a  corresponding  linear  group.  On  this  subject  see  E.  Study. 
Mathematical  Papers  fern  the  Chicago  Congress  (New  York,  1896),. 
p.  376,  and  Encyclopadie  der  Math.  Wiss.,  I A  4,  §  12 ;  lie-Sheffers, 
Kontinuierliche  Gruppen  (Leipzig,  1893),  Chap.  XXI ;  and  L.  E.  Dick- 
son,  Bulletin  of  the  American  Mathematical  Society,  VoL  XXII 
(1915),  p.  53.  On  the  general  subject  of  linear  associative  algebra  see 
L.  E.  Dickson,  Linear  Algebras,  Cambridge  Tracts  in  Mathematics, 
No.  16,  1914;  and  the  article  by  E.  Study  and  K  Cartan  in  the 
Encyclopedic  des  Sciences  Mathematiqiies,  15. 


342  AFFINE  AND  EUCLIDEAN  GEOMETBY 

*  129.  Representation  of  rotations  and  one-dimensional  pro jectivities 
67  points.  The  parameter  representation  of  the  rotations  about  a 
point  which  we  based  in  §  124  on  a  Euclidean  construction  has  now 
been  seen  to  be  connected  in  the  closest  way  with  the  theory  of  the 
one-dimensional  protective  group.  It  is  therefore  of  interest  to  set  up 
the  correspondence  between  the  points  of  space  and  the  rotations 
about  a  point  in  a  form  which  puts  in  evidence  also  the  correspond- 
ence between  the  points  of  space  and  the  one-dimensional  projec- 
tivities.  This  has  been  studied  in  detail  in  the  memoir  by  Stephanos 
referred  to  in  Ex.  3,  §110.  It  will  be  merely  outlined  here,  because 
the  proofs  are  all  simple  applications  of  theorems  which  should  by 
this  time  be  familiar  to  the  reader.  The  construction  given  below 
has  the  advantage  over  the  one  given  in  §  123  of  being  valid  in  a 
general  projective  space. 

Let  S2  be  an  arbitrary  sphere.  (In  order  to  connect  with  our  pre- 
vious work  S*  may  be  taken  as  the  imaginary  sphere  a?2 4-  jf+af+l 
=s  0).  Let  Ef  and  jB|  be  the  two  reguli  on  5s,  O  the  center  of  £*, 
and  G?  the  circle  at  infinity. 

An  arbitrary  rotation  P  leaving  O  invariant  determines  and  is  fully 
determined  by  a  projectivity  T  of  C2,  and  hence  is  fully  determined 
by  its  effect  on  three  points  J£,  Pz>  P%  of  Ci  If  Za,  Z2,  ls  are  the  lines 
of  22*  on  Pv  J%,  %  respectively,  and  mx,  m2,  ms  the  lines  of  JB|  on  the 
points  P  (JJ),  P  (J§),  P  (2J)  respectively,  the  planes  Z^,  Z2m2,  Z8m, 
meet  in  a  point  It.  Let  R  correspond  to  P  and  to  F  (cf.  Ex.  2,  §  110). 

The  following  propositions  are  now  easily  established  by  reference 
to  theorems  on  one-dimensional  forms  : 

The  point  &  is  on  the  axis  of  P  and  is  independent  of  the  choice 
of  J?,  %  % 

If  the  line  OR  meets  S*  in  two  points  Q^,  B  ($&>  OR)  is  the 
cross  ratio  of  F. 

The  involutions  correspond  to  points  of  the  plane  at  infinity. 

Pairs  of  inverse  projectivities  correspond  to  pairs  of  points  having 
O  as  mid-point. 

Harmonic  projectivities  (§80,  Vol.  I)  of  C2  correspond  to  points 
which  are  conjugate  with  respect  to  $2. 

The  projectivities  of  <7»  harmonic  to  a  given  projectivity  corre- 
spond to  the  points  of  a  plane.  Such  a  set  of  projectivities  may  be 
called  a  bundle  of  projectivities. 
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The  projectivities  common  to  two  bundles  correspond  to  the  points 
of  a  line  and  may  be  called  a  pencil  of  projectivities. 

A  pencil  of  involutions  according  to  this  definition  is  the  same  as 
a  pencil  of  involutions  according  to  the  definition  in  §  78,  Vol.  I. 

The  product  of  the  projectivities  corresponding  to  points  H1  and  JR  , 
not  collinear  with  O,  corresponds  to  a  point  J?3  obtained  by  the  fol- 
lowing construction  :  Let  Zf»  I'1  be  the  lines  of  It*  through  the  points 
in  which  OJRl  meets  $2,  and  let  mf,  mrr  be  the  lines  of  J?|  through 
the  points  in  which  OE^  meets  $2.  The  line  through  2^  meeting 
mf  and  mrf  intersects  the  line  through  J?2  meeting  /;  and  P  in  the 
point  J?8.  If  lf  and  ln  coincide,  the  line  meeting  them  is  understood 
to  be  tangent  to  S2,  and  a  similar  convention  is  adopted  in  case  mJ 
and  m!1  coincide. 

If  jKx  be  regarded  as  fixed  and  J&2  as  variable,  J?3  is  connected  with 

J2  by  the  relation 

JBg=A(.Ra), 

where  A  is  a  projective  collineation  leavhig  the  lines  I1,  ln  pointwise 
invariant.  In  case  V  =  ln>  A  is  a  collineation  of  the  type  in  which  all 
points  and  planes  on  V  are  invariant  and  each  plane  on  V  is  trans- 
formed by  an  elation  whose  center  is  the  point  of  contact  of  this 
plane  with  S2. 

If  J?  be  regarded  as  fixed  and  R^  as  variable,  the  transformation 
defined  by  the  relation 


is  a  collineation  interchanging  the  reguli  J2*  and  J5|,  and  carrying 
each  line  I  of  Itf  into  the  line  m  of  R%  in  the  plane  J%slf  and  each 
line  m  of  R%  into  the  line  I  of  Jfcf  in  the  plane  Om. 

The  propositions  above  are  derivable  from  Assumptions  A,  E,  P. 
In  a  real  space  we  have 

The  rotations  represented  by  points  of  a  line  all  carry  a  certain 
ray  with  0  as  origin  to  a  certain  other  ray  with  0  as  origin.  Con- 
versely, all  rotations  carrying  a  given  ray  with  O  as  origin  to  a 
second  ray  with  0  as  origin  are  represented  by  points  of  a  line. 

The  necessary  and  sufficient  condition  that  two  rotations  P^  P2  be 
harmonic  is  that  there  exists  a  ray  r  such  that  Px(r)  is  opposite  to  P2(r). 

The  representation  of  rotations  by  points  given  in  §  124  is  identical 
with  the  one  given  in  this  section,  in  case  £2  is  imaginary.  In  case 
$*  is  real,  the  real  points  of  space  represent  imaginary  rotations. 
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If  $2  is  a  ruled  quadiic  and  C2  a  real  conic,  the  construction  above 
gives  a  representation  of  the  real  projeetivities  of  a  one-dimensional 
form  by  the  points  of  space  not  on  Sz.  The  sets  of  points  [I>]  and 
[0]  representing  the  direct  and  opposite  projeetivities  respectively 
are  sueh  that  any  two  points  of  the  same  set  can  be  joined  by  a 
segment  consisting  of  points  of  this  set,  whereas  any  segment  joining 
a  D  to  an  O  contains  a  point  of  $\  The  sets  [_Z>]  and  [0]  are  called 
the  two  sides  of  S2. 

EXERCISES 

1.  Study  the  configuration  formed  by  the  points  representing  the  rotations 
which  carry  into  itself  (a)  a  regular  tetrahedron;  (b)  a  cube;  (c)  a  regular 
icosahedron.     (Cf.  Stephanos,  loc.  cit.,  p.  348.) 

2.  A  real  quadric  (ruled  or  not)  determines  two  sets  of  points,  its  sides, 
such  that  two  points  of  the  same  side  can  be  joined  by  a  segment  consisting 
entirely  of  points  of  this  side  and  suck  that  any  segment  joining  two  points 
of  different  sides  contains  one  point  of  the  quadric.    If  the  quadric  is  not 
ruled,  one  and  only  one  of  its  sides  contains  all  points  of  a  plane.   This  side 
is  called  the  outside  or  exterior,  and  the  other  the  inside  or  interior. 

130.  Parameter  representation  of  displacements.  Simple  algebraic 
considerations  will  enable  us  to  extend  the  parameter  representation 
of  rotations  considered  in  the  sections  above  so  as  to  cover  the  case 
of  displacements  in  general.  We  will  suppose  the  general  displace- 
ment given  in  the  form 


where  the  matrix  (a^aj  is  orthogonal.   According  to   §  126,  if 
a   ==  a  =  a  =  0,  the  matrix:  of  (57)  is  expressible  in  the  form.  AAt 

10  20_          80  *  \         /  or 

A  and  A  being  defined  at  the  bottom  of  page  336. 

Now  observe  that  if 

0   0    0    0\ 

000 
£   0   0    0  ' 

2/9s   0    0    O/ 

and  C  is  any  four-rowed  matrix,  0  •  B  is  a  matrix  in  which  all 
elements  except  those  of  the  first  column  are  zero.   From  .this  it 
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that  A  I  A  —  B)  will  be  of  the  form  (57).    In  fact,  if  we  require 

also  that 

(59)  a&  +a1/3l  +  a 


we  have      ~  ai      ao  ~  «,      «s    .  K-JA      «„  -  «,      «, 

-2£       a       a-* 


2  («,£„-  a,^-  «D 

2  MO+  «s/Si-  «A  -  <*A)     2  («,«,-  aA) 

0  0 

2(«1as-«A)  2(aias+ 

a,2  +  a  *  -  af  -  «  »     2  (a2a3  - 

2<«A+«.a,)  *0*+  «.* 

Hence  the  coefficients  of  (57)  are  given  in  terms  of  two  sets  of  homo- 
geneous parameters  <ro,  at,  aa,  «3  ;  /S0,  /Sj,  /82,  yS3  by  the  equations  (40), 
together  with  *„,=  !  and 

«»=  2  (*A-  *,^+  *A-  «A)^ 

(60)  «,_„=  2  («^0-  «&-  a^+a^A, 
**>=  2  («A+  "A-  *A~  «A)A> 

provided  that  the  ofs  and  )8's  are  connected  by  the  relation  (59). 
Conversely,  the  a's  and  yS's  are  determined  by  the  coefficients  of  (57) 
according  to  the  equations  (41)  and  the  following: 

(61)  ^^^^^^^(^-^J  +  ^K-aJ  +  ^K-^): 


an+  a«+  ^33)- 

The  last  equations  are  obtained  by  solving  (59)  and  (60)  simultaneously 
for  the  y^s  and  substituting  the  values  of  the  efs  given  by  (41). 

It  remains  to  find  the  formulas  for  the  parameters  (oc'J,  (*{',  «£',  a','; 
ft'J,  ffl,  ffi,  $')  of  a  dispkcement  A"  which  is  such  that  A"  =  A'  •  A, 
where  A  has  the  parameters  (a0,  alt  a2,  aa;  j90,  /3lt  /8g,  j88)  and  A'  the 
parameters  «  of,  <  aj;  ^,  ^(,  ft,  ft). 
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We  have  seen  that  the  matrix  of  A  Is  of  the  form  A(A  —  B),  where 
A  and  A  are  of  the  form  given  at  the  bottom  of  page  336  and  B  is 
given  by  (58).  In  like  manner  Af  can  be  expressed  in  the  analogous 
form  A'(A'-B')  and  A"  in  the  form  A"(A"-JB").  Since  the  /?s  do 
not  enter  into  any  coefficients  of  (57)  except  am,  &&,  &&  it  is  clear 
that  <»  a[r,  <,  <  are  given  by  the  formulas  (32),  or,  in  other  words, 
that  A"=sA'A.  By  definition, 

A"(2"-Br')=*A'(A'-B')A(A-B) 

=  A'A'AA-  A'A'AB  -  AfBfAA  +  A! 


In  view  of  (59),  the  elements  of  the  first  row  of  AB  are  all  zero. 
Hence  all  the  elements  of  B!AB  are  zeros.   Hence 

A'B'AB=  0. 

Since  A  and  A1  are  the  matrices  of  transformations  of  two  conjugate 

reguli,  each  transformation  leaving  all  the  lines  of  the  other  regulus 
invariant,  they  are  commutative.   Hence 

A"  (A!1  -  B?1)  =  A'AA'A-  AfAA!B  -  A1  A  A 

.But  A     =  -A.     '     •;  •      ^   •      5   • 


where  ^ 

and  B'A  1=  Bf  -  (a*  -f  ^  +  ar22  +  ors2). 
Hence 

(62)  A"(A"  +  B")  =A'A  (A*  A-  A'B  ~  A*BJ). 
Since  A"  =  A*  A  and  A"  =  2;2",  it  f  ollows  that 

(63)  B" 
Hence 


^ 
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Ee  writing  (32)  in  our  present  notation,  we  also  have 
<=  <au  —  «X—  a>«  —  <aSJ 
<  =  arX  -f  <*X  +  a>8  ~  <rX» 

f 


The  formulas  (64)  and  (65)  can  be  put  into  a  very  convenient  form 
by  means  of  the  notation  of  biquaternions.*    Let  us  define  a  bi- 

quaternion  as  any  element  of  a  number  system  whose  elements  are 
expressions  of  the  form 

(66)      8  =  (aQ+ali  +  a^  +  a^)  +  €(/30  +  /3li+/3J  +  /3^)9 

where  the  a's  and  j3's  are  numbers  of  the  geometric  number  system, 
i,j,  Jc  are  subject  to  the  multiplication  table  (52),  and  €  is  subject  to 

therales  €2=0,          6®  =  oe, 

where  x  is  any  other  element,  and  where  the  elements  (66)  are  added 
and  multiplied  according  to  the  usual  rules  for  addition  and  multipli- 
cation of  polynomials. 

If  the  product  of  s  and  s!,  where 


be  denoted  by 

^a*.  *  =  (<+<*>  *#+<*)  +  € 

the  aF0!,  -  -  -,  fi%  are  given  by  the  formulas  (64)  and  (65). 

For  a  more  complete  study  of  the  parameter  representation  of  dis- 
placements, see  E.  Study,  Geometrie  der  Dynamen  (particularly  II3 
§  21),  Leipzig,  1903. 

EXERCISES 

1.  The  parameters  of  a  twist  may  be  taken  so  that  av  a2,  <XB  are  the 
direction  cosines  of  the  axis  of  the  twist  ;  <ar0  =  cot  0,  where  2  0  is  the  angle 
of  rotation  ;  and  y#0  =  d,  where  2  d  is  the  distance  of  translation. 

2.  Find  the  equations  of  Tls  T2,  T,  N,  etc.  as  denned  in  the  exercises 
of  §  128. 

*3.  Find  a  parameter  representation  for  the  displacements  in  a  plane  which 
is  analogous  to  the  one  studied  above  (cf  .  Study,  Leipziger  Berichte,  Vol.  XLI 
(1889),  p.  222). 

*  W.  K.  Clifford,  Preliminary  Sketch  of  Biquaternions^  Mathematical  Papers 
(London,  1882),  p.  181.  The  system  of  biquaternions  here  used  is  one  of  the  three 
systems  of  hypercomplex  numbers  known  by  this  name.  See  §  146^  below. 
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GENERAL  EXERCISES 

Classify  each  theorem  in  this  list  of  exercises  according  to  the  type  of  projection 
in  which  it  may  le  valid  and  according  to  ike  geomttry  to  which  it  belongs. 

1.  A  homology  whose  plane  of  fixed  points  is  ideal  Is  called  a  dilation  or 
expansion.   Any  transformation  of  the  Euclidean  group  is  either  a  displace- 
ment or  a  dilation  or  the  product  of  a  rotation  by  a  dilation. 

2.  Any  transformation  of  the  Euclidean  group  leases  at  least  one  line 
invariant 

•  3.  Any  transformation  of  the  Euclidean  group  is  either  a  displacement  or 
a  dilation  or  the  product  of  a  displacement  by  a  dilation  whose  center  is  on  a 
fixed  line  of  the  displacement. 

4.  Let  /  be  a  line  which  is  invariant  under  a  transformation  T  of  the 
Euclidean  group,  and  let  k  be  the  characteristic  cross  ratio  (§  73,  Vol.  I)  of 
the  pro  j  activity  effected  by  T  on  /.  T  is  a  displacement  or  symmetry  if  and 
only  if  1*  =  ±  1- 

5.  Any  transformation  of  the  Euclidean  group  which  alters  sense  can 
be  expressed  as   a  product  APA,  where  A  is   a  dilation  or  the  identity, 
P  an  orthogonal  plane  reflection,  A  an  orthogonal  line  reflection  or  the 
identity. 

6.  If  two  triangles  in  different  planes  are  perspective,  and  the  plane  of  one 
be  rotated  about  the  axis  of  perspectivity,  the  center  of  perspectivity  will  de- 
scribe a  circle  in  a  plane  perpendicular  to  the  axis  of  perspectivity  (Cremona, 
Projective  Geometry,  Chap.  XI). 

7.  The  planes  tangent  to  the  circle  at  infinity  constitute  a  degenerate  plane 
quadric.   With  any  real  nondegenerate  quadric  this  determines  a  range  of 
quadrics,  i.e.  a  family  of  quadrics  of  the  form 

«,,  t%)  4-  X(«?  +  u?  +  t/l)  =  0, 


where  f(uv  w2,  tts)  is  the  equation  in  plane  coordinates  of  the  given  quadric. 
This  is  called  a  confocal  system  of  quadrics.  Besides  the  circle  at  infinity  this 
range  contains  three  other  degenerate  quadrics,  an  imaginary  ellipse,  a  real 
ellipse,  and  a  hyperbola.  There  is  one  quadric  of  the  range  tangent  to  any 
plane  of  space.  There  are  three  quadrics  of  the  range  through  any  point  of 
space,  and  their  tangent  planes  at  this  point  are  mutually  orthogonal. 

8.  Let  [Z]  and  [are]  be  two  bundles  of  lines  related  by  a  protective  trans- 
formation r.    There  is  one  and,  in  general,  only  one  set  of  three  mutually 
perpendicular  lines  lv  12,  73  transformed  by  T  to  three  mutually  perpendicular 
lines  mv  7»2,  my  There  are  two  real  pencils  of  lines  in  [7]  which  are  transformed 
by  r  into  congruent  pencils  of  [mj.  What  special  cases  arise  ?  Cf.  Encyclope*die 
des  Sc.  Math.,  Ill,  8,  §  9. 

9.  Let  r  be  a  collineation  of  space.    The  planes  T^)  and  IV1  («•«,)  are 
called  the  vanishing  planes  of  T.    Through  each  point  of  space  there  is  a  pair 
of  lines  each  of  which  is  transformed  by  T  into  a  congruent  line  (i  e.  pairs  of 
points  go  into  congruent  pairs).    These  lines  are  all  parallel  to  r~*(irw). 
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10.  A  colli&eatdon  T  which  does  not  leave  the  plane  at  infinity  invariant 
determines  two  systems  of  confocal  quadrics  such  that  the  one  system  is 
carried  by  T  into  the  other.   Cf .  §  84  and  the  references  given  there. 

11.  Let  T  be  a  direct-similarity  transformation  of  a  plane*  At  a  variable 
point  of  this  plane,  A%  =  T(.i1)?  and  As  a  point  such  that  the  variable  triangle 
A^r**  is  toeetly  similar  to  a  fixed  triangle  B^By  Then  the  transformations 
from  AI  to  AZ  and  from  J.2  to  Az  are  direct-similarity  transformations.   Both 
of  these  transformations  have  the  same  finite  fixed  elements  as  T.* 

12.  Let  T  be  an  affine  transformation,  Al  a  variable  point,  ^L2  =  T(J.1), 
and  ^0  a  point  such  that  the  ratio  A^/A^  is  constant.  The  transformation 
P  from  Al  to  AQ  is  directly  similar  and  has  the  same  fixed  elements  as  T.  If 
T  is  a  similarity  transformation,  so  is  P. 

13.  If  Tj  and  T2  are  affine  transformations,  A  0  a  variable  point,  Al  =  Tx  (^0), 
A%  =  T2  (AQ),  and  Az  a  point  such  that  AtAQA^Az  is  a  parallelogram,  the  trans- 
formation from.  A  Q  to  A  8  is  aiBne. 

*  On  this  and  the  following  exercises  cf .  Encyclopadie  der  Math.  Wiss  III  AB  ^ 
pp.  914-915.  "  ' 


CHAPTER  VIII 

HOH-EFCLIBEAF  GEOMETRIES 

131.  Hyperbolic  metric  geometry  in  the  plane.  According  to  the 
point  of  view  explained  in  §  34  there  must  be  a  geometry  corre- 
sponding to  the  protective  group  of  a  conic  section.  The  case  of  a 
real  conic  in  a  real  plane  is  one  of  extreme  interest  because  of  its 
close  analogy  with  the  Euclidean  geometry,  as  will  be  seen  at  once. 

DEFINITION.  An  arbitrary  but  fixed  conic  of  a  plane  TT  is  called 
the  absolute  conic  or  the  absolute.  The  interior  of  this  conic  is  called 
the  hyperbolic  plane.  Points  interior  to  the  conic  are  called  ordinary 
points  or  hyperbolic  points,  and  those  on  the  conic  or  exterior  to  it  are 
called  ideal  points.  A  line  consisting  entirely  of  ideal  points  is  called 
an  ideal  line,  and  the  set  of  ordinary  points  on  any  other  line  is  called 
an  ordinary  line  or  a  hyperbolic  line.  The  group  of  all  projective 
collineations  leaving  the  absolute  conic  invariant  is  called  the  hyper- 
bolic  (metric)  group  of  the  plane,  and  the  corresponding  geometry  is 
called  the  hyperbolic  plane  geometry. 

Let  us  at  first  assume  only  that  the  plane  TT  is  ordered  (A,  E,  S,  P). 
On  this  basis  we  have  as  a  consequence  the  theorems  in  §§  74,  75 
on  the  interior  of  a  conic,  that  the  points  of  an  ordinary  line  satisfy 
the  definition  in  §  23  of  a  linear  convex  region.  This  determines  the 
meaning  of  the  terms  «  segment,"  « ray,"  "  between,"  « precede,"  etc. 
as  applied  to  collinear  ordinary  points  and  sets  of  points  in  the  hyper- 
bolic pkne.  The  ordinal  properties  of  the  hyperbolic  plane  may  be 
summarized  as  follows: 

THEOREM  1.  Tlie  hyperbolic  plane  satisfies  Assumptions  J-  VI  given 
for  the  Euclidean  plane  in  §  29. 

Proof.  Assumptions  I,  II,  III,  V  are  direct  consequences  of  the 
proposition  that  the  points  of  an  ordinary  line  constitute  a  linear 
convex  region.  Assumption  VI,  that  the  interior  of  a  conic  con- 
tains at  least  three  noncollinear  points,  is  an  obvious  consequence 
of  §§  74,  75. 

860 
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The  hypothesis  of  Assumption  IV  is  that  three  points  A,  B»  O  are 
noncoilinear  and  that  two  other  points  D  and  E  satisfy  the  order 
relations  [BCD}  and  {CEA}.  The  conclusion  is  that  there  exists  a 
point  F  on  the  line  DE  and  between  A  and  JR  To  prove  this  it  is 
necessary  to  show  (1)  that  the  point  of  intersection  F  of  the  projective 
lines  DE  and  AB  is  interior 
to  the  absolute  conic  and  (2) 
that  F  is  between  A  and  B. 
Let  /  be  a  line  exterior  to 
the  conic,  and  let  its  points 
of  intersection  with  the  lines 
AB,  EC,  CA  respectively  be  _  D- 
F.,  !>„  JBL.  By  hypothesis  "°" 
and  §75,  the  pair  DDm  is 
not  separated  by  EC  and  the  pair  EE*  is  separated  by  AC.  Hence, 
by  §  26,  the  pair  FFm  is  separated  by  AB.  Since  F^  is  exterior  to 
the  conic,  F  is  interior  (§  75)  and  between  A  and  B. 


THEOREM  2.  The  hyperbolic  plane  does  not  satisfy  Assumption 

On  the  contrary,  if  a,  is  any  line  and  A  any  point  not  on  a 
there  are  infinitely  many  lines  on  A  and  coplanar  with  a  which  do 
not  'meet  a. 

Proof.  By  §  75  the  projective  line  containing  a  also  contains  an 
infinity  of  points  exterior  to  the  absolute.  Any  line  of  the  hyperbolic 
plane  contained  in  the  projective  line  joining  A  to  one  of  these 
points  fails  to  meet  a. 

DEFINITION.  If  a  projective  line  containing  a  line  a  of  a  hyperbolic 
plane  meets  the  absolute  conic  in  two  points  2?w>  C*,  and  A  is  any 
ordinary  point  not  on  a,  the  ordinary  lines  contained  in  the  projective 
lines  ABm  and  AC*  are  said  to  be  parallel  to  a.  The  segments  ABm 
and  AC^  consisting  entirely  of  points  interior  to  the  absolute,  consti- 
tute, together  with  A,  two  rays  which  are  also  said  to  be  parallel  to  a. 

If  the  projective  plane  TT  be  supposed  real,  the  points  j5«  and  <7W 
exist  for  every  line  a,  and  hence  we  have 

THEOREM  3.  In  the  real  hyperbolic  plane  there  are  two  and  only 
two  lines  which  pass  through  any  point  A  and  which  are  parallel  to 
a  line  a  not  on  A.  There  are  two  and  only  two  rays  with  A  as  end 
parallel  to  & 
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TMs  theorem  of  course  does  not  require  full  use  of  continuity 
assumptions.  It  would  also  be  valid  if  we  assumed  merely  that  any 
line  through  an  interior  point  of  a  conic  meets  the  conic  (cl  §  76). 

DEFINITION.  The  points  on  the  absolute  are  sometimes  called  points 
at  infinity  or  infinite  points;  and  the  points  exterior  to  the  absolute, 
ultra-infinite  points. 

132.  Orthogonal  lines,  displacements,  and  congruence. 

DEFINITION.  Two  lines  (or  two  points)  are  said  to  be  orthogonal  or 
perpendicular  to  each  other  if  they  are  conjugate  with  respect  to  the 

absolute. 

Of  two  perpendicular  points  one  is,  of  course,  always  ultra-infinite, 
but  no  analogous  statement  holds  for  perpendicular  lines.  From  the 
corresponding  theorems  on  conies  we  deduce  at  once 

THEOREM  4  The  pairs  of  perpendicular  lines  on  an  ordinary  point 
are  pairs  of  a  direct  involution.  Through  an  ordinary  point  there  is 
one  and  but  one  line  perpendicular  to  a  given  ordinary  line. 

DEFINITION.  A  transformation  of  TT  which  effects  an  involution 
on  the  absolute  conic  whose  axis  contains  ordinary  points  is  called 
an  orthogonal  line  reflection.  A  transformation  of  TT  which  effects  an 
involution  on  the  absolute  conic  whose  center  is  an  ordinary  point  is 
called  a  point  reflection.  A  product  of  two  orthogonal  line  reflections 
is  called  a  displacement.  A  product  of  an  odd  number  of  orthogonal 
line  reflections  is  called  a  symmetry.  Two  figures  such  that  one  can 
be  carried  to  the  other  by  a  displacement  are  said  to  be  congruent,  and 
two  figures  such  that  one  can  be  carried  to  the  other  by  a  symmetry 
are  said  to  be  symmetric. 

An  orthogonal  line  reflection  is  a  harmonic  homology  whose  center 
and  axis  are  pole  and  polar  with  respect  to  the  absolute  conic.  Since 
the  axis  contains  an  interior  point,  the  center  is  exterior  and  the 
involution  effected  on  the  absolute  alters  sense  (§  74).  Conversely, 
it  follows  from  §  74  that  an  involution  on  the  absolute  conic  which 
alters  sense  is  effected  by  a  harmonic  homology  whose  center  is 
exterior  to  the  absolute  conic,  —  i.e.  by  an  orthogonal  line  reflection. 

Since  any  direct  projectivity  is  a  product  of  two  opposite  involu- 
tions (§  74),  the  displacements  as  defined  above  are  identical  with 
the  projective  collineations  which  transform  the  absolute  conic  into  it- 
self with  preservation  of  sense.  In  narticular,  a  point  reflection  is  a 
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displacement.  On  the  other  hand,  the  symmetries  are  the  projectlve 
collineations  which  carry  the  absolute  into  itself  and  interchange 
the  two  sense-classes  on  the  absolute. 

From  these  remarks  it  is  evident  that  the  theory  of  displacements 
can  be  obtained  from  the  theorems  on  projectivities  of  a  conic  in 
Chap.  VIII,  VoL  I,  and  in  Chap.  V,  ToL  II.  Some  of  the  theorems 
may  also  be  obtained  very  easily  as  projective  generalizations  of 
simple  Euclidean  theorems. 

In  proving  these  theorems  we  shall  suppose  that  we  are  dealing 
with  the  real  projective  plane  and  not  merely  with  an  ordered  plane 
as  in  Theorem  I.  It  would  be  sufficient,  however,  to  assume  merely 
that  every  opposite  involution  is  hyperbolic  (ie.  that  every  line  through 
an  interior  point  of  a  conic  meets  it),  for  this  proposition  is  the  only 
consequence  of  the  continuity  of  the  real  plane  which  we  use  in  our 
arguments. 

Let  us  first  prove  that  Assumption  X  (§  66)  of  the  Euclidean 
geometry  holds  for  the  hyperbolic  geometry.  It  is  to  be  shown 
that  if  Ay  B  are  two  distinct  points,  then  on  any  ray  c  with  an 
end  C  there  is  a  unique  point  D  such  that  AB  is  congruent  to  CD, 
The  points  A  and  C  are  the  centers  of  elliptic  involutions  on  the 
absolute.  It  is  shown  in  §  76  that  one  such  involution  can  be  trans- 
formed into  any  other  by  either  a  direct  or  an  opposite  involution. 
Hence  there  is  a  displacement  A  carrying  A  to  (7. 

The  absolute  conic  may  be  regarded  as  a  circle  C*  in  a  Euclidean 
plane  whose  line  at  infinity  is  the  pole  of  C  with  regard  to  the 
absolute.  In  this  case  €  is  the  center  of  the  Euclidean  circle,  and 
the  hyperbolic  displacements  are  the  Euclidean  rotations  leaving  C 
invariant.  The  required  theorem  now  follows  from  the  Euclidean 
proposition  that  there  is  one  and  only  one  rotation  carrying  B  to 
a  point  D  of  a  ray  having  C  as  end.  The  point  I)  is  interior  to 
<72  because  B  is. 

Assumption  XI,  §  66,  holds  good  in  the  hyperbolic  geometry  because 
the  displacements  form  a  group.  Assumption  XII  may  be  proved  for 
the  hyperbolic  geometry  by  the  argument  used  in  §  66  for  the  Euclid- 
ean case.  The  same  is  true  of  Assumption  XIII  if  we  understand  by 
the  mid-point  of  a  pair  AB  the  ordinary  point  which  is  harmonically 
separated  by  the  pair  AB  from  a  point,  conjugate  to  it  with,  respect 
to  the  absolute. 
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DEFINITION.  A  circle  Is  the  set  [P]  of  ail  points  such  that  the  point 
pairs  OP  where  0  is  a  fixed  point  are  all  congruent  to  a  fixed  point 

pair  OP0. 

If  the  absolute  be  identified,  as  in  the  proof  of  Assumption  X  above, 
with  a  Euclidean  circle  €2,  and  0  with  its  center,  it  is  obvious  that 
the  circles  of  the  hyperbolic  plane  having  0  as  center  are  identical 
with  the  Euclidean  circles  interior  to  and  concentric  with  C\  Hence 
we  obtain  from  the  properties  of  a  pencil  of  concentric  Euclidean 
circles  (§  71) 

THEOREM  5.  DEFINITION.  A  circle  in  the  hyperbolic  plane  is  a  conic 
entirely  interior  to  the  absolute.  It  touches  the  absolute  in  two  conjugate 
imaginary  points  A,  B,  and  the  tangents  at  these  points  pass  through 
the  center  of  the  circle.  The  polar  of  the  center  passes  through  A  and  B 
and  is  called  the  axis  of  the  circle.  All  its  real  points  are  exterior  to 
the  absolute  conic. 

It  will  be  proved  in  §  134  (Theorem  7,  Cor.  1)  that  two  circles  can 
have  at  most  two  real  points  in  common.  Once  this  is  established, 
the  proof  of  Assumption  XIV  in  §  66  applies  without  change  to  the 
hyperbolic  geometry. 

Assumption  XV  is  proved  in  §  134  as  Cor.  2  of  Theorem  7. 

Assumption  XVI  may  be  proved  as  follows:  Let  A,  B,  C  be 
three  points  in  the  order  -j>L#<7},and  let  P»  and  Qa>  be  the  points 
in  which  the  line  AB  meets  the  absolute  conic,  the  notation  being 
assigned  so  that  we  have  {E.ABCQ.}.  Let  Bl9  B^  B&,  -  -  •  be  points 
in  the  order  {I^ABB^B^  •  •  •}  such  that  AB  is  congruent  to  each 
of  the  pairs  BB^  B^B^  etc.  Choose  a  scale  (Chap.  VI,  Vol.  I)  in 
which  EzAQ*  correspond  to  0,  1,  oo  respectively,  and  let  I  be  the 
coordinate  of  B.  By  the  hypothesis  about  the  order  relations,  6  >  I. 
The  displacement  carrying  AB  to  BB^  is  a  projectivity  of  the  line 
AB  which  leaves  P*  and  Q*  respectively  invariant  and  transforms 
A  to  B.  Hence  it  has  the  equation 

xf  =  Ix 

with  respect  to  the  scale  Rt  A,  Q*.  The  coordinates  of  Bv  J92, 
Bz>  •  *  •  are  therefore  b2,  b8,  84,  *  •  •  respectively.  The  coordinate  of 
C  is,  by  the  hypothesis  that  {ABC},  some  positive  number  c 
greater  than  6.  There  are  at  most  a  finite  number  of  values  of 
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&*(n  =  1,  2,  •  •  •)  between  &  and  c.  Hence  there  are  at  most  a  finite 
number  of  the  points  B^9  B^*  <•  •  between  B  and  C.  This  is  what  is 

stated  in  Assumption  XVL 

We  have  now  seen,  taking  for  granted  two  results  which  will 
be  proved  in  §  134,  that  all  the  assumptions  (el  §§29  and  66) 
of  Euclidean  plane  geometry  except  the  assumption  about  paral- 
lel lines  are  satisfied  in  the  real  hyperbolic  plane,  and  that  the 
parallel-line  assumption  is  not  satisfied. 

EXERCISES 

1.  If  corresponding  angles  of  two  triangles  are  congruent,  the  correspond- 
ing sides  are  congruent. 

2.  The  absence  of  a  theory  of  similar  triangles  in  hyperbolic  geometry  is 
due  to  what  fact  about  the  group  of  the  geometry  ? 

3.  The  perpendiculars  at  the  mid-points  of  the  sides  of  a  triangle  meet  in 
a  point  (which  may  be  ideal). 

*  4.  Classify  the  conic  sections  from  the  point  of  view  of  hyperbolic  geometry. 

133.  Types  of  hyperbolic  displacements.  According  to  §  77,  Vol.  I, 

any  displacement  has  a  center  and  an  axis  which  it  leaves  invariant. 
If  the  center  is  interior,  the  axis  meets  the  absolute  in  two  conjugate 
imaginary  points,  and  the  displacement  effects  an  elliptic  transfor- 
mation on  the  absolute.  If  the  center  is  exterior,  the  axis  meets  ths 
absolute  in  two  real  points,  and  the  displacement  effects  a  hyper- 
bolic transformation  on  the  absolute.  If  the  center  is  on  the  absolute, 
the  axis  is  tangent,  and  the  displacement  effects  a  parabolic  trans- 
formation on  the  absolute. 

In  the  first  case,  the  points  into  which  a  displacement  and  its 
powers  carry  a  point  distinct  from  its  center  are,  by  definition,  on  a 
circle  which  is  transformed  into  itself  by  the  given  rotation. 

In  the  second  case,  since  the  displacement  is  a  product  of  two 
orthogonal  line  reflections  whose  axes  pass  through  the  center,  it  is 
obvious  that  the  displacement  leaves  invariant  any  conic  Cz  which 
touches  the  absolute  in  the  two  points  in  which  it  is  met  by  the  axis 
of  the  displacement  Such  a  conic  is  obtained  from  the  absolute  by 
a  homology  whose  center  and  axis  are  the  center  and  axis  of  the 
displacement  in  question.  From  this  it  follows  in,  an  obvious  way 
that  (72  is  entirely  interior  or  entirely  exterior  to  the  absolute.  We 
axe  interested  in  the  case  in  which  (72  is  interior. 
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Let  the  points  of  contact  of  C2  with  the  absolute  JT3  be  P  and  Q 
respectively.  Since  the  center  of  the  displacement  0  and  the  line  PQ 
are  polar  with  respect  to  C*>  P  and  Q  are  the  ends  of  two  segments 
<r9  T  of  points  of  Cs  which  are  (in  the  hyperbolic  plane)  on  opposite 
sides  of  the  line  PQ.  Any  line  through  O  and  a  point  of  the  hyper- 
bolic plane  is  perpendicular  to  PQ  and  meets  cr,  PQ,  and  r  in  three 
points  S,  M,  T  respectively.  If  Sf,  M!,  T1  are  Jhe  points  analogously 
determined  by  another  line  through  0,  let  M  be  the  mid-point  of 
the  pair  MM ;.  Then  the  displacement  which  is  the  product  of  the 
orthogonal  line  reflection  with  OM  as 
axis  by  that  with  OMr  as  axis  carries 
S,  Jf,  T  to  $f,  M f,  T1  respectively. 

This  result  may  be  expressed  by 
saving  that  cr  is  the  locus  of  a  point 
$f,  on  a  given  side  of  PQ,  such  that 
if  M1  is  the  foot  of  the  perpendicular 
from  S1  to  PQ,  S!M!  is  congruent  to 
SM.  For  this  reason  <r  and  r  are 
called  equidistantial  curves  of  PQ. 

A  point  A  can  be  carried  into  a 
point  B  by  a  displacement  leaving 
a  given  line  I,  not  on  A,  invariant, 
if  and  only  if  the  two  points  are  on 
the  same  equidistantial  curve  of  /.  The  equidistantial  curves  have 
some  of  the  properties  of  parallel  lines  in  the  Euclidean  geometry. 

A  displacement  which  effects  a  parabolic  transformation  on  the 
absolute  is  a  product  of  two  orthogonal  line  reflections  whose  axes 
intersect  in  the  center  0  of  the  displacement.  Hence  the  displace- 
ment leaves  invariant  any  conic  which  has  contact  of  the  third  order 
(see  §  47,  Vol.  I)  with  the  absolute  at  0.  And  by  the  same  reasoning 
as  employed  in  the  second  case,  a  point  P  can  be  transformed  into  a 
point  PJ  by  a  displacement  which  is  parabolic  on  the  absolute  with 
a  fixed  point  at  0  if  and  only  if  P  and  P1  are  on  a  conic  having  contact 
of  the  third  order  with  the  absolute  at  0. 

DEFINITION.  A  conic  interior  to  the  absolute  and  having  contact 
of  the  third  order  with  it  is  called  a  Jiorocycle. 

The  circles,  equidistantial  curves,  and  horocycles  are  all  path  curves 
of  one-parameter  groups  of  rotations. 


FIG.  78 


§§i:r,,  m]  HYPERBOLIC  GEOMETEY  357 

134.  Interpretation  of  hyperbolic  geometry  ia  the  inversion  plane. 
Although  the  theory  of  conies  touching  a  fixed  conic  in  pairs  of 
points  has  not  been  taken  up  explicitly  in  this  book,  we  have  in 
the  inversion  geometry  a  body  of  theorems  from  which  the  part  of 
it  needed  for  our  present  purpose  can  be  obtained  by  the  principle 
of  transference. 

It  has  been  seen  in  §  94,  Theorem  16,  that  any  transformation  of 
the  inversion  group  which  carries  a  circle  Ji2  into  itself  effects  a 
protective  transformation  of  this  circle  into  itself.  Moreover,  there 
is  one  and  only  one  direct  circular  transformation  which  effects  a 
given  projectivity  on  JT2.  Hence  the  group  of  direct  circular  trans- 
formations having  a  circle  of  the  inversion  plane  invariant  is  simply 
isomorphic  with  the  hyperbolic  metric  group,  and  the  geometry  of  this 
subgroup  of  the  inversion  group  is  the  hyperbolic  geometry. 

The  circles  orthogonal  to  JT2  have  the  property  that  there  is  one 
and  only  one  such  circle  through  each  pair  of  distinct  points  interior 
t  j  K2.  Since  they  also  are  transformed  into  themselves  by  the  group 
which  is  here  in  question,  it  is  to  be  expected  that  they  correspond 
to  the  lines  of  the  hyperbolic  plane.  This  may  be  proved  as  follows : 

Let  the  inversion  plane  be  represented  by  a  sphere  ^  in  a  Euclid- 
ean three-space.  Let  _5T2  be  the  circle  in  which  Sz  is  met  by  a  plane  TT 
through  its  center,  and  let  us  regard  the  points  of  IT  interior  to  -2T2 
as  a  hyperbolic  plane.  The  circles  of  S*  orthogonal  to  JT2  are  those 
in  which  S*  is  met  by  planes  perpendicular  to  w.  Hence  if  we  let 
each  point  P  of  £*  on  one  side  of  IS?  correspond  to  the  point  P7  of  TT 
such  that  the  line  PP7  is  perpendicular  to  IT,  a  correspondence  F  is 
established  between  the  hyperbolic  plane  and  the  points  on  one  side 
of  a  circle  K*  in  the  inversion  plane  in  such  a  way  that  the  lines 
of  the  hyperbolic  plane  correspond  to  the  circles  orthogonal  to  JT2. 
Moreover,  since  the  direct  circular  transformations  of  the  inversion 
plane  are  effected  by  three-dimensional  collineations /leaving  S*  in- 
variant, the  direct  circular  transformations  leaving  JT2  invariant  cor- 
respond under  F  to  displacements  and  symmetries  of  the  hyperbolic 
plane.  Thus  we  have 

THEOREM  6.  There  is  a  one-to-one  reciprocal  correspondence  F  be- 
tween the  points  of  a  hyperbolic  plane  as  defined  in  §131  and  the 
points  on  one  side  of  a  circle  JT2  in  an  inversion  plane  (or  inside  a 
circle  of  the  Euclidean  plane)  m,  which  sets  of  coJMnewr  points  of  the 
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hyperbolic  plane  correspond  to  sets  of  points  on  circles  orthogonal  to 
JT3,  and  in  which  displacements  and  symmetries  of  the  hyperbolic  plane 
correspond  to  direct  circular  transformations  leaving  1C2  invariant. 

THEOREM  7.  In  the  correspondence  F  the  circles  of  the  hyperbolic 
plane  correspond  to  circles  of  the  inversion  plane  which  are  entirely 
on  @m  side  of  Jf2. 

Proof.  Let  C72  be  any  circle  entirely  on  one  side  of  JT2,  and  let  0 
and  Of  be  the  two  points  which  are  inverse  with  respect  to  both 
IT2  and  C\  ie.  the  limiting  points  of  the  pencil  of  circles  containing 
C®  and  -S*  (§§  71,  96).  In  the  Euclidean  plane  obtained  by  omitting 
(X  from  the  inversion  plane,  0  is  the  center  of  both  -BT2  and  (72,  and 
hence  the  direct  circular  transformations  leaving  JST2  and  C*  invariant 
are  the  rotations  about  0  and  the  orthogonal  line  reflections  whose 
axes  are  on  0.  These  correspond  under  F  to  the  displacements  and 
symmetries  of  the  hyperbolic  plane  which  leave  0  invariant.  Hence 
the  points  of  (72  correspond  to  a  circle  of  the  hyperbolic  plane. 

Since  any  circle  of  the  hyperbolic  plane  may  be  displaced  into  one 
whose  center  corresponds  under  F  to  0,  the  argument  just  made 
shows  that  every  circle  of  the  hyperbolic  plane  may  be  obtained  as 
the  correspondent  under  F  of  a  circle  of  the  inversion  plane  which  is 
interior  to  iT2. 

This  theorem  enables  us  to  carry  over  a  large  body  of  theorems  on 
circles  from  the  Euclidean  geometry  to  the  hyperbolic.  For  example, 
we  have  at  once  the  following  corollaries : 

COROLLARY  1.  Two  circles  in  tJie  hyperbolic  plane  can  have  at  most 
two  real  points  in  common. 

COROLLARY  2.  If  the  line  joining*  the  centers  of  two  circles  in  the 
hyperbolic  plane  meets  them  in  pairs  of  points  which  separate  each 
other,  the  circles  meet  in  two  points^  one  on  each  side  of  the  line. 

The  first  of  these  corollaries,  on  comparison  with  Theorem  5,  yields 
the  following  projective  theorem:  Two  conies  interior  to  a  real  conic 
and  touching  it  in  pairs  of  conjugate  imaginary  points  can  have 
at  most  two  real  points  in  common,  and  always  have  two  conjugate 
imaginary  points  in  common. 

THEOREM  8*  In  the  correspondence  F  equidistantial  curves  of  the 
hyperbolic  plane  correspond  to  those  portions  of  circles  intersecting  !£*, 
not  orthogonally,  which  are  on  one  side  of  K*.  Two  equidistantial 
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curies  which  are  parts  of  o/ie  conic  in  the  hyperbolic  plam  are  parts 
of  circles  imerse  to  each  other  with  respect  to  Jf2. 

Proof.  A  circle  K*  of  $2  which  intersects  A"2  in  two  points  P,  Q 
without  being  perpendicular  to  it  is  a  section  of  S2  by  a  plane  not 
perpendicular  to  TT.  The  correspondence  F  transforms  this  circle  into 
a  conic  section  C2  in  TT  which  is  the  projection  of  Kf  from  the  point 
at  infinity  of  a  line  perpendicular  to  TT.  The  tangents  to  J5Tj-  at  P  and 
Q  are  transformed  into  tangents  to  K2.  Hence  C2  touches  JT2  at  P 
and  Q. 

The  portions  of  J££  on  the  two  sides  of  JT2  on  $2  correspond  to  the 
two  segments  of  C2  having  P  and  Q  as  ends ;  but  only  one  of  these 
portions  of  K'*  is  on  the  side  of  JT2  which  is  in  correspondence  with 
the  hyperbolic  plane  by  means  of  F.  The  segment  of  C2  which  is 
not  in  correspondence  with  this  portion  of  Kf  is  evidently  in  corre- 
spondence with  a  portion  of  the  circle  into  which  £^  is  transformed 
by  the  three-dimensional  orthogonal  reflection  with  TT  as  plane  of 
fixed  points. 

This  proves  that  the  part  of  any  circle  Kf  of  the  inversion  plane 
which  is  on  one  side  of  A"2  corresponds  under  F  to  an  equidistantial 
curve  J^,  and  that  that  part  of  the  circle  inverse  to  Xf  with  respect  to 
K2  which  is  on  the  same  side  of  JT2  corresponds  to  the  equidistantial 
curve  E^  which  is  part  of  the  same  conic  with  -Ey  That  any  equi- 
distantial curve  is  in  correspondence  with  a  portion  of  some  circle  of 
the  inversion  plane  is  easily  proved  by  an  argument  like  that  used  in 
the  last  theorem. 

COROLLARY  1,  In  the  correspo?idence  F  a  circle  touching  JT2  corre- 
sponds to  a  horocycle  of  the  hyperbolic  plane. 

Since  each  equidistantial  curve  corresponds  to  a  portion  of  a  circle 
of  the  inversion  plane,  it  follows  that  two  equidistantial  curves  can 
have  at  most  two  real  points  in  common.  It  must  be  noted  that  two 
conies  containing  each  an  equidistantial  curve  can  have  four  real 
points  in  common,  since  each  conic  accounts  for  two  equidistantial 
curves. 

In  like  manner  two  horocy cles  can  have  at  most  two  real  points 
in  common,  and,  still  more  generally, 

COROLLARY  2.  Two  loci  each  of  which  is  a  circle,  horocyde,  or  equi* 
distantial  cwrve  can  Jwve  at  most  two  points  m  common. 
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EXERCISES 

1.  Show  that  T  may  be  extended  so  that  the  tdtwrinfinite  lines  of  the  hyper- 
bolic plane  correspond  to  imaginary  circles  o!  the  inversion  plane  which  are 
orthogonal  to  K\ 

2.  Study  the  theory  of  pencils  of  circles,  equidistantial  curves,  and  horo- 
eycies  in  the  hyperbolic  plane  by  means  of  the  correspondence  T.  (A  list  of  the 
theorems  will  be  found  in  an  article  by  E.  Ricordi,  G-iomale  di  Matematiche, 
VoL  XVIII  (1880),  p.  255,  and  in  Chap.  XI  of  Non-Euclidean  Geometry  by 
J.  L.  Coolidge,  Oxford,  1909.) 

3.  DeYelop  the  theory  of  conies  touching  a  fixed  conic  in  pairs  of  points. 

135.  Significance  and  history  of   non-Euclidean  geometry.    In 

proving  the  two  corollaries  of  Theorem  7  we  have  completed  the 
proof  (§  132)  that  the  congruence  assumptions  of  §  66  are  satisfied 
in  the  hyperbolic  plane.  Combining  this  result  with  Theorems  1 
and  2,  we  have 

THEOREM  9.  In  the  real  hyperbolic  plane  geometry,  Assumptions 
I- VI,  VII,  X- XVI  of  the  assumptions  for  Uuclidean  plane  geometry 
in  §§  ®9  and  66  are  true,  and  Assumption  IX  is  false. 

COROLLARY.  Assumption  XVII  of  §  %9  is  true  in  the  hyperbolic 
plane  geometry. 

The  existence  of  the  hyperbolic  geometry  therefore  furnishes  a  proof 
of  the  independence*  of  Assumption  IX  as  an  assumption  of  Euclidean 
geometry.  This  assumption  is  equivalent  to,  though  not  identical  in 
form  with,  Euclid's  parallel  postulate.!  And  it  is  the  interest  in  the 
parallel  postulate  which  has  "been  the  chief  historical  reason  for  the 
development  of  the  hyperbolic  geometry. 

The  question  whether  the  postulate  of  Euclid  was  independent  or 
not  was  raised  very  early.  In  fact,  the  arrangement  of  propositions  in 
Euclid's  Elements  shows  that  he  had  worked  on  the  question  himself. 
The  effort  to  prove  the  postulate  as  a  theorem  continued  for  centuries, 
and  in  the  course  of  time  a  considerable  number  of  theorems  were 
shown  to  be  independent  of  this  assumption.  Eventually  the  question 
arose,  what  sort  of  theorems  could  be  proved  by  taking  the  contrary  of 
Euclid's  assumption  as  a  new  assumption. 

*Cf.  §  2,  Vol.  I,  and  §  13,  Vol.  II. 

f  Cf .  Vol.  I,  p.  202,  of  Heath,  The  Thirteen  Books  of  Euclid's  Elements, 
Cambridge,  1908. 
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TMs  question  seems  to  have  been  taken  up  systematically  for  the 
first  time  by  G.  Sacclieri,*  who  obtained  a  large  body  of  theorems 
on  ^  this  basis,  but  seems  to  have  been  restrained  from  drawing,  or  at 
least  publishing,  more  radical  conclusions  by  the  weight  of  religious 
disapproval.  The  credit  for  having  propounded  the  body  of  theorems 
based  on  a  contradiction  of  the  parallel  postulate  as  a  self-consistent 
mathematical  science,  ie.  as  a  non-Euclidean  geometry,  belongs  to 
J.  Bolyait  (1832)  and  N.  I  Lobachevskit  (1829),  although  many  of 
the  ideas  involved  seem  to  have  been  already  in  the  possession  of 
C.  F.  Gauss. §  It  was  not,  however,  until  it  had  been  shown  by 
Beltramifi  that  the  hyperbolic  plane  geometry  could  be  regarded  as 
the  geometry  of  a  pseudospherical  surface  in  Euclidean  space,  that  an 
independence  proof  (ef.  Introduction,  Vol.  I)  for  the  parallel  assump- 
tion could  be  said  to  have  been  given.  The  work  of  Beltrami  depends 
on  the  investigation  by  EiemannH  of  the  differential  geometry  ideas 
at  the  basis  of  geometry  (1854).  Eiemann  seems  to  deserve  the 
credit  for  the  discovery  of  the  elliptic  geometry  (§§  141—143  below), 
though  it  is  not  clear  that  he  distinguished  between  the  two  types 
of  elliptic  geometry.** 

The  proof  of  the  existence  of  a  non-Euclidean  geometry  was  made 
capable  of  a  simpler  form  by  the  discovery  of  A.  Cayley  tt  (1859)  that 
a  metric  geometry  can  he  built  up,  using  a  conic  as  absolute.  The 
relation  of  Cayley's  work  to  other  branches  of  geometry  and  the  pre- 
vious studies  of  non-Euclidean  geometry  was  made  plain  by  F.  Klein  Jt 
in  connection  with  his  elucidation  of  the  rdle  of  groups  in  geometry. 
The  representation  of  the  hyperbolic  plane  by  means  of  the  interior 

*  Euclides  ab  omni  naevo  Tindicatus,  Milan,  17S3.  German  translation  in  "  Die 
Theorie  der  Parallellinien  von  Euklid  bis  auf  Gauss,*1  by  3?.  Engel  and  P.  Staeckel, 
Leipzig,  1896. 

t  English  translation  by  G.  B.  Halsted,  under  the  title  "  The  Science  Absolute 
of  Space,"  4th  ed.,  Austin,  Texas,  1896. 

|  German  translation  by  Engel,  under  the  title  "  Zwei  geometrische  Abhand- 
lungen,"  Leipzig,  1898.  Cf .  also  a  translation  by  Halsted  of  another  work  entitled 
"The  Theory  of  Parallels,"  Austin,  Texas,  1892. 

§  Werke,  Vol.  VIII,  pp.  157-268. 

H  Saggio  di  interpretazione  della  geometria  non-euclidea,  Giornale  di  Matema- 
tiche,  Vol.  VI  (1868),  p.  284. 

IF  English  translation  by  W.  K.  Clifford,  in  Nature,  Vol.  VIII  (1873),  and  in 
Clifford's  "Mathematical  Papers'1  (London,  1882),  p.  55. 

**  Cf .  F.  Klein,  Autographierte  Vorlesungen  iiber  nicht-euklidi&che  Geometric, 
Vol.  I  (Gottingen,  1892),  p.  287. 

tt  Collected  Works,  Vol.  H  (Cambridge,  1889),  p.  583. 

tl  Mathematische  Annalen,  Vol.  IV  (1871),  p.  578. 
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of  a  circle  (§  134),  and  the  representation  of  the  elliptic  plane  given 
in  Ex.  12,  §  141,  are  due  to  R.  De  Paolis*  and  H.  Poincare.t 

For  the  history  of  non-Euclidean  geometry  and  an  exposition  of 
parts  of  it,  the  reader  Is  referred  to  E.  Bonoia,  Ken-Euclidean 
Geometry,  English  translation  by  H.  S.  Carslaw,  Chicago,  1912. 
Other  texts  in  English  are  J.  L.  Coolidge,  Xon-Eueiidean  Geometry, 
Oxford,  1909;  Manning,  Xon-Euclidean  Geometry,  Boston,  1901; 
D.  M.  T.  Soinmerville,  The  Elements  of  Xon-Euclidean  Geometry, 
London,  1914;  H.  S.  Carslaw,  The  Elements  of  ISTon-Euclidean 
Plane  Geometry  and  Trigonometry,  London,  1916.  Besides  these  we 
may  mention  D.  JULY.  Sommerville's  Bibliography  of  ^on-Euclidean 
Geometry,  London,  1911. 

There  are  numerous  other  geometries  closely  related  to  the  non- 
Euclidean  geometries  touched  on  in  this  chapter.  Of  particular 
Interest  are  the  geometries  associated  with  Hermitian  forms  in- 
vestigated by  G.  Fubini  (Atti  del  Eeale  Istituto  Veneto,  VoL  LXIII 
(1904),  p.  501)  and  E.  Study, t  and  the  geometry  of  the  Physical 
Theory  of  Relativity  J 

136.  Angular  measure.  The  measure  of  angles  may  be  defined 
precisely  as  in  the  Euclidean  geometry,  and  we  carry  over  the  defi- 
nitions and  theorems  of  §  69  without  modification.  If  we  represent 
the  absolute  and  an  arbitrary  point  0  by  a  Euclidean  circle  C2  and 
Its  center,  the  Euclidean  rotations  about  0  are  identical  with  the 
hyperbolic  rotations  about  0,  and  hence  the  two  angular  measures  as 
determined  by  the  method  of  §  69  are  identical.  By  §  72,  if  a  and  I 
are  two  lines  intersecting  in  0,  and  6  is  the  measure  of  the  smallest 
angle  4-  AOB  for  which  A  is  a  point  of  a  and  B  a  point  of  i, 

(1)  0  =  -|logR(aJ,  Vs)> 

where  ^  and  «2  are  the  minimal  lines  through  0.  Since  ^  and  i2  are 
the  tangents  to  (72  through  0,  it  follows  that  (1)  may  be  taken  as 
the  formula  for  the  measure  of  any  ordered  pair  of  lines  a,  6  5n  the 

*  Atti  della  E.  Accademia  del  Lincei,  Ser.  3,  VoL  II  (1877-1878),  p.  31. 

t  Acta  Mathematica,  Vol.  I  (1882),  p.  8,  and  Bulletin  de  la  Soci6t6  nmth&natique 
de  France,  Vol.  XV  (1887),  p.  203. 

|  Mathematische  Annalen,  VoL  LX  (1905),  p.  321. 

§  Cf .  F.  Klein,  Jahresbericht der Deutschen  Mathematiker-Vereinigung,  VoL  XIX 
£1910),  p.  281,  and  the  article  by  Wilson  and  Lewis  referred  to  in  §  48  abova 
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hyperbolic  plane  if  iL  and  i'2  are  understood  to  be  the  tangents  to  the 

absolute  through  the  point  of  intersection  of  a          J. 

If  the  hyperbolic  plane  is  represented  as  in  §  134  by  the  interior 
of  a  circle  C~,  the  angular  measure  of  any  two  hyperbolic  lines  is 
identical  with  the  Euclidean  measure  of  the  angle  (§  93)  between  the 
two  circles  orthogonal  to  C2  which  represent  them.  This  has  just 
been  seen  for  the  case  where  the  two  circles  are  lines  through  the 
center  of  (72.  In  the  general  case  a  point  A  of  intersection  of  the  two 
circles  orthogonal  to  6?2  may  be  transformed  to  the  center  of  C*  by  a 
direct  circular  transformation  A.  The  transformation  A  as  a  direct 
circular  transformation  leaves  Euclidean  angular  measure  invariant 
(§  93),  and  as  a  displacement  of  the  hyperbole  plane  leaves  hyper- 
bolic angular  measure  invariant.  Since  the  two  measures  are  identical 
at  the  center  of  (72,  they  must  also  be  identical  at  A. 

As  an  application  of  this  result  we  may  prove  the  following 
remarkable  theorem: 

THEOEEM  10.  The  sum  of  the  angles  of  a  triangle  is  less  than  TT. 

Proof.  Let  the  triangle  be  ABC,  and  let  the  absolute  and  the 
point  A  be  represented  by  a  Euclidean  circle  C2  and  its  center.  Then 
the  hyperbolic  lines  AB  and  AC  are  represented  by  Euclidean  lines 
through  the  center  of  <72,  and  the  hyperbolic 
line  BC  is  represented  by  a  circle  K*  through 
B  and  C  orthogonal  to  C2  (fig.  79). 

The  hyperbolic  measures  of  the  angles  at  A, 
B,  and  C  respectively  are  equal  to  the  Euclidean 
measures  of  &BAC  and  two  angles  formed  by 
AB  and  AC  with  the  tangents  to  JC2  at  B  and  C 
respectively.  The  sum  of  these  three  angles  is 
easily  seen  to  be  less  than  that -of  the  angles  of  the  Euclidean 
(rectilineal)  triangle  ABC.  Hence  it  is  less  than  TT. 

The  theorem  that  the  sum  of  the  angles  of  a  triangle  is  TT  may 
be  substituted  for  Assumption  IX  as  an  assumption  of  Euclidean 
geometry;*  the  proposition  just  proved  can  be  taken  as  the  corre- 
sponding assumption  of  hyperbolic  geometry;  and  the  proposition 
that  the  sum  of  the  angles  of  a  triangle  is  greater  than  TT  can  be 
taken  as  an  assumption  for  elliptic  geometry. 

*  On  the  history  of  this  theorem  cf .  Bonola,  loc.  cit.,  Chap.  II.  This  reference 
will  also  be  found  useful  in  connection  with  the  exercises. 
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EXERCISES 

*L  Prove  from  Assumptions  I-VI,  X-XVI  that  if  the  sum  of  the  angles 
of  one  triangle  is  greater  than,  equal  to,  or  less  than  w,  the  corresponding 
statement  also  holds  for  ail  other  triangles. 

*2.  Prove  from  Assumptions  I-VI,  X-XVI  that  the  sum  of  the  angles  of 
a  triangle  is  less  than  or  equal  to  v. 

137.  Distance,  Since  the  conic  section  is  a  self-dual  figure,  it  is  to 
be  expected  that  the  formula  for  the  measure  of  point-pairs  is  analo- 
gous to  fl).  As  a  matter  of  fact,  we  shall  only  modify  the  factor 
—  f/2.  If  A  and  B  are  two  ordinary  points,  let  A*,  B*  be  the  points 
in  which  the  line  AB  meets  the  absolute,  the  notation  being  assigned 
so  that  the  points  are  in  the  order  {A*  ABB*}.  Then  '&(AB,AmBtt>) 
is  positive  (§  24),  and  hence  log  H  (AB,  A^B^}  has  a  real  value.  We 
define  the  distance  between  A  and  B  by  means  of  the  equation 

(2)  Dist  (AB)  =  7  log  B  (AB,  A»B«), 

where  7  is  an  arbitrary  constant  and  the  real  determination  of  the 
logarithm  is  taken, 

It  is  seen  at  once  that 

Dist  (AB)  =  Dist  (BA), 

because  B  (AB,  A*  B*)  =  B  (BA9  B«>  J«  ), 

and  that  if  A,  B,  C  are  collinear  points  in  the  order  {ABC}, 

Dist  (AB)  4-  Dist  (BC)  =  Dist  (A  C), 
because      B(-4B,  J.&.)  *  B(JH7,  J.  A)=  &(AC,  XA.). 

Moreover,  it  is  evident  from  the  properties  of  the  collineations 
transforming  a  conic  into  itself  that  a  necessary  and  sufficient  con- 
dition for  the  congruence  of  two  point-pairs  AB,  CD  is 


where  J«,  B«>  are  chosen  as  above  and  CL,  D«  are  chosen  analogously. 
Hence  a  necessary  and  sufficient  condition  for  the  congruence  of  AB 
and  CD  is  Dist(AB)=  Dist((7D). 

Hence  the  distance  function  defined  above  is  fully  analogous  to  that 
used  in  Euclidean  geometry  (§  67).  The  constant  7  may  be  determined 
by  choosing  a  fixed  point-pair  OP  as  the  unit  of  distance.  We  then  have 

(3)  i 
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138.  Algebraic  formulas  for  distance  and  angle.    Let  us  consider 

the  symmetric  bilinear  form 


4- 
and  the  covariant  form 

F(u,  ul)  =  4^X  4-  Ai«X  +  ^X 
4-  4>x«X  +  Ai^X  4-  A2«X 


where  the  J[f>.'s  are  defined  as  in  §  85.  With  respect  to  homogeneous 
co6rdinates,/(JT3  X)  =  0  is  the  equation  of  a  point  conic,  and  F(u,  w)=0 
of  the  line  conic  composed  of  the  tangents  to  f(X9  X)  =  0.  Let  us 
take  this  conic  as  the  absolute  and  derive  the  formulas  for  the 
measure  of  distance  and  of  angle. 

Let  r=(y0,  y#  y^  and  #=(«0,  ^,  »a)  be  two  distinct  points.  The 
points  of  the  line  joining  them  are 


and  the  points  in  which  this  line  meets  f(X9  JT)  =  0  are  determined 
by  the  values  of  X//t  satisfying  the  equation 
0  =f(\T+  pZ,  \Y+  fiZ)  =  X2/(F,  J)  +  2 
These  values  are 


,=  -f(T,  Z)  +  -/f*(Y,  Z)-f(Y,  Y)f(Z,  Z) 
f<7,  T) 


\  =  -f(T,  Z)-^f*(Y,  Z)-f(T,  T)f(Z,  Z) 


Let  us  denote  the  two  points  of  the  absolute  corresponding  to  (Xl9  ^ 
and  (X2,  fts)  by  Jx  and  J2  respectively.   Then 

Dist  (YZ)  =  7  log  B  (FZ,  J,  J2). 
Since  (X,  /*)  is  (1,  0)  for  Y  and  (0,  1)  for  Z,  we  have  (§  65,  YoL  I) 


Hence 

(4)       Dist(FZ)  = 


',Z)-f(Y,Y)f(Z,Z) 
Z)-/(F. 
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By  precisely  the  same  reasoning  applied  to  the  dual  case  we  have 
for  the  measure  of  a  pair  of  lines  u  =  (MO,  ul9  u&)9  v  =  (VQ,  vl9  va). 


(5)  m(u,  .)  =  - 

2 


=  _     log         ' 

2     g  F(u,u)F(v,v) 

Denoting  Dist(F,  -?)  by  d,  we  obtain 


_ 

Vf(Y,  Y)f(Z,  Z) 

and  hence 


f(Y,Y)f(Z,Z) 

and  d          d 


2  7  2  f(Y,Y)f(Z,Z) 

In  like  manner,  if  5  =  m  ('EV), 


„  '(*'*). 

W  V  •^F(u>u)F(v9<v) 

^ 
(10)  cos^  =  -v LJ — 

\         '  \j  ~Gi/*.     «.\    T^in*     n«\ 


_     \F(u,  u)F(v,  v)  —  Fz(u^ti 
"N          F(u9u)F(v,v) 


For  a  further  discussion  of  these  formulas  see  dehsch-Iindemann, 
Vorlesungen  iiber  Geometrie,  Vol.  II,  Part  III,  Leipzig,  1891. 

*139.  Differential  of  arc.  The  homogeneous  coordinates  of  all 
points  not  on  the  absolute, 


may  be  subjected  to  the  relation 


where  C  is  a  constant.   Since  f(Xy  X)  is  quadratic,  this  determines 
two  sefcs  of  coordinates  (xa,  xl3  a?2)  for  each  point  of  the  hyperbolic 
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plane  instead  of  an  infinity  of  sets  as  in  unrestricted  homogeneous 
coordinates.* 

Some  definite  determination  of  the  values  of  each  of  the  homogeneous 
coordinates  is  manifestly  necessary  in  order  to  apply  the  processes  of  differen- 
tial calculus  to  formulas  in  homogeneous  coordinates.  The  particular  relation 
f(X9  X)  =.  C  has  the  advantage,  among  others,  of  not  being  singular  for  any 
point  not  on  the  absolute. 

Suppose  now  that  (a?0,  xl9  x9)  describes  a  locus  determined  by  the 
condition  that  XQ>  xl}  #2  are  functions  of  a  parameter  L  Then,  in  the 
familiar  notation,t 

ds_=  L    Dist(X,JT+AX) 
dt     A*=O  A£ 

2  7  sinh  -?-  Dist  (X,  X+  AX) 
7 


2 


=  L      7    )/2(X,  X+  AX)  -/(X,  X)/(X+  AX,  X+  AX) 
„,>  At  \ 


by  (8).    Since  f(T+  Y',  Z)  =f(Y,  Z)  +f(Y',  Z),  this  reduces  to 
^V=  L 


/(X,X)  (/(X,  X)  +  2/(X,  AX)  +/(AX,  AX)) 
=  L  4rf 


f(Z,  X)  {/(X,  X)  +  2/(X,  AX)  +/(AX,  AX)) 
dZ 


*  If  (SBO,  ojt,  x2)  are  interpreted  as  rectangular  coordinates  in  a  Euclidean  space 
of  three  dimensions,  /(.X,  X)  =  (7  is  the  equation  of  a  quadric  surface,  and  we  have 
a  correspondence  in  which  each  point  of  the  hyperbolic  plane  corresponds  to  a  pair 
of  points  of  the  quadrie  surface.  By  properly  choosing  /(X,  X),  this  correspond- 
ence can  be  reduced  to  that  given  in  §  1S4  between  the  hyperbolic  plane  and  the 
surface  of  a  sphere. 

t  We  are  applying  theorems  of  calculus  here  on  the  same  basis  that  we  have 
employed  algebraic  theorems  in  other  parts  of  the  work, 
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.  .  .   dX  fdxn   dx,    dx\     _     ,.„         .  ,      ^  ^.       t  . 

in  which  -r-  represents    —  a  >  —  1  *  —  *  I  •  In  differential  notation  this 
dt      *  \dt     dt     dt/ 

formula  is 

(14)  &«-  ±^f\X,dX)-f(X:X)f(dX,  dZ) 

f*(X,X) 

By  duality  we  have  a  corresponding  formula  for  the  differential  of 

angle, 

u,  du) 


(u,  u) 

These  formulas  are  independent  of  ihe  particular  determination  of 
our  coordinates  by  means  of  the  relation  (13).  If  we  differentiate  (13) 
we  obtain  /(JT,  rfX)=0, 

so  that  for  this  particular  determination  of  coordinates 

(16)  tf. 


Let  us  now  choose  the  homogeneous  coordinate  system  so  that 


and  choose  C=—  4  7*  so  that,  for  points  not  on  the  absolute, 

(17)  ^  +  a;|_4^^  =  _4y. 

If  7  is  real  and  not  zero,  we  are  dealing  with  hyperbolic  geometry,  and 

(18)  dsi^f(dX,  dX) 


If  we  substitute  W  = *—  >         v  =  - 

in  the  value  for  ds*  given  in  (18),  we  obtain 
(19)  df* 


Eegarding  u  and  v  as  parameters  of  a  surface  in  a  Euclidean  space, 
(19)  gives  the  linear  element  of  the  surface  (ct  Eisenhart,  Differential 
Geometry,  §  30).  This  is  a  surface  for  which,  in  the  usual  notation  of 
differential  geometry,  j£=  G  and  F=  0.  The  curvature  of  this  surface 
is  constant  and  equal  to  — 1/4  7*  (cf.  Clebsch-Lindemann,  loc.  cit, 
Vol.  II,  p.  525).  From  this  it  follows  that  the  hyperbolic  plane 
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geometry  in  the  neighborhood  of  any  point  is  equivalent  to  the 
geometry  on  a  portion  of  a  surface  of  constant  negative  curvature. 

If  we  substitute  u  =  x^x^  and  v  =  xjx&  in  (18),  we  obtain 


This  is  the  form  of  linear  element  used  by  Beltrami  in  the  paper 
cited  above.  This  form  is  such  that  geodesies  are  given  by  linear 
equations  in  u  and  i*.  Hence  geodesies  of  the  surface  correspond  to 
lines  of  the  hyperbolic  plane. 

It  is  to  be  noted  that  the  curvature  of  a  surface,  while  often  defined 
in  terms  of  a  Euclidean  space  in  which  the  surface  is  supposed  to  be 
situated,  is  a  function  of  IS,  F,  and  G  and  therefore  an  internal  property 
of  the  surface,  le.  a  property  stated  in  terms  of  curves  (u  =  c  and 
v  =  c)  in  the  surface  and  entirely  independent  of  its  being  situated 
in  a  space. 

Another  remark  which  may  save  misunderstanding  by  a  beginner 
is  that  the  geometries  corresponding  to  real  values  of  7  are  identical. 
The  choice  of  7  amounts  to  a  determination  of  the  unit  of  length,  as 
was  shown  in  §  137. 

EXERCISES 

1.  Express  the  differential  of  angle  in  terms  of  (ar0,  xv  #2)  and  their  deriYar 
tives  (cf.  Clebseh-Lindemann,  loc.  cit.,  VoL  II,  p.  477). 

*2.  Develop  the  theory  of  areas  in  the  hyperbolic  plane.  For  a  treatment 
by  differential  geometry  cf  .  Clebsch-Lindemann,  loe.  cit.,  p.  489.  For  a  develop- 
ment by  elementary  geometry  of  a  theory  of  areas  of  polygons  which  is  equally 
available  in  hyperbolic,  parabolic,  and  elliptic  geometry,  see  A.  Finzel,  Mathe- 
matische  Annalen,  Vol.  LXXII  (1912),  p.  262. 

140.  Hyperbolic  geometry  of  three  dimensions.  A  hyperbolic  space 
of  three  dimensions  is  the  interior  (cf.  Ex.  2,  §  129)  of  a  nonruled 
quadric  surface,  called  the  absolute  quadric,  and  the  hyperbolic  geom- 
etry of  three  dimensions  is  the  set  of  theorems  stating  properties  of 
this  space  which  are  not  disturbed  by  the  projective  collineations  leav- 
ing the  quadric  invariant.  The  definitions  of  the  terms  "  displacement," 
"  congruent,"  "  perpendicular/5  etc.  are  obtained  by  direct  generaliza- 
tion of  the  definition  in  §  132  and  the  corresponding  definitions  in  the 
chapters  on  Euclidean  geometry.  They  will  be  taken  for  granted  in 
what  follows,  without  being  formally  written  down. 
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The  fundamental  theorems  on  congruence  may  be  obtained  from 
the  observations  (1)  that  any  displacement  of  space  leaving  a  plane 
Invariant  effects  In  this  plane  a  displacement  or  a  symmetry  in  the 
sense  of  §  132,  and  (2)  that  no  two  displacements  of  space  leaving  a 
plane  invariant  effect  the  same  displacement  or  symmetry  in  this 
plane.  From  this  we  infer,  by  reference  to  §  135, 

THEOREM  11.  In  the  real  three-dimensional  hyperbolic  geometry 
Assumptions  /- JTFJ  of  §§  29  and  66  are  all  true  except  Assump- 
tion JJT,  which  is  false. 

By  §  100  there  is  a  simple  isomorphism  between  the  displacements 
of  a  hyperbolic  space  and  the  direct  circular  transformations  of  the 
inversion  plane.  Hence  the  theorems  of  inversion  geometry  or  of  the 
theory  of  projectivities  of  complex  one-dimensional  forms  can  all  be 
translated  into  theorems  of  hyperbolic  geometry.  The  reader  who 
carries  this  out  in  detail  will  find  that  many  of  the  theorems  of 
Chap.  VI  assume  very  interesting  forms  when  carried  over  into  the 
hyperbolic  geometry. 

In  particular,  if  an  orthogonal  line  reflection,  or  half  turn,  is  defined 
as  a  line  reflection  (§101)  whose  directrices  are  polar  with  respect  to 
the  absolute,  it  follows  at  once  that  every  displacement  is  a  product 
of  two  orthogonal  line  reflections.  With  this  basis  the  theory  of  dis- 
placements is  very  similar  to  the  corresponding  theory  in  Euclidean 
geometry,  but  many  of  the  proofs  are  simpler. 

The  formulas  for  distance  and  angle  are  identical  with  those  of 
§  138,  and  the  differential  formulas  with  those  of  §  139  if  f(Z,  Xf) 
be  understood  to  be  a  bilinear  form,  in  (#0,  x^  #2,  #8)  and  (a^,  x[,  x(,  a£). 

EXERCISES 

1.  Tne  product  of  three  half  turns  is  a  half  turn  if  and  only  if  their  three 
ordinary  directrices  have  a  common  intersecting  perpendicular  line. 

2.  If  a  simple  hexagon  be  inscribed  in  the  absolute,  the  common  inter- 
secting perpendicular  lines  of  pairs  of  opposite  edges  are  met  by  a  common 
intersecting  perpendicular  line  (cf.  §  108). 

3.  Determine  the  protectively  distinct  types  of  displacements. 

*4.  Defining  a  Jiorosphere  as  a  real  quadric  interior  to  the  absolute  and  trans- 
formable into  the  absolute  by  means  of  an  elation  whose  center  is  on  the  absolute 
and  whose  plane  of  fixed  points  is  tangent  to  the  absolute,  prove  that  the  hyper- 
bolic geometry  of  a  horosphere  is  equivalent  to  the  Euclidean  plane  geometry. 
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*5.  Classify  the  quadric  surfaces  from  the  point  of  view  of  hyperbolic 
geometry. 

*  6.  Given  the  existence  of  a  hyperbolic  space,  define  a  set  of  ideal  points 
such  that  the  extended  space  is  protective,    Cf  .  R.  Bonoia,  Giornale  di  Mate- 
matiche,  Vol.  XXXVIII  (1900),  p.  105,  and  F.  W.  Owens,  Transactions  of  the 
American  Mathematical  Society,  Vol.  XI  (1910),  p.  140. 

*  7.  Obtain  theorems  analogous  to  those  in  the  exercises  of  §§  122,  123  with 
regard  to  the  hyperbolic  displacements. 

*8.  Study  the  theory  of  volumes  in  hyperbolic  geometry  by  methods  of 
differential  geometry. 

141.  Elliptic  plane  geometry.  Definition.  The  geometry  corre- 
spending  to  the  group  of  projective  collineations  in  a  real*  projectlv^ 
plane  tr  which,  leave  an  imaginary  ellipse  £JZ  invariant  is  called  the 
two-dimensional  elliptic  geometry  or  elliptic  plane  geometry.  The  im- 
aginary conic  J^2  is  called  the  absolute  conic  or  the  absolute.  The 
projective  plane  IT  is  sometimes  referred  to  as  the  elliptic  plane. 

The  order  relations  in  this  geometry  are  of  course  identical  with 
those  of  the  projective  plane  (Chap.  II).  The  congruence  relations 
are  defined  as  in  §  132,  with  suitable  modifications  corresponding  to 
the  fact  that  E*  is  imaginary.  Some  of  the  theorems  which  run  par- 
allel to  the  corresponding  theorems  of  hyperbolic  geometry  are  put 
down  in  the  following  list  of  exercises. 

The  formula  for  the  measure  of  angle  used  in  hyperbolic  geometry 
may  be  taken  over  without  change,  ie. 


where  ^  and  ?2  are  intersecting  lines  and  \  and  iz  are  tangents  to 
the  absolute  in  the  same  flat  pencil  with  Z1  and  Z2.  The  formula  for 
distance  may  also  be  taken  from  hyperbolic  geometry  : 

d  =  Dist  (PQ)  =  7  log  Q  (PQ,  R  Q«>  ). 

In  order  that  this  shall  give  a  real  value  for  the  distance  between  two 
real  points,  7  must  be  a  pure  imaginary.  So  we  write 

ki 


*This  geometry  can  in  large  part  be  developed  on  the  basis  of  Assumptions  A, 
B,  ST  P  alone,  the  imaginary  conic  being  replaced  by  the  corresponding  elliptic 
polar  system,  the  existence  and  properties  of  which  are  studied  in  §  89.  As  a 
matter  of  fact  there  is  considerable  interest  attached  to  the  elliptic  geometry  in  a 
modular  plane,  "but  the  point  of  view  which  we  are  taking  in  this  chapter  puts 
order  relations  in  the  foreground. 
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and  in  order  to  have  formulas  in  the  simplest  possible  form,  we  may 
choose  k  =  1,  so  that 


The  discussion  in  §  138  is  applicable  at  once  to  elliptic  geometry 
if  f(X,  X1)  be  taken  to  be  a  bilinear  form  in  three  variables  such 
that/(JT,  JT)  =  0  is  the  equation  of  the  absolute  of  elliptic  geometry. 

Thus  we  have 


(22) 


4f(Y,Y)f(Z,Z) 
(23) 


EXERCISES 

1.  The  principle  of  duality  holds  good  in  the  elliptic  geometry. 

2.  The  elliptic  geometry  is  identical  with  the  set  of  theorems  about  the 
geometry  of  the  plane  at  infinity  in  three-dimensional  Euclidean  geometry. 

3.  The  pairs  of  perpendicular  lines  at  any  point  are  pairs  of  an  elliptic 
involution. 

4.  The  lines  perpendicular  to  a  line  I  all  meet  in  the  pole  of  I  with  respect 
to  the  absolute.   Through  any  point  except  the  pole  of  I  there  is  one  and  but 
one  line  perpendicular  to  L 

5.  Denning  a  ray  as  a  segment  whose  ends  are  conjugate  with  respect  to 
the  absolute,  prove  that  Assumption  X,  §  66,  holds  in  the  single  elliptic 
geometry  if  the  restrictions  be  added  that  A  and  B  are  on  the  same  ray. 

6.  Assumptions  XI  and  XIII  of  §  66  hold  for  single  elliptic  geometry. 

7.  How  may  Assumptions  XII,  XIV,  and  XV"  be  modified  so  as  to  be  valid 
for  single  elliptic  geometry? 

8.  A  circle  is  a  conic  touching  the  absolute  in  two  conjugate  imaginary 
points. 

9.  A  circle  is  the  locus  of  a  point  at  a  fixed  distance  from  a  fixed  line. 

10.  If  A,  B,  C  are  three  collinear  points, 

Dist  (A9  B)  +  Dist  (EC)  +  Dist  (CA)  =  *r. 

In  other  words,  the  total  length  of  a  line  is  TT. 

11.  The  sum  of  the  angles  of  a  triangle  is  less  than  w. 
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12.  Let  Kz  be  a  circle  in  a  Euclidean  plane,  and  let  [C2]  be  the  set  of 
circles  which  meet  JsT2  in  pairs  of  points  on  its  diameters.  An  elliptic  plane  is 
determined  by  defining  as  "  elliptic  points  TJ  all  the  Euclidean  points  interior 
to  A'2  and  all  the  pairs  of  Euclidean  points  in  which  K~  is  met  by  its  diameters, 
and  defining  as  collinear  any  set  of  eEIptie  points  on  a  circle  C2. 

142.  Elliptic  geometry  of  three  dimensions*  The  three-dimensional 
elliptic  geometry  is  the  set  of  theorems  about  a  three-dimensional 
protective  space  which  state  properties  undisturbed  by  the  projective 
collineations  leaving  invariant  an  arbitrary  but  fixed  projective  polar 
system,  called  the  absolute  polar  system,  in  which  no  point  is  on  its 
polar  plane.  It  is  a  direct  generalization  of  the  elliptic  geometry  of 
the  plane  and  may  be  based  on  a  similar  set  of  assumptions. 

In  a  real  space  this  polar  system  is  that  of  an  imaginary  quadric 
(called  the  absolute  quadric)  with  respect  to  which  each  real  point 
has  a  real  polar  plane,  and  the  equation  of  the  absolute  quadric  may 
be  taken  to  be  A 


A  displacement  is  defined  as  a  direct*  projective  coUineation 
(cf.  §  32)  which  leaves  the  absolute  polar  system  invariant  ;  a  sym- 
metry  is  defined  as  a  nondirect  projective  collineation  leaving  the 
absolute  polar  system  invariant.  The  definitions  of  congruence,  per- 
pendicularity, distance,  etc.  follow  the  pattern  of  the  hyperbolic  and 
parabolic  geometries,  and  the  same  method  may  be  used,  as  in  those 
geometries,  to  extend  the  theorems  on  congruence  from  the  plane 
to  space. 

It  can  easily  be  proved  by  means  of  the  theorems  on  the  quadric  in 
Chap.  VI  that  any  displacement  is  a  product  of  two  line  reflections 
whose  axes  are  polar  with  regard  to  the  absolute.  From  this  proposi- 
tion a  series  of  theorems  on  displacements  can  be  derived,  just  as  in 
the  parabolic  and  hyperbolic  geometries. 

Through  a  given  point  not  on  a  given  line  I  there  is  no  line  parallel 
to  I  in  the  sense  in  which  the  term  is  used  in  parabolic  or  hyperbolic 
geometry.  There  is,  however,  a  generalization  of  the  Euclidean  notion 
of  parallelism  to  elliptic  three-dimensional  space  which  preserves 
many  of  the  properties  of  Euclidean  parallelism  and  is,  if  possible, 
more  interesting. 

*  Without  appealing  to  order  relations,  the  direct  collineations  may  be  charac- 
terized as  those  which  do  not  interchange  the  reguli  on  the  absolute  quadric. 
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Any  real  line  /  meets  the  absolute  in  two  conjugate  imaginary  points, 
and  through  these  points  there  are  two  lines  pltp^  of  one  regulus  and 
two  Enes  qv  jt  of  the  other  regulus.  The  lines  pl9  pz  are  conjugate 
imaginary  lines  of  the  second  kind  {§  109),  and  I  is  one  line  of  an 
elliptic  congruence  of  which  pl9  j?2  are  directrices.  A  similar  remark 
applies  to  the  conjugate  imaginary  lines  ql9  qf  Any  line  of  the 
elliptic  congruences  having  pl9  pz  or  ql9  q%  as  directrices  is  called 
a  Cli/ord  parallel*  of  I  or  a  paratacticl  of  I  Thus  there  are  two 
Clifford  parallels  to  /  through  any  point  not  on  19  and  I  is  a  Clifford 
parallel  to  itself. 

The  two  Clifford  parallels  to  any  line  through  any  point  not  on  it 
may  be  distinguished  as  follows :  Let  £*  and  E*  he  the  two  reguli  on 
the  absolute.  Two  real  lines  I,  m  meeting  two  conjugate  imaginary 
lines  p  ,  PI  of  £?  are  right-handed  Clifford  parallels,  or  paratactics ;  and 
two  real  lines  /f,  mr  meeting  two  conjugate  imaginary  lines  ql9  #2  of 
J£|  are  left-ha^ided  Clifford  parallels,  or  paratactics. 

The  distinction  between  right-handed  and  left-handed  Clifford  paral- 
lels may  be  drawn  entirely  in  terms  of  real  elements  by  means  of 
the  notion  of  sense-class  (§  32),  and  thus  connected  with  the  intui- 
tive distinction  between  right  and  left  This  matter  will  be  taken  up 
again  in  the  next  chapter.  In  the  meantime  it  may  be  remarked  that 
the  definition  in  terms  of  the  two  reguli  on  the  absolute  is  inde- 
pendent of  all  question  of  order  relations  and  is  based  on  Assumptions 
A,  E,  P  alone. 

From  the  definition  it  follows  immediately  that  if  I  is  a  right-handed 
Clifford  parallel  to  m,  m  is  a  right-handed  Clifford  parallel  to  I ;  that 
if  m  is  also  a  right-handed  Clifford  parallel  to  n,  I  is  a  right-handed 
Clifford  parallel  to  n.  In  general,  two  lines  have  one  and  only  one 
common  intersecting  perpendicular;  but  if  they  are  right-handed 
Clifford  parallels,  there  is  a  regulus  of  common  intersecting  perpen- 
diculars, and  the  latter  are  all  left-handed  Clifford  parallels. 

The  product  of  two  orthogonal  line  reflections  whose  axes  are 
Clifford  parallels  leaves  each  line  of  the  congruence  of  Clifford  parallels 
perpendicular  to  the  axes  invariant,  and  is  called  a  translation.  A 

*Cf.  Clifford,  A  Preliminary  Sketch  of  Biquaternions,  Mathematical  Papers 
(London,1882),  p.!81,and  Klein,  Autographierte  Vorlesungen  liber  nicht-euklidische 
Geometrie,  Vol.  II  (G5ttingeu,  1892),  p.  245. 

t  E.  Study,  Jahresbericht  der  Deutschen  Mathematikervereinigong,  Vol.  XI 
(1903),  p.  319. 
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translation  Is  right-handed  or  left-handed  according  as  the  congruence 
of  its  invariant  lines  is  right-handed  or  left-handed.  Any  displace- 
ment can  be  expressed  as  a  product  of  two  translations. 

For  a  discussion  of  Clifford  parallels  and  related  questions  see 
Appendix  II  of  the  book  by  Bonola  referred  to  above,  F,  Klein, 
Mathematische  Annalen,  Vol.  XXXVII  (1890),  p.  544,  and  the  other 
references  given  above  in  this  section. 

143.  Double  elliptic  geometry.    The  geometry  corresponding  to 
the  group  of  projective  collineations  transforming  a  sphere  S2  in  a 
Euclidean  three-space  into  itself  is  called  spherical  or  double  elliptic 
plane  geometry.   The  sphere  S  is  called  the  double  elliptic,  plane.   The 
circles  in  which  S2  is  met  by  planes  through  its  center  are  called  lines, 
and  two  figures  are  said  to  be  congruent  if  conjugate  under  the  group 
of  direct  projective  collineations  transforming  the  sphere  into  itself. 

The  plane  which  is  called  elliptic  in  §  141  is  sometimes  called 
single  elliptic  to  distinguish  it  from  the  double  elliptic  plane  here 
described.  Since  the  plane  at  infinity  TT«  of  a  Euclidean  space  is  a 
single  elliptic  plane,  and  since  each  line  through  the  center  of  S* 
meets  S*  in  two  points  and  TT«  in  one  point,  there  is  a  correspondence 
between  a  single  elliptic  plane  and  a  double  elliptic  plane,  in  which 
each  point  of  the  first  corresponds  to  a  pair  of  points  of  the  latter. 
By  means  of  this  correspondence  any  result  of  either  geometry  can 
be  carried  over  into  the  other  geometry. 

These  remarks  can  all  be  generalized  to  ^-dimensions.  For  a  set 
of  assumptions  for  double  elliptic  geometry  as  a  separate  science,  see 
J.  R  Kline,  Annals  of  Mathematics,  2d  Ser.,  Vol.  XIX  (1916),  p.  31. 

144.  Euclidean  geometry  as  a  limiting  case  of  nan-Euclidean.   In 
the  two-dimensional  case  we  have  seen  that  the  equation  of  the  abso- 
lute may  be  taken  as 

(24)  as*  +  a£  - 
or  in  line  coordinates,  as 

(25)  j£  _ 

The  formulas  of  hyperbolic  geometry  arise  if  y  is  real  and  not  zero, 
and  of  elliptic  geometry  if  7  is  imaginary.  If  we  set  c  =  — ^  =  0, 
(25)  may  be  regarded  as  the  equation  of  the  circle  at  infinity  of  the 
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Euclidean  geometry  in  the  form  used  in  §  72.   Moreover,  if  we  set 
t  =  0  in  the  formulas  of  §§  138  and  141,  we  obtain 


COS  0  a= 


which  agree  with  the  formulas  of  Euclidean  geometry  given  in  §  72. 
In  like  manner,  if  we  set  c  =  0  in  the  formula  for  the  differential  of 
distance  in  §  139,  we  obtain  d£  =*  du*  +  drf.  The  generalization  of 
these  remarks  to  three  or  %  dimensions  is  of  course  obvious. 

If  c  changes  by  continuous  variation  from  a  positive  to  a  negative 
value,  it  must  pass  through  zero.  Since  the  corresponding  geometry 
is  elliptic  while  c  is  positive,  parabolic  when  c  is  zero,  and  hyperbolic 
while  c  is  negative,  the  parabolic  geometry  is  often  spoken  of  as  a 
limiting  case  both  of  elliptic  and  of  hyperbolic  geometry. 

This  point  of  view  is  reenforced  by  observing  that  the  formula  (10) 
makes  the  measure  of  a  fixed  angle  a  continuous  function  of  c,  so  that 
f  >r  a  small  variation  of  c  the  value  given  by  (10)  for  0  suffers  a 
correspondingly  small  variation.  A  like  remark  can  be  made  about 
the  distance  between  a  fixed  pair  of  points. 

This  has  the  consequence  that  for  a  given  figure  F  consisting  of  a 
finite  number  of  points  and  lines,  and  for  a  given  number  e,  a  num- 
ber S  can  be  found  such  that  if  c  varies  between  —  S  and  S,  the  dis- 
tance of  point-pairs  and  the  angular  measure  of  line-pairs  of  F  do  not 
vary  more  than  c.  Nevertheless,  in  this  interval  of  variation  of  c  the 
geometry  according  to  which  the  distances  and  angles  are  measured 
changes  from  elliptic  through  parabolic  to  hyperbolic. 

For  example,  if  F  were  a  triangle,  and  the  sum  of  the  angles  were 
found  by  physical  measurement  to  be  between  ir  +  e  and  TT  —  e,  the 
geometry  according  to  which  the  measurements  were  made  might 
be  either  parabolic,  hyperbolic,  or  elliptic.  Eurther  refinements  of 
experimental  methods  might  decrease  e,  but  according  to  current 
physical  doctrine  could  not  reduce  it  to  zero.  Hence,  while  experi- 
ment might  conceivably  prove  that  the  geometry  at  the  bottom  of 
the  system  of  measurements  was  elliptic  or  hyperbolic,  it  could  not 
prove  it  to  be  parabolic. 
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For  the  details  of  showing  that  the  Euclidean  formula  for  distance  is 
a  limiting  ease  of  the  non-Euclidean  formula,  see  Ciebsch-Iindemann, 
loc.  cit,  VoL  II,  p.  530. 

145.  Parameter  representation  of  elliptic  displacements.   Suppose 

the  coordinate  system  so  chosen  that  the  equation  of  the  absolute  is 


The  protective  collineations  which  leave  the  lines  of  a  regulus  on 
the  absolute  invariant  have  been  proved  to  have  matrices  of  the  form 
(50)  or  (51)  in  §  126.  Let  R*  be  the  regulus  on  the  absolute  left  in- 
variant by  the  transformations  of  type  (50),  and  R%  that  left  invariant 
by  those  of  type  (51).  The  transformations  of  type  (50)  are  the 
translations  leaving  systems  of  right-handed  Clifford  parallels  in- 
variant, and  those  of  type  (51)  the  translations  leaving  systems  of 
left-handed  Clifford  parallels  invariant. 

Since  any  transformation  leaving  the  quadric  invariant  is  a  product 
of  one  leaving  the  lines  of  It*  invariant  by  one  leaving  the  lines  of 
Ej  invariant,  any  displacement  is  a  product  of  a  transformation  of 
type  (50)  by  one  of  type  (51).  Denoting  (50)  by  A  and  (51)  by  B, 
the  matrix  A  of  any  displacement  can  be  written 


If  A7  =  J?^A  is  the  matrix  of  a  second  displacement,  and  J5'  and  , 
are  of  the  types  (50)  and  (51)  respectively, 


(27)  A7-  A  = 

because  any  displacement  leaving  all  lines  of  Jfc?  invariant  is  com- 
mutative with  any  displacement  leaving  all  lines  of  R%  iatariant, 
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Thus  any  displacement 

fy  +  ^01*1 

0  -f  ana?i  4- 


*i  =  0«o*o  4-  «8  A  4-  «s  A  +  ***** 

is  given  parametrically  in  terms  of  two  sets  of  homogeneous  parameters 
auf  «1?  ^2J  tfg  and  j80>  j8r  /32?  ^  by  meaos  of  the  formulas  obtained 

by  equating  a^  to  the  corresponding  element  of  the  last  matrix  In 

Equation  (26). 

The  formulas  for  the  parameters  of  the  product  of  two  displace- 
ments are  determined  by  (27),  for  if  A"  =  J3"^"=  A'A,  then  B"^ 
and  An  —  A'A,  and  hence 


a[f  =  a?X  4-  <* 

(29>  =   r-  « 


i«2  -  «^!  4-  «X  > 


The  formulas  for  the  <^s  are,  by  §  127,  the  same  as  for  the  multi- 
plication of  quaternions,  and  the  formulas  for  the  jS's  are  given  by 
the  following  quaternion  formula: 
680'-#*-0^-&'*)G80-&<-^^ 
Now  let  \  and  \  be  two  symbols  defined  by  the  multiplication  table 


(31) 


\ 


0 


0 


2 

and  the  conditions  \q  =  q\,  \q  =  q\,  where  q  is  any  quaternion. 
If  we  write 

(32)    [X^ 4-  aty  4-  flfi/  4- 

(a^+a^i  +  aj+a^ 


the  aA/Js  and  yS//Js  are  given  in  terms  of  the  a^s,  /3*s,  a"s,  and  /3"s  by 
the  equations  (29)  and  (30). 
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The  number  system  whose  elements  are  \qt+  \g»>  where  q  and  j 
are  quaternions,  Is  one  of  the  systems  of  biquateriiions  referred  to  in 
the  footnote  of  §  130.  It  Is  often  given  a  form  which  may  be  derived 
as  follows  : 


(33) 


Then  et  and  es  obey  the  multiplication  table 


(34) 

and  we  have 


ei    e- 


=  & 


Let  us  write 

< 
(35) 


(^+(^H^)/+H^>> 


2 

o      '  o 


gives  the  following  equations  : 


'=  70'72- 


8ft 


2'S0  +  yft  +  S0' 


2  "i-      2      -     «,- —3      ' 

The  role  for  multiplying  Mquaternions, 

K(%>+7^- 


'80  +  8ft-  Sft, 
0'S2-  8^8,+  82'80+  8ft, 
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Tiie  7*8  and  S's  given  by  (36)  may  be  regarded  as  a  new  set  of 
^rameters  for  the  elliptic  displacements.  Since  the  «'s  and  /3's  are 
separate  sets  of  homogeneous  variables,  they  may  be  subjected  to 
the  relation 

(37)  a*  +  a*+**+a;=ft*  +  /3*  +  l3*+0*. 

By  means  of  (35)  the  relation  (37)  becomes 

(38)  7A+  ?A  +  vA+  ^A  =  °" 

The  formulas  for  the  coefficients  of  a  displacement  (28)  in  terms 
of  the  new  parameters  are  found  by  substituting 


in  the  formulas  for  a^  in  terms  of  the  as  and  /?'s.    In  other  words,  the 
matrix  of  the  displacement  corresponding  to  (j^j^J^J^  $Q,  ^  S2>  S8)  is 


"/  s.    8.    s. 

S3\ 

^n  H 

\-S2          S8          S0 

-1] 

\-*.-«,       S: 

V 

and  the  formulas  for  the  composition  of  two  displacements  are  (36). 

EXERCISE 

The  elliptic  displacements  are  orthogonal  transformations  in  four  homo- 
geneous variables.  Work  out  the  parameter  representation  determined  by 
the  formula  £  =  (1  -  S)  (1  +  S)-1 

of  §  125. 

146.  Parameter  representation  of  hyperbolic  displacements.  Let 
the  equation  of  the  absolute  be  taken  in  the  form 

(39)  x;  +  ff(ief+xi+x;)=0. 

If  fM  is  real,  the  corresponding  geometry  is  elliptic;  and  if  p  is  a 
pure  imaginary,  the  corresponding  geometry  is  hyperbolic.  No  gener- 
ality is  lost  by  taking  p  =  1  (as  in  the  section  above)  for  the  elliptic 
case  and  p  =V—  1  in  the  hyperbolic  case.  For  the  sake  of  the  limit- 
ing process  referred  to  at  the  end  of  the  section,  we  shall,  however, 
carry  out  the  discussion  for  an  arbitrary  ft. 
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By  precisely  the  reasoning  used  In  §  126  It  is  seen  that  any  colline- 

ation  leaving  one  regulus  on  the  absolute  invariant  has  the  matrix 

/       CCQ     pa^     fjjz^     f& 


and  any  collineation  leaving  the  other  regulus  invariant  has  the  matrix 

r^t\       r^r-'i        f*/*^A 


/Q  /Q  O  £) 

fl      1  °  8  2 

-fr  -ft.     ft.  ft* 

!        p       8  2  ^1  "o/ 

Hence  any  displacement  has  a  matrix  BA.  In  other  words,  if 


the  transformation  (28)  is  a  displacement. 
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As  we  have  already  seen  in  the  elliptic  case,  if  Af  and  Bf  are 
matrices  analogous  to  A  and  2?, 

BjAj  .BA=B'B-A'A. 

Hence  the  product  of  two  displacements  LA  and  B'A{  is  a  displace- 
ment B"A"  such  that  „_    , 


and  B" 

On  multiplying  out  the  two  matrix  products  A1  A  and  B'B,  it 
is  evident  that  the  elements  of  An  and  Bn  are  given  hy  the 
formulas  (29)  and  (30)  found  above  for  the  elliptic  case.  These 
formulas  are  associated  with  the  biquaternions  determined  by  the 
table  (31). 

The  remark  must  now  be  made  that  if  /t  =  V^I,  the  parameter 
representation  above  does  not  give  real  values  of  afj  for  real  values  of 
the  afB  and  /?s.  Suppose,  however,  that  we  transform  the  biquater- 
nions £+  q0  as  follows  : 


Then  e1  and  e2  obey  the  multipKcation  table 


(41) 
and  we  have 


A 


i+  (/*e,- 


or 
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The  rule  for  multiplying  biquaternions 

i'*  SJ'i  +  S»j+  S't'k) 

(30'  4-  8ft  -1-  Stf 


according  to  (41),  gives  the  following  equations  : 


77= 


7i'=  7*7,+  7,'7«  +  7^7S-  7,'72+  /**(%+  8J8.+  S2'SS-  8J8,), 
7i'=  7^7,-  7,'7,+  7S'7«+  7i7,+  ^(8^8,-  5^,+  8^8.+  S^^), 
7i'=  ^73+  7f  7S-  7i7i+  7s'7a+  !**(*&+  8(8,-  8^8,+  S^0), 


Si'  ==  f'A  -  7(8, 


For  fi  —  0  these  equations  reduce  to  (64)  and  (65)  of  §  130,  and 
for  fjf=l  they  reduce  to  (36).  For  /^2==  —  1  they  give  the  standard 
formulas  for  combining  hyperbolic  displacements.  Thus  there  are 
three  essentially  distinct  systems  of  biquaternions,  determined  respec- 
tively by  the  conditions  fjf=  1,  /jf—  —  1,  /*  =  0.  The  first  corresponds 
to  the  elliptic,  the  second  to  the  hyperbolic,  and  the  third  to  the 
parabolic  geometry.  The  geometry  in  each  ease  is  determined  by  an 
absolute  whose  equation  in  point  coordinates  is  (39),  and  in  plane 
coordinates, 

(44)  /i2<  +  <  + 


Since  the  same  geometry  corresponds  to  any  two  real  values  of  /*, 
there  must  be  a  simple  isomorphism  between  any  two  systems  of 
biquatemions  corresponding  to  positive  values  of  //;  and  a  like  state- 
ment holds  with  regard  to  the  systems  of  biquatemions  corresponding 
to  negative  values  of  p\  The  biquatemions  for  which  //,  =  0  may 
be  regarded  as  a  limiting  case  between  those  for  which  fj?  is  positive 
and  those  for  which  /-c2  is  negative,  just  as  the  parabolic  geometry  is 
regarded  as  a  limiting  case  between  the  hyperbolic  and  elliptic  (§  144). 

In  these  remarks  it  is  understood  that  the  coefficients  70,  7^  72,  78, 
S0,  <5l9  £2,  S8  are  always  real.  From  the  geometrical  discussion  above 
it  is  clear  that  if  these  coefficients  were  taken  as  conmlex.  the 
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biquatemions  for  which  /42=1  would  be  isomorpMc  with  those  for 
which  /£2=  —  L 

The  multiplication  table  (41),  in  case  /i2  =  —  1,  is  satisfied  if  we  take 
€x=l  and  €S=V^T.   Hence  the  biquatemions  with  real  coefficients, 


are  equivalent,  in  case  /**=  —  !,  to  the  quaternions  with  ordinary 

complex  coefficients, 


CT^^^ 


The  biqnatemions  for  which  /i  =  0,  when  taken  with  complex 
coefficients,  may  be  regarded  as  a  number  system  of  sixteen  units 
with  real  coefficients.  This  is  the  number  system  (§  130)  which 
is  needed  to  study  the  displacements  in  the  complex  Euclidean 
geometry,  and  it  may  be  regarded  as  containing  the  other  systems 
of  real  biquaternions. 


CHAPTER  IX 

THEOREMS  OH  SENSE  AND  SEPARATION 

147.  Plan   of   the    chapter.     The    theorems    and    definitions   of 
Chapter   II  are  for  the  most  part  special  cases  of   more  general 
concepts   of  Analysis    Situs.     The  present  chapter  develops   these 
ideas  further,  so  that  the   two   chapters   together  lay  the  founda- 
tion for   the  class  of   theorems-  which  are  particularly  of  use  in 
the  application  of   geometry  to  analysis,  and  vice  versa. 

In  most  of  the  chapter  attention  is  confined  to  theorems  which 
can  be  proved  without  the  use  of  the  continuity  assumptions  (C,  E). 
Many  of  the  theorems  are  proved  on  the  basis  of  A,  E,  S  alone  and 
others  on  the  basis  of  A,  E,  S,  P. 

In  the  first  sections  (§§  148-153)  of  this  chapter  we  prove  some 
of  the  general  theorems  about  convex  regions.  These  are  followed 
(§§  154-157)  by  the  definitions  of  some  very  general  concepts,  such 
as  curve,  region,  continuous  group,  eta  It  will  not  be  necessary  (or 
possible  in  the  remaining  pages)  to  develop  the  corresponding  gen- 
eral theory  to  any  considerable  extent.  Nevertheless,  these  general 
notions  underlie  and  give  unity  to  the  rest  of  the  chapter,  which 
may  in  fact  be  regarded  as  a  study  of  certain  continuous  families  of 
figures  by  special  methods. 

In  §§  158-181  the  theory  of  sense-classes  is  developed  in  consid- 
erable detail  for  the  various  cases  considered  in  earlier  chapters  and 
for  other  cases,  the  principal  idea  involved  being  that  of  an  ele- 
mentary transformation.  Finally  (§§  182-199),  we  prove  the  funda- 
mental theorems  on  the  regions  determined  in  a  plane  by  polygons 
and  in  space  by  polyhedra. 

148.  Convex  regions.    THEOREM  1.    If  I  is  a  line  coplanar  with  a 
triangular  region  R  and  containing  a  point  of  R,  the  points  of  R  on  I 
constitute  a  segment. 

Proof.  A  line  coplanar  with  a  triangle  and  not  containing  more 
than  one  vertex  meets  the  sides  of  the  triangle  in  at  least  two  and 
at  most  three  points.  These  points,  by  §  22,  are  the  ends  of  two  or 
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three  segments.  By  Theorem  20,  Chap,  II,  the  points  of  any  one 
of  these  segments  are  in  the  same  one  of  the  triangular  regions  deter- 
mined by  the  triangle,  and  two  points  in  different  segments  are  in 
different  triangular  regions. 

C0KGLLABY.  The  points  common  to  a  fefrahedral  region  and  a  line 
containing  one  of  its  points  constitute  a  linear  segment. 

Proof,  A  line  not  on  one  of  the  planes  of  a  tetrahedron  meets 
these  planes  in  at  least  two  and  at  most  four  points.  The  rest 
of  the  argument  is  the  same  as  for  the  theorem  above,  replacing 
Theorem  20?  Chap.  II,  by  Theorem  21  of  the  same  chapter. 

Convex  regions  on  a  line  have  been  defined  and  studied  in  §  23. 

DEFINITION.  A  set  of  points  in  a  plane  is  said  to  be  a  two-dimen- 
sional (or  planar)  convex  region  if  and  only  if  It  satisfies  the  follow- 
ing conditions:  (1)  Any  two  points  of  the  set  are  joined  by  an 
interval  consisting  entirely  of  points  of  the  set,  (2)  every  point  of  the 
set  is  interior  to  a  triangular  region  containing  no  point  not  in  the  set, 
and  (3)  there  is  at  least  one  line  coplanar  with  and  not  containing 
any  point  of  the  set. 

A  triangular  region,  a  Euclidean  plane,  and  the  interior  of  a  conic 
are  examples  of  planar  convex  regions. 

THEOREM  2.  If  I  is  a  line  coplanar  with  a  two-dimensional  convex 
region  R  and  containing  a  point  of  R,  the  points  of  R  on  I  constitute 
a  linear  convex  region. 

Proof.  The  definition  of  a  linear  convex  region  is  given  in  §  23. 
That  the  points  of  R  on  I  satisfy  (1)  of  that  definition  follows  directly 
from  (1)  of  the  definition  of  a  pknar  convex  region.  To  prove  (2)  that 
any  point  P  of  R  on  /  is  interior  to  a  segment  of  points  of  R  on  I, 
we  observe  that  by  (2)  of  the  definition  of  a  planar  convex  region 
P  is  interior  to  a  triangular  region  consisting  entirely  of  points  of  R 
and  that  by  Theorem  1  the  points  common  to  I  and  this  triangular 
region  are  a  linear  segment.  Condition  (3)  of  the  definition  of  a 
linear  convex  region  is  satisfied  by  the  points  of  R  on  I  because  / 
contains  one  point  of  the  line  coplanar  with  R  and  not  containing 
any  point  of  R. 

DEFINITION.  A  set  of  points  in  space  is  said  to  be  a  three-dimen- 
sional (or  spatial)  convex  region  if  and  only  if  it  satisfies  the  following 
conditions :  (1)  Any  two  points  of  the  set  are  joined  by  an  interval 
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consisting  entirely  of  points  of  the  set,  (2)  every  point  of  the  set  is 
interior  to  a  tetrahedral  region  containing  no  points  not  in  the  set, 
and  (3)  there  is  at  least  one  plane  containing  no  point  of  the  set. 

A  tetrahedral  region,  a  Euclidean  space,  and  a  hyperbolic  space  are 
examples  of  three-dimensional  convex  regions. 

THEOREM  3.  If  a  line  I  contains  a  point  of  a  three-dimensional 
convex  region  R,  the  points  of  R  on  I  constitute  a  linear  convex  region. 

The  proof  of  this  theorem  follows  the  same  lines  as  that  of  Theo- 
rem 2,  the  corollary  of  Theorem  1  being  used  instead  of  Theorem  1 
in  showing  that  the  points  of  /  in  R  satisfy  Condition  (2)  of  the 
definition  of  linear  convex  region. 

In  consequence  of  Theorems  2  and  3  the  definitions  (between, 
precede,  ray,  sense,  etc.)  and  theorems  of  §  23  are  applicable  to  col- 
linear  sets  of  points  in  two-  and  three-dimensional  convex  regions. 
In  the  rest  of  this  chapter  the  segment  AB  where  A  and  B  are  in  a 
given  convex  region  R  always  means  the  segment  AB  of  points  of  R. 

THEOREM  4.  If  ABC  are  three  noncollinear  points  of  a  convex 
region  R,  D  a  point  of  R  in  the  order  {BCD},  and  E  a  point  of  R 
in,  the  order  {CUJA},  there  exists  a  point  F  of  R  in  the  orders  {AFB} 
and  {DEF}. 

Proof.  Let  F  be  defined  as  the  point  of  intersection  of  the  lines 
DE  and  AB  (fig.  77,  p.  351).  By  (3)  of  the  definition  of  a  two-  or 
three-dimensional  convex  region  there  is  a  line  L  coplanar  with  A,  By 
and  C  and  containing  no  point  of  R.  Hence  /»  does  not  meet  any  of 
the  segments  ABy  BC,  CA.  Hence  (Theorem  19,  Chap.  II)  the  line 
DE  which  meets  the  segment  CA  and  does  not  meet  BC  must  meet 
AB.  Hence  {AFB}. 

The  line  L  does  not  meet  any  of  the  segments  FB,  BD,  DF,  and 
the  line  AC  meets  the  segment  BD  and  does  not  meet  the  segment 
BF.  Hence  AC  meets  the  segment  DF.  Hence  {DEF}. 

THEOREM  5.  A  three-dimensional  convex  region  R  satisfies  As- 
sumptions I— VIII  of  the  set  given  for  a  Euclidean  space  in  §29. 

Proof.  Assumptions  I,  II,  III,  V,  VIII  are  direct  consequences  of 
Theorem  3  and  the  theorems  of  §  23.  Assumptions  VI  and  VII  are 
consequences  of  Condition  (2)  of  the  definition  of  a  three-dimensional 
convex  region.  Assumption  IV  is  a  consequence  of  Theorem  4 
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The  theory  of  order  relations  in  convex  regions  can  be  based  en- 
tirely on  Theorem  5.  This  amounts  to  developing  the  consequences 
of  Assumptions  I- VIII  of  §  29.  Since  both  the  Euclidean  and  the 
hyperbolic  spaces  satisfy  these  assumptions,  this  method  of  treating 
convex  regions  is  of  considerable  interest  from  the  point  of  view  of 
foundations  of  geometry  (cf.  references  in  §  29).  The  methods  required 
to  prove  the  theorems  on  this  basis  are  but  little  different  from  those 
used  in  the  next  section. 

COROLLARY.  In  a  real  projectile  space  a  convex  region  also  satisfies 
Assumption  XVII  of  §  89. 

EXERCISES 

1.  The  set  of  all  points  common  to  a  set  of  convex  regions  winch  are  all 
contained  In  a  single  convex  region  is,  if  existent,  a  convex  region.    (la  other 
words,  the  logical  product  of  a  set  of  convex  regions  contained  in  a  convex 
region  is  a  convex  region.) 

2.  Prove  on  the  basis  of  Assumptions  I-VTEI  of  §  29  that  for  any  set  of 
points  Pv  P2,  •  •  •,  Pn,  finite  in  number,  there  is  a  line  I  such  that  P19  Pv  •  •  •,  P« 
are  all  on  the  same  side  of  /. 

*3,  A  set  of  points  in  a  protective  space  such  that  any  two  points  of  the 
set  are  joined  by  one  and  only  one  segment  consisting  entirely  of  points  of  the 
set  and  such  that  every  point  of  the  set  is  interior  to  at  least  one  tetrahedral 
region  consisting  entirely  of  points  of  the  set,  is  a  convex  region. 

*4.  Study  the  set  of  assumptions  for  protective  geometry  consisting  of 
A,  E  and  the  assumption  that  in  the  projective  space  there  is  a  set  of 
points  satisfying  the  Assumptions  I- VIII,  XVII  for  a  convex  region. 

149.  Further  theorems  on  convex  regions.  THEOREM  6.  If  A,  B,  C 
are  three  noncollinear  points  of  a  convex  region  R,  they  are  the 
vertices  of  one  and  only  one  triangular  region  consisting  entirely  of 
points  of  R.  This  triangular  region  consists  of  all  points  on  the 
segments  joining  A  to  the  points  of  the  segment  BC. 

Proof.  By  Theorem  4  a  line  joining  B  to  a  point  of  the  segment 
CA  meets  a  segment  joining  A  to  any  point  Al  of  the  segment  BC; 
and  by  the  same  theorem  any  point  of  the  segment  AA^  is  joined 
to  B  by  a  line  meeting  the  segment  CA.  Hence  the  set  of  points 
[P]  on  the  segments  joining  A  to  the  points  of  the  segment  30 
is  identical  with  the  set  of  points  of  intersection  of  lines  joining  A 
to  points  of  the  segment  BC  with  lines  joining  B  to  points  of  the 
segment  CA.  By  similar  reasoning  [P]  is  the  set  of  points  of  inter- 
section of  lines  joining  A  to  points  of  the  segment  BC  with  lines 
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joining  €  to  points  of  the  segment  AB.  The  points  [P]  form  a 
triangular  region  because  they  axe  ail  the  points  not  separated  from 
a  particular  P  by  any  pair  of  the  three  lines  AE,  JBC,  CA. 

The  other  three  triangular  regions  having  A,  B,  C  as  vertices 
contain  points  of  the  line  which  by  (3)  of  the  definition  of  a  convex 
region  is  coplanar  with  ABC  and  contains  no  point  of  R.  Hence 
[P]  is  the  only .  triangular  region  satisfying  the  conditions  of  the 
theorem. 

In  the  rest  of  this  section  the  triangular  region  determined  by 
three  noncollinear  points  A,  B,  C  of  a  convex  region  R  according  to 
Theorem  6  shall  be  called  the  triangular  region  ABC.  It  is  also 
called  the  interior  of  the  triangle  ABC. 

COROLLARY.  If  ABCD  are  four  noncoplanar  points  of  a  conmx 
region  R,  they  are  the  vertices  of  one  and  only  one  tetrahedral  region 
consisting  entirely  of  points  of  R.  This  tetrahedral  region  consists  of 
the  segments  of  points  of  R  joining  A  to  points  of  the  triangular 
region  BCD. 

Proof.  Let  [a\  be  the  set  of  segments  joining  A  to  points  of  the 
triangular  region  BCD  and  [P]  the  set  of  all  points  on  the  segments 
[oQ.  Any  P  is  also  on  a  segment  joining  B  to  a  point  of  the  tri- 
angular region  ACD>  as  is  seen  by  applying  the  theorem  above  to 
the  figure  obtained  by  taking  a  section  of  the  tetrahedron  ABCD 
by  the  plane  ABP*  In  like  manner  any  P  is  on  a  segment  joining 
C  to  a  point  of  the  triangular  region  DAB,  and  on  a  segment  join- 
ing D  to  a  point  of  the  triangular  region  ABC. 

The  same  argument  shows  that  any  point  of  intersection  of  a 
line  joining  A  to  a  point  of  the  triangular  region  BCD  with  a  line 
joining  B  to  a  point  of  the  triangular  region  CAD  is  in  the  set 
[P]  and  that  every  P  is  a  point  of  this  description.  From  this  it 
follows  that  [P]  contains  all  points  not  separated  from  a  particular 
P  by  the  faces  of  the  tetrahedron  ABCD.  Hence  by  Theorem  21, 
CSkap.  II,  [P]  is  a  tetrahedral  region. 

Any  tetrahedral  region  having  ABCD  as  vertices  and  distinct 
from  [P]  contains  points  not  in  R,  because  it  either  contains  points 
on  the  segments  complementary  to  [«]  or  on  the  lines  joining  A 
to  the  points  of  the  triangular  regions  different  from  BCD  in  the 
plane  BCD. 
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THEOREM  7.  If  a  plane  TT  contains  a  point  of  a  three-dimensional 
convex  region  R,  the  points  of  R  ®u  TT  constitute  a  planar  convex 
region. 

Proof.  The  points  of  R  on  TT  satisfy  Conditions  (1)  and  (3)  of 
the  definition  of  a  planar  convex  region  because  R  satisfies  Con- 
ditions (1)  and  (3)  of  the  definition  of  a  three-dimensional  convex 
region.  To  prove  that  the  points  of  R  on  TT  satisfy  (2)  of  the  defini- 
tion of  a  planar  convex  region,  let  P  be  a  point  of  R  on  w  and  I  a 
line  on  P  and  TT.  By  Theorem  3  there  are  two  points  A9  A<L  of  R 
OE  I  such  that  the  segment  APA^  is  composed  entirely  of  points  of  R. 
Let  a  be  a  line  on  Al  and  TT  but  distinct  from  I  By  the  same 
reasoning  as  before  there  are  two  points  B,  C  of  R  on  a  such  that 
the  segment  BA^C  is  composed  entirely  of  points  of  R.  By  Theorem  6 
the  triangular  region  having  A,  By  C  as  vertices  and  containing  P 
contains  no  points  not  in  R.  Hence  the  points  of  R  on  TT  satisfy 
Condition  (2)  of  the  definition  of  a  planar  convex  region. 

THEOREM  8.  If  I  is  any  line  coplanar  with  and  containing  a 
point  of  a  planar  convex  region  R,  the  points  of  R  not  on  I  con- 
stitute two  convex  regions  such  that  the  segment  joining  any  point 
of  one  to  any  point  of  the  other  meets  the  linear  convex  region  which 
I  has  in  common  with  R. 

Proof.  By  definition  there  is  a  line  m  coplanar  with  R  and  con- 
taining no  point  of  R.  By  Theorem  18,  Cor.  1,  Chap.  II,  all  points 
of  the  plane  not  on  I  or  m  fall  into  two  classes  [0]  and  [P]  such 
that  (1)  two  points  0,  P  of  different  classes  are  separated  by  I  and 
m  and  (2)  two  points  of  the  same  class  are  not  separated  by  /  and 
m.  The  region  R  contains  points  of  both  of  these  classes.  For  let  1 
be  any  point  of  R  on  I  By  Theorem  2  any  line  through  I  coplanar 
with  R  and  distinct  from  I  contains  a  segment  of  points  of  R  of 
which  I  is  one  point.  If  A  and  B  are  two  points  of  this  segment 
in  the  order  {AIB}9  A  and  B  are  separated  by  I  and  m  and  also 
are  points  of  R.  Hence  there  exist  two  mutually  exclusive  classes 
[0;]  and  IP'],  subsets  of  [0]  and  [P]  respectively,  which  contain 
all  points  of  R  not  on  /. 

Since  any  Of  and  any  P1  are  separated  by  I  and  m  and  no 
segment  £XP'  contains  a  point  of  m,  every  segment  &Pf  contains 
a  point  of  I. 
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Since  two  points  of  the  same  class  ([(/]  or  [Pf])  are  not  separated 
by  /  and  m,  and  since  the  segment  joining  them  does  not  contain 
a  point  of  m,  it  does  not  contain  a  point  of  I. 

It  remains  to  show  that  any  point  of  either  of  the  classes,  say 
[</],  is  interior  to  a  triangular  region  consisting  entirely  of  points 
of  this  class.  Let  p  be  any  line  on  a  point  0?  and  coplanar  with  R. 
Let  O(  and  0^  be  two  points  of  R  on  p  in  the  order  {fy&OQ  and 
such  that  the  segment  0JOJ  does  not  contain  a  point  of  I.  Let  q  be 
any  line  distinct  from  p,  coplanar 
with  R  and  on  O£,  and  let  OJ,  0{ 
be  two  points  of  R  on  q  in  the 
order  {O^O'^}  and  such  that  the 
segment  OfB0[  does  not  contain  a 
point  of  L  By  Theorem  6  there 
is  a  unique  triangular  region  with 
0[,  Or99  O'i  as  vertices  consisting 
only  of  points  of  R  and  containing 
all  points  of  the  segment  #£02. 
Since  /  does  not  meet  any  of  the 
segments  0JOJ,  0£0£,  0^0(,  it  can- 
not meet  any  segments  joining 
0[  to  a  point  of  the  segment  0%O[  (Theorem  4).  Hence  the 
triangular  region  0[O^O[  consists  entirely  of  points  of  [0?]. 

COEOLLAKY  1.  If  TT  is  any  plane  containing  a  point  of  a  three- 
dimensional  convex  region  R,  the  points  of  R  not  on  TT  constitute 
two  three-dimensional  convex  regions  such  that  the  segment  joining 
any  point  of  one  to  any  point  of  the  other  meets  the  planar  convex 
region  which  IT  has  in  common  with  R. 

Proof.  The  proof  is  a  strict  generalization  of  that  of  the  theorem 
above  to  space,  using  the  corollary  of  Theorem  6  instead  of 
Theorem  6. 

COROLLAEY  2.  For  a  given  line  I  (or  plane  TT)  and  a  given  convex 
region  R,  there  is  only  one  pair  of  regions  of  the  sort  described  in 
Theorem  8  (or  Cor.  1). 

Proof.  If  0  is  any  point  of  R  not  on  I,  the  class  containing  0  must 
include  all  points  joined  to  0  by  segments  not  meeting  L  Hence  it 
must  be  identical  with  one  of  the  classes  given  by  the  theorem. 
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DEFINITION.  The  two  convex  Yegions  determined  according  to 
Theorem  8  by  a  line  in  a  planar  convex  region  are  called  the  sides 
of  the  line  relative  to  the  convex  region.  The  two  convex  regions 
determined  according  to  Cor.  1  by  a  plane  in  a  convex  region  are 
called  the  two  sides  of  the  plane  relative  to  the  convex  region. 

DEFINITION.  Two  sets  of  points  [P],  [Q]  in  a  convex  region  or 
in  a  protective  plane  or  space  are  said  to  be  separated  by  a  set  [S]  if 
every  segment  of  the  convex  region  or  of  the  protective  plane  or 
space  which  joins  a  P  to  a  Q  contains  an  8. 

EXERCISE 

Given  two  lines  containing  points  of  a  convex  region  but  intersecting  in  a 
point  P  outside  the  region.  Construct  the  line  joining  P  to  a  point  Q,  in  the 
region  by  means  of  linear  constructions  involving  only  points  and  lines  in  the 
region.  Cf.  Ex.  4,  §  20,  Vol.  I. 

150.  Boimdary  of  a  convex  region.  DEFINITION.  A  point  B  is  a 
boundary  point  of  a  set  of  points  [P]  if  every  tetrahedral  region 
containing  B  contains  a  point  P  and  a  point  not  in  [P].  The  set 
of  all  boundary  points  of  [P]  is  called  the  boundary  of  [P]. 

THEOREM  9.  All  boundary  points  of  a  set  of  points  on  a  line 
I  are  on  I.  All  boundary  points  of  a  set  of  points  on  a  plane 
ir  are  on  TT. 

Proof.  If  Q  is  a  point  not  on  a  line  I,  any  tetrahedron  one  of  whose 
faces  contains  I  and  none  of  whose  faces  contains  Q  will  determine 
a  tetrahedral  region  (§  26)  which  contains  Q  and  does  not  contain 
any  point  of  L  Hence  Q  is  not  a  boundary  point  of  any  set  of  points 
on  L  A  like  argument  proves  the  second  statement  in  the  theorem. 

COROLLARY  1.  A  boundary  point  B  of  a  set  of  points  [P]  on  a 
line  I  is  any  point  such  that  any  segment  of  I  containing  B  contains 
a  P  and  a  point  not  in  [P]. 

COROLLARY  2.  A  boundary  point  B  of  a  set  of  points  [P]  on  a 
plane  TT  is  any  point  suck  that  any  triangular  region  of  TT  contain- 
ing B  contains  a  P  and  a  point  not  in  [P]. 

THEOREM  10.  Let  or  be  the  convex  region  common  to  a  line  I  and  a 
planar  convex  region  R  and  let  RX  and  Rg  be  the  convex  regions 
formed  by  the  points  of  R  which  are  not  on  cr.  The  boundaries  of  R^ 
and  of  R  contain  a-  and  all  boundary  points  of  a.  Each  boundary 
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point    of    R    is    a    'boundary   point    of    R1    or    of   RS,    and    each 
boundary  point  of  RI  or  of  Rg  which  is  not  on  I  is  a   boundary 

point  of  R. 

Proof.  If  Q  is  any  point  of  <r,  and  m  a  line  on  Q  coplanar  with 
R1  and  distinct  from  /,  any  segment  of  m  containing  Q  contains 
points  both  of  RI  and  of  R2.  Since  any  triangular  region  contain- 
ing Q  contains  a  segment  of  m  containing  Q,  it  contains  points 
both  of  Rl  and  of  R2.  Hence  Q  is  a  boundary  point  both  of  R 
and  of  *  Rg.  If  B  is  a  boundary  point  of  *r,  any  triangular  region 
containing  B  contains  a  point  Q  of  a,  and  hence,  by  the  argument 
just  given,  contains  points  both  of  RI  and  of  R2.  Hence  B  is  a 
boundary  point  both  of  RI  and  of  R^. 

Let  A  be  a  boundary  point  of  R.  Any  triangular  region  T  con- 
taining A  contains  at  least  one  point  not  in  R1  or  R£,  namely,  A 
itself.  Since  A  is  a  boundary  point  of  R,,  T  contains  at  least  one 
point  of  R,  which  may  be  in  Rl  or  in  Rfr  or  in  <r.  In  the  latter 
case  T  contains  points  of  R1  and  R2  both,  by  the  paragraph  above. 
Hence  in  every  case  T  contains  points  of  RI  or  R0.  If  every  trian- 
gular region  containing  A  contains  points  of  RX  and  of  R2,  A  is  a 
boundary  point  of  both  RI  and  R0.  If  this  does  not  happen,  some 
triangular  region  TO  containing  A  contains  points  of  one  of  R  and 
RS  (say  RI)  and  not  of  the  other.  Any  triangular  region  T  contain- 
ing A  then  contains  points  of  RI  because  by  an  easy  construction 
we  obtain  a  triangular  region  "F  containing  A  and  contained  in 
both  T  and  TQ;  and  since  ~F  contains  A}  it  contains  points  of  R, 
which  because  they  are  in  TO  must  be  points  of  Rr  Hence  A  is  a 
boundary  point  of  Rr 

Let  O  be  a  boundary  point  of  RI  which  is  not  on  L  Any  trian- 
gular region  T  containing  C  contains  points  of  R,  because  it  contains 
points  of  Rr  It  also  contains  points  not  in  Rr  One  of  these  points 
is  not  in  R  unless  T  consists  entirely  of  points  of  RI}  R2,  and  I. 
If  the  latter  case  should  arise,  since  C  is  not  on  I  a  triangular 
region  TA  could  be  constructed  containing  (7,  interior  to  T,  and  not 
containing  any  point  of  L  T7  then  would  contain  points  of  both  RI 
and  R2  and  hence  would  contain  a  segment  joining  a  point  of  RI  to 
a  point  of  R2;  which  segment,  by  Theorem  8,  would  contain  a  point 
of  /,  contrary  to  hypothesis.  Hence  T  contains  points  not  in  R,  and 
C  is  a  boundary  point  of  R. 
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COBOU.ARY.  Let  *r  be  the  convex  region  common  to  a  plane  IT  and 
a  three-dimensional  convex  regwn  R>  and  let  RI  and.  R0  'be  the  convex 
regions  formed  by  the  points  of  R  which  are  not  on  TT.  The  boundaries 
of  R1  and  Rfi  contain  cr  and  all  Ittvadary  points  of  <r,  Each  boundary 
point  of  R  is  (t  boundary  point  of  RA  or  of  R0,  and  each  boundary  point 
of  Rj  or  of  R2  which  is  not  on  TT  is  a  boundary  point  of  R. 

It  is  to  be  noted  that  we  have  not  proved  that  a  convex  region 
always  has  a  boundary.  Cf.  Ex.  7,  below. 

EXERCISES 

1.  If  A  and  B  are  two  points  of  the  boundary  of  a  convex  region  R,  one  of 
the  segments  joining  them  consists  entirely  of  points  of  R  or  entirely  of  points 
of  the  boundary  of  R. 

2.  A  line  has  no  points,  one  point,  two  points,  or  one  interval  in  common 
with  the  boundary  of  a  convex  region. 

3.  If  a  segment  consists  of  boundary  points  of  a  given  set,  its  ends  are  also 
boundary  points. 

4.  Using  the  notation  of  Theorem  10,  no  point  of  Z  not  in  <r  or  its  bound- 
ary can  be  a  boundary  point  of  R.   Hence  if  P  is  a  point  of  a  two-  or  three- 
dimensional  convex  region  R,  and  B  a  boundary  point  of  R,  the  points  P  and 
B  are  joined  by  a  segment  consisting  entirely  of  points  of  R. 

5.  Using  the  notation  of  the  corollary  of  Theorem  10,  no  point  of  TT  not  in 
r  or  its  boundary  can  be  a  boundary  point  of  R. 

6.  Using  the  notation  of  Theorem  10,  if  R  and  its  boundary  are  contained 
in.  another  convex  region  R',  then  no  point  of  the  boundary  of  Rx  not  on  cr  or 
its  boundary  can  be  on  the  boundary  of  R2. 

7.  Give  an  example  of  a  space  containing  a  convex  region  which,  has  no 
boundary. 

8.  A  ray  whose  origin  is  in  the  interior  of  a  triangle  meets  the  boundary 
o*  this  triangular  region  in  one  and  only  one  point. 

*9.  Let  0  be  an  arbitrary  point  of  a  Euclidean  plane,  and  R0  an  arbitrary 
convex  region  containing  0  and  having  a  boundary  which  is  met  in  two 
points  by  every  line  which  contains  a  point  of  R0.  Let  any  set  of  points  into 
which  the  boundary  of  R0  can  be  transformed  by  a  homothetic  transforma- 
tion (§  47)  be  called  a  circle.  Let  the  point  to  which  0  is  transformed  by  the 
homothetic  transformation  which  carries  the  boundary  of  R0  into  any  circle 
be  called  the  center  of  this  circle.  Let  two  point-pairs  AB  and  A'&  be  said 
to  be  congruent  if  and  only  if  there  is  a  circle  with  A  as  center  and  passing 
through  B  which  can  be  carried  by  a  translation  into  one  with  A'  as  center 
and  passing  through  B*.  The  geometry  based  on  these  definitions  is  analo- 
gous to  the  Euclidean  plane  geometry.  Develop  its  main  theorems.  Cf .  the" 
memoir  of  H.  Minkowski  by  D.  Hilbert,  Mathematische  Annalen,  Vol.  LXVI31 
(1910),  p.  445. 
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151.  Triangular  regions.  The  theorems  of  the  last  sections  can 
be  used  to  complete  the  discussion  of  the  regions  determined  by  a 
triangle.  We  shall  continue  to  use  the  notation  of  §  26  and  shall 
denote  the  sides  AB9  B€>  CA  by  c,  a,  and  5  respectively.  The  points 
of  the  plane  which  are  not  on  a  form  a  convex  region,  of  which  a 
is  the  boundary.  By  Theorem  8  the  points  not  on  a  or  6  fall  into 
two  convex  regions,  of  each  of  which  a  and  5  together  (by  Theorem  10) 
constitute  the  boundary.  The  line  c  meets  a  and  5  in  the  points  B 
and  A  respectively  and  hence  has  the  segment  7  in  common  with 
one  of  the  regions  and  7  in  common  with  the  other.  By  Theorem  8 
the  region  containing  7  is  separated  into  two  convex  regions,  each 
having  7  on  its  boundary,  and  the  other  into  two,  each  having  7  on 
its  boundary.  Thus  the  three  lines  a,  &,  c  determine  four  planar 
convex  regions  which  are  identical  with  the  four  triangular  regions 
of  Theorem  20?  Chap.  II.  Since  the  lines  enter  symmetrically,  each 
of  the  segments  a,  ft,  7,  a,  ft,  7  is  on  the  boundary  of  two  and  only 
two  of  the  triangular  regions. 

The  three  vertices  A,  B,  C  are  on  the  boundaries  of  all  four  tri- 
angular regions,  because  every  point  of  the  plane  can  be  joined  to 
these  three  points  by  segments  not  meeting  the  lines  a}  5,  c.  No  point 
not  on  a,  5,  or  c  can  be  a  boundary  point  of  any  of  the  triangular 
regions,  because  such  a  point  is  an  interior  point  of  one  of  them. 

Since  any  line  m  which  meets  one  of  the  four  planar  convex  regions 
meets  it  in  a  segment  the  ends  of  which  are  the  only  points  of  m 
on  the  boundary,  the  three  segments  which  bound  one  of  the  four 
triangular  regions  cannot  be  met  by  the  same  line.  The  boundaries 
of  the  four  regions  therefore  consist  respectively  (cf.  fig.  16)  of  the 
vertices  of  the  triangle,  together  with 

a?,  ft,  7  for  Region  I, 
a,  ft,  7  for  Eegion  II, 
a,  ft,  7  for  Eegion  III, 
a,  ft,  7  for  Eegion  IV. 

In  addition  to  what  has  already  been  stated  in  Theorem  2,  the 
discussion  above  gives  us  the  following  information: 

THEOREM  11.  A  triangular  region  is  founded  ly  the  three  vertices 
of  the  triangle,  together  with  three  segments  joining  them  which  cannot 
all  le  met  ty  a  lint. 
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If  AOB  and  APC  are  two  noncollmear  segments  they  may  be 
denoted  by  a  and  A  The  two  segments  whose  ends  are  B  and  C 
may  be  denoted  by  7  and  %  j  being  the  one  met  by  the  line  OP. 
As  we  have  just  seen,  a,  A  and  %  together  with  the  vertices  of  the 
triangle,  are  the  boundary  of  a  convex  region,  and  there  is  one  and 
only  "one  of  the  four  convex  regions  of  whose  boundary  a  and  ft 
form  part.  Hence 

THEOBEM  12.  far  any  two  noncollinear  segments  a,  fi  having  a 
common  end  there  is  a  unique  triangular  region  and  a  unique  seg- 
ment 7  such  that  #,  A  and  7,  together  with  the  ends  of  a  and  &form 
the  boundary  of  the  triangular  region. 

COROLLARY  1.  On  any  point  coplanar  with  lut  not  in  a  given 
triangular  region  T,  there  is  at  least  one  line  composed  entirely  of 
points  not  in  T. 

COROLLARY  2.  The  triangular  region  determined  according  to 
Theorem  IB  ty  two  noncollinear  segments  CB!A  and  CAfB  consists 
of  the  points  of  intersection  of  the  lines  joining  B  to  the  points  of  the 
first  segment  with  the  lines  joining  A  to  the  points  of  the  second  segment. 

The  complete  set  of  relations  among  the  points,  segments,  and  tri- 
angular regions  determined  by  three  noncollinear  parts  A,  B,  C  may 
be  indicated  by  the  following  tables, 
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cc 

a. 

ft 

ft 

r 

r 

A 

0 

0 

1 

1 

i 

i 

B 

1 

1 

0 

0 

i 

i 

C 
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1 

1 

1 

0 

0 

H2: 
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II 

III 

IV 

a 

0 

1 

0 

1 

a 

1 

0 

1 

0 

ft 

0 

1 

1 

0 

ft 

1 

0 

0 

1 

7 

0 

0 

1 

1 

y 

1 

1 

0 

0 

where  in  the  first  table  a  «1"  or  a  «0"  is  placed  in  the  ith  row  and 
yth  column  according  as  the  point  whose  name  appears  at  the  be- 
ginning of  the  ith  row  is  or  is  not  an  end  of  the  segment  whose 
name  appears  at  the  top  of  the  jth  column ;  and  where  in  the  second 
table  a  K 1"  or  a  "0"  is  placed  in  the  ith  row  and/th  column  according 
as  the  segment  whose  name  appears  at  the  beginning  of  the  ith  row 
is  or  is  not  a  part  of  the  boundary  of  the  triangular  region  whose 
name  appears  at  the  top  of  the  jth  column. 
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EXERCISES 

1.  The  lines  polar  (§  18,  Vol.  I)  with  respect  to  a  triangle  ABC  to  the 
points  of  one  of  the  four  triangular  regions  determined  by  ABC  constitute 
one  of  the  four  sets  of  lines  determined  by  ABC,  according  to  the  dual  of 
Theorem  20,  Chap.  II.  The  points  on  these  lines  constitute  the  set  of  all  points 
coplanar  with  but  not  on  the  given  triangular  region  or  its  boundary. 

2.  Divide  the  lines  of  the  plane  of  a  complete  quadrangle  into  classes 
according  as  the  point  pairs  in  which  they  meet  the  pairs  of  opposite  sides 
separate  one  another  or  not.  Apply  the  results  to  the  problem:  When  can  a 
real  conic  be  drawn  through  four  given  points  and  tangent  to  a  given  line? 
Dualize. 

152.  The  tetrahedron.  The  discussion  in  §  151  generalizes  at  once 
to  space.  Let  us  use  the  notation  of  §  26.  The  points  not  on  a^  con- 
stitute a  convex  region  of  which  al  is  the  boundary.  By  Theorem  8, 
Cor.  1,  the  points  not  on  al  and  #3  constitute  two  convex  regions,  of 
each  of  which,  by  Theorem  10,  a,L  and  az  form  the  boundary. 

The  plane  #3  has  points  in  each  of  the  three-dimensional  convex 
regions  bounded  by  cc^  and  a%  and  hence  by  Theorem  7  has  a  planar 
convex  region  in  common  with  each  of  them.  By  Theorem  8,  Cor.  1, 
each  of  these  planar  convex  regions  separates  the  spatial  convex  re- 
gion in  which  it  lies  into  two  spatial  convex  regions,  of  each  of  which 
(Theorem  10,  Cor.)  it  forms  part  of  the  boundary.  Thus  the  points 
not  on  a^  #2,  o:3  form  four  spatial  convex  regions.  Since  any  plane 
not  on  A4  meets  cc^  a^  and  #3  in  a  triangle,  it  meets  each  of  these 
four  spatial  convex  regions  in  a  triangular  region.  Thus,  since  the 
planes  al9  az,  as  enter  symmetrically,  we  have 

THBOEEM  13,  DEFINITION.  Three  planes  a^  a%9  az  meet  by  pairs 
in  three  lines,  and  each  pair  of  these  lines  founds  two  planar  convex 
regions.  The  points  not  on  <K19  a^  and  aB  form  four  spatial  convex 
regions  (called  trihedral  regions)  each  bounded  ly  the  three  lines  and 
three  of  the  planar  convex  regions.  The  relations  among  these  regions 
are  fully  represented  "by  the  'matrices  of  §  181  if  the  three  lines  are 
denoted  ly  A,  B,  C,  the  planar  convex  regions  ly  a,  &  7,  a,  ft,  %  and 
the  three-dimensional  regions  "by  I,  II,  III,  IV. 

Each  of  the  four  spatial  convex  regions  determined  by  alf  #2,  «8 
is  met  by  #4  in  a  triangular  region  and  separated  by  it  into  two 
convex  regions  each  of  which  is  partially  bounded  by  the  triangular 
region.  Hence  the  points  not  on  al9  #a,  a#  #4  form  eight  convex 
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spatial  regions  which  must  be  Identical  with  the  tetrahedral  regions 
of  Theorem  21,  Chap.  II.  Since  the  planes  al9  a^  aa,  «4  enter  sym- 
metrically, there  are  sixteen  triangular  regions  each  of  which  Is  on 
the  boundary  of  two  and  only  two  tliree-ciinienslonal  regions ;  and, 
moreover,  each  tetrahedrai  region  lias  one  and  only  one  triangular 
region  from  each  of  the  four  planes  on  its  boundary. 

Since  any  point  not  on  at,  a#  <*3>  a*  caa  be  Joined  to  an7  of  tlie 
points  Al9  A#  A#  A±  by  a  segment  not  containing  any  point  of 
al9  a^  «3,  or  a^  the  points  Av  A#  A^  A^  are  on  the  boundary  of  all 
eight  tetrahedral  regions;  and  by  similar  reasoning  each  segment 
which  bounds  a  triangular  region  also  bounds  each  of  the  tetrahedral 
regions  bounded  by  the  triangular  region. 

THEOREM  14  TJie  boundary  of  a  tetrahedral  region  consists  of  its 
four  vertices,  together  with  four  triangular  regions  and  the  six  seg- 
ments bounding  the  four  triangular  regions  and  bounded  "by  the  four 
vertices. 

COEOLLAEY.  Three  noncoplanar  segments  having  a  common  end  are 
on  the  boundary  of  one  and  only  one  of  the  tetrahedral  regions  having 
their  ends  as  vertices. 

The  complete  set  of  relations  among  the  points,  segments,  triangular 
regions,  and  tetrahedral  regions  determined  by  A^  A^  Av  A^  may  be 
indicated  by  three  matrices  analogous  to  those  employed  in  §  151. 
That  the  points  Ai  and  A5  are  ends  of  the  segments  a-^  and  F^.  is 
indicated  in  the  first  matrix,  a  "1"  in  the  ith  row  and  /th  column 
signifying  that  the  point  whose  name  appears  at  the  beginning  of 
the  ith  row  is  an  end  of  the  segment  whose  name  appears  at  the 
top  of  the  /th  column,  and  a  «  0  "  signifying  that  it  is  not. 
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The  four  triangular  regions  in  the  plane  ^.(i  — 1,  2,  3,  4) 
determined  by  the  lines  in  which  the  other  three  planes  meet 
#£  may  be  denoted  by  ra,  ri2J  ri8,  ri4.  Applying  the  results  of 
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§  151  to  each  plane  we  have  the  following  matrix,  in  which  a 

"  1 "  or  a  "  0 "  appears  in  the  ith  TOW  and  jth  column  according 
as  the  segment  whose  name  is  afe  the  beginning  of  the  itli  row 
is  or  is  not  on  the  boundary  of  the  triangular  region  whose 
name  is  at  the  top  of  the  jth  column. 
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Let  us  denote  the  eight  tetrahedral  regions  by  Tx,  •  • .,  Tg  and  con- 
struct a  matrix  analogous  to  the  preceding  ones,  in  which  a  "1"  or 
a  "  0  "  appears  in  the  ith  row  and  jth  column  according  as  the  tri- 
angular region  whose  name  is  at  the  beginning  of  the  ith  row  is  or 
is  not  on  the  boundary  of  the  tetrahedral  region  whose  name  is  at 
the  top  of  the  jth  column.  By  definition  there  is  a  plane  TT  which 
meets  all  the  six  segments  crfj.  and  none  of  the  segments  <rr  There 
is  one  and  only  one  tetrahedral  region  not  met  by  TT.  Let  us  assign 
the  notation  so  that  this  region  is  called  Tr  As  TT  cannot  meet  the 
segments  and  triangular  regions  on  the  boundaries  of  Tx,  these  seg- 
ments must  be  the  six  segments  IT*,  and  these  triangular  regions  must 
be  those  bounded  by  <rr  The  latter  can  be  found  by  means  of  the 
matrix  H  .  This  determines  the  first  column  of  the  matrix  to  be 

2 

constructed.    The  other  columns  are  found  by  considering  succes- 
sively the  planes  of  *  the  seven  other  classes  of  planes  described  m 
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§  26.   Thus,  for  example,  T2  is  the  region  on  whose  boundary  are  the 
segments  ?a,  *w,  <r^>  ?„,  *„,  <rw. 
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EXERCISE 

The  planes  polar  (§18,  Yol.  I)  with  respect  to  a  tetrahedron  ABCD  to 
the  points  of  one  of  the  tetrahedral  regions  determined  by  ABCD  consti- 
tute one  of  the  four  sets  of  planes  determined  by  ABCD  according  to  §  26. 
The  points  on  these  planes  constitute  the  set  of  all  points  not  on  the  given 
tetrahedxal  region  or  its  boundary. 

*153.  Generalization  to  n  dimensions.  The  generalization  to 
n,  dimensions  of  the  point  pair,  triangle,  and  tetrahedron  is  the 
(n  4.  ty-yoint  in  n-space.  This  is  any  set  of  n  + 1  points  no  n  of 
which  are  in  the  same  (n  —  l)-space,  together  with  the  lines, 
planes,  S-spaces,  etc.  which  they  determine  by  pairs,  triads,  tetrads, 
etc.  By  a  direct  generalization  of  §  26  one  proves  that  the  points 
not  on  the  n—1.  spaces  of  an  (n  4-  l)-point  fall  into  2n  mutually 
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exclusive  sets  RI?  •  • .,  R2«  such  that  any  two  points  of  the  same  set 
are  joined  by  a  segment  of  points  of  the  set  and  that  any  segment 
joining  two  points  not  in  the  same  set  contains  at  least  one  point 
on  an  (n  —  l)-space  of  the  (n  +  l)-point.  Any  one  of  the  sets 
RI?  « •  -,  R2»  is  called  a  simplex  or  n-dimensiotial  segment. 

Thus  the  simplex  is  a  generalization  of  the  linear  segment,  trian- 
gular region,  and  tetrahedral  region.  By  replacing  triangular  and 
tetrahedral  regions  by  simplexes  throughout  §§  148-152  we  obtain 
immediately  the  theory  of  ^-dimensional  convex  regions.  A  like  proc- 
ess applied  to  §§  154-157,  below,  gives  the  theory  of  w-dimensional 
connected  sets,  regions,  continuous  families  of  sets  of  points,  con- 
tinuous families  of  transformations,  continuous  groups,  etc.  We 
leave  both  series  of  generalizations  to  the  reader. 

154.  Cttrres.  DEFINITION.  Let  [T]  be  the  set  of  all  points  on 
an  interval  TQT^  of  a  line  L  A  set  of  points  [P]  is  called  a  con- 
tinuous curve  or,  more  simply,  a  curve,  if  it  is  in  such  a  correspond- 
ence T  with  [T]  that 

(1)  for  every  T  there  is  one  and  only  one  P  such  that  P=F(T); 

(2)  for  every  P  there  is  at  least  one  T  such  that  P  =  T(T); 

(3)  for  every  T,  say  T\  and  for  every  tetrahedral  region  R  con- 
taining r(T'),  there  is  a  segment  cr  of  I  containing  T1  and  such 
that  for  every  Tin  <r,  T(T)  is  in  R. 

A  curve  is  said  to  be  closed  if  T(T0)==  T(TJ.  It  is  said  to  be 
simple  if  F  can  be  chosen  so  as  to  satisfy  (1),  (2),  (3)  and  so  that  if 
T'^T",  T(T')^  T(Trf)  unless  the  pair  T'T"  is  identical  with  the 
pair  TJFr 

The  point  F(T)  is  said  to  describe  the  curve  as  T  varies.  The 
curve  is  said  to  join  the  points  r(T0)  and  r(271). 

In  view  of  the  definition  of  the  geometric  number  system  in  Chap.  VI,  Vol.  I, 
and  the  theorems  in  Chap.  I,  Yol.  II,  this  definition  could  also  be  stated  in 
the  following  form :  Let  (t)  be  the  set  of  numbers  such  that  0  =  2  =  1.  A  set 
of  points  [P]  is  called  a  curve  if  it  is  in  such  a  correspondence  F  with  [f]  that 
(1)  for  every  t  there  is  one  and  only  one  P  =  T  (£),  (2)  for  every  P  there  is  at 
least  one  t  such  that  P=T(t),  and  (3)  for  every  /,  say  f,  and  for  every  tetra- 
hedral region  R  containing  T  (T)  there  is  a  number  8  >  0  such  that  if 
f—  8  <  t  <  t'  +  8,  T(f)  is  in  R. 

Tn  the  Euclidean  or  non-Euclidean  spaces  (3)  may  be  replaced  by  the  con- 
dition :  For  every  t'  and  every  positive  number  e  there  is  a  positive  number  8 
such  that  if  f  -  8  <  t  <  if  +  8,  the  distance  between  T  (2)  and  T  (O  is  less  than  * 
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The  most  obvious  examples  of  simple  closed  curves  are  the 
projective  line  and  the  point  conic.  The  proof  that  these  are  simple 
closed  curves  will  be  given  for  the  planar  case,  and  may  be  extended 
at  once  to  the  three-dimensional  case  by  substituting  tetrahedral 

regions  for  triangular  ones. 

THEOREM  15.   A  projective  line  is  a  simple  closed  curve. 

Proof.  Let  [P]  be  the  set  of  points  on  a  projective  line  and  let 
JP,  JJ,  Pz,  P%  be  four  particular  values  of  [P]  in  the  order  {JJJJJJZJ}. 
Let  T^  TV  T^  T3,  T4  be  five  collinear  points  in  the  order  {T^T^T^T^ 
and  let  [T]  be  the  set  of  all  points  of  the  interval  T^T^  If  T 
is  on  the  interval  T^T^  let  T(T)  be  the  point  to  which  T  is 
carried  by  a  projective  correspondence*  which  takes  the  points 
T ,  I ,  T  into  JfJ,  J?,  P  respectively;  and  if  T  is  on  the  inter- 
val TTZT^  let  T(T)  be  the  point  to  which  T  is  carried  by  a 
projectivity  which  carries  the  points  T^  T&,  T4  into  Pv  ^  PQ 
respectively. 

The  correspondence  T  is  defined  so  that  there  is  one  and  only 
one  point  P  =  T(T)  for  each  T;  and  also  so  that  T(Tf)=tT(T"}, 
unless  T'«T",  or  T'=T0  and  2"'=  T#  or  2"=  T4  and  T"=Tf 
Thus  [P]  satisfies  conditions  (1)  and  (2)  of  the  definition  of  a  curve 
and  the  condition  that  a  curve  be  simple. 

Let  R  be  any  triangular  region  containing  a  point  P!=T(Tf). 
By  Theorem  1  there  is  a  segment  of  the  projective  line  [P]  con- 
taining Pf  and  contained  in  R;  let  P"=T(T")  and  Pr"=T(T"r) 
be  the  ends  of  this  segment.  This  segment  is  the  image  either  of 
the  points  T  between  T!f  and  Tnf  or  of  the  points  T  not  between 
T"  and  Tnr.  Hence  if  o-  be  any  segment  of  the  line  TQT^  con- 
taining Tf  and  not  containing  T"  or  Tnr,  every  point  T  on  cr  is  such 
that  T(T)  is  in  R.  Hence  [P]  satisfies  Condition  (3)  of  the  defini- 
tion of  a  curve. 

THEOEEM  16.   A  point  conic  is  a  simple  dosed  curve. 

Proof.  The  proof  is  precisely  the  same  as  that  of  Theorem  15 
except  that  [P]  is  the  set  of  points  on  a  conic,  and  the  following 
lemma  is  used  instead  of  Theorem  1. 

*TMs  does  not  use  Assumption  P,  because  it  requires  only  the  existence  of  a 
projectivity,  and  this  may  be  set  up  as  a  series  of  perspectivities  (cf .  Chap.  Ill,  Vol,  I) . 
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LEMMA.  If  a  point  P  of  a  conic  (7s  u  in  a  triangular  region  R 
coplanar  with  C39  there  is  a  segment  or  of  C*  which  contains  P  and 
is  contained  in  R. 

Proof.  If  C2  is  entirely  in  R  the  conclusion  of  the  theorem  is 
obvious.  If  not,  let  Q  be  a  point  of  C2  not  in  R.  By  §  75  the  points 
of  the  line  PQ  interior  to  02  constitute  a  segment  having  P  and  Q 
as  ends.  Let  R  be  a  point 
of  this  segment  wMch  is 
also  on  the  segment  con- 
taining P  (Theorem  1), 
which  the  line  PQ  has  in 
common  "with  R  (fig.  81). 

Let  T  be  the  common 
point  of  the  tangents  at 
P  and  Q  and  let  Tr  and 
Tff  be  points  of  R  in  the 
order  {TT'PT"}.  Let  Sf 
and  S/f  be  the  points  in 
which  QT1  and  QTn  meet 
2!B;  so  that  {TS'ES"}- 

Let  S1  and  Sz  be  points         \/  *IG-  81 

interior  to  R,  interior  to  C*,  and  in  the  order 
(Theorem  T).  The  lines  ^  and  QS2  meet  TP  in  two  points  T%  and 
T2  respectively  in  the  order  {TTrT1PT9Trr}.  Since  these  points  are 
on  the  segment  TfPTfr  they  are  in  R.  Since  Q  is  on  the  conic  (7s 
the  lines  QT^  and  QT^  meet  <72  in  two  points  JJ  and  P^  respectively, 

Since  8^  is  interior  and  T^  (a  point  of  a  tangent)  exterior  to  C*, 
we  have  the  order  {QS^T^.  But  S:  and  TI  are  in  R  and  Q  is  not  in  R. 
Hence  by  Theorem  1,  P^  is  in  R.  In  like  manner  j^  is  in  R. 

The  segment  IJJPJf  of  the  conic  <72  is  now  easily  seen  to  consist 
entirely  of  points  of  R.  For  if  P  is  any  point  of  this  segment,  and 
T  and  8  the  points  in  which  QP  meets  PT  and  ET  respectively, 


Hence  I7  is  on  the  segment  TfT^  and_^  is  on  the  segment 
Hence  T  and  S  are  interior  to  R,  and  S  interior  to  (72.    Since  T  is 
exterior  to  (72,  it  fqHows  that  S  and  T  separate  P  and  Q.  Therefore, 
as  Q  is  not  in  R,  P  is  in  R. 


404  THEOREMS  OX  SENSE  AND  SEPARATION    [CHAP.IX 

EXERCISE 
The  boundary  of  a  triangular  region  Is  a  simple  closed  curve. 

155.  Connected  sets,  regions,  etc,  A  set  of  points  is  said  to  be 
connected  if  and  only  If  any  two  points  of  the  set  are  joined  by  a 
curve  consisting  entirely  of  points  of  the  set.  A  connected  set  is 
sometimes  called  a  continuous  family  of  points.  In  a  space  satis- 
fying Assumptions  A,  E,  H,  C  (or  A,  E,  K  or  A,  E,  J)  a  connected 
set  is  also  called  a  continuum.  A  connected  set  in  a  plane  such,  that 
every  point  of  the  set  is  in  a  triangular  region  containing  no  points 
not  in  the  set  is  called  a  planar  region.  A  connected  set  of  points 
in  space  such  that  every  point  of  the  set  is  in  a  tetrahedral  region 
containing  no  points  not  in  the  set  is  called  a  three-dimensional 
region. 

A  one-to-one  transformation  T  carrying  a  set  of  points  [X]  into  a 
set  of  points  [T]  is  said  to  be  continuous  if  and  only  if  for  every  X> 
say  Xf,  and  every  tetrahedral  region  T  containing  T(Xf),  there  is  a 
tetrahedral  region  R  containing  Xf  and  such  that  for  every  X  in  R, 
T(X)  is  in  T. 

If  a  linear  interval  joining  two  points  A,  B  is  subjected  to  a  con- 
tinuous one-to-one  reciprocal  transformation,  it  goes  into  a  curve 
joining  the  transforms  of  A  and  B  (§  154).  The  set  of  points  on  the 
curve,  excluding  the  transforms  of  A  and  B,  is  called  a  1-cell. 

If  a  triangular  region  and  its  boundary  are  subjected  to  a  con- 
tinuous one-to-one  reciprocal  transformation,  the  set  of  points  into 
which  the  triangular  region  goes  is  called  a  simply  connected  element 
of  swrf&ce,  or  a  @-celL 

If  a  tetrahedral  region  and  its  boundary  are  subjected  to  a  con- 
tinuous one-to-one  reciprocal  transformation,  the  set  of  points  into 
which  the  boundary  goes  is  called  a  simply  connected  surface,  or  simple 
surface,  and  the  set  of  points  into  which  the  tetrahedral  region  goes 
is  called  a  simply  connected  three-dimensional  region,  or  a  3-cell. 

EXERCISES 

1.  A  region  contains  no  point  of  its  boundary. 

2.  If  A  and  B  are  any  two  points  of  a  planar  region  R,  there  exists  a  finite 
number  of  triangular  regions  tv  £2,  •  -  *,  tn  sach  that  ^  has  a  point  in  common 
with  ti+1(i  =  l,"-,  n  —  1)  and  t±  contains  A  and  tn  contains  B.  This  property 
could  be  taken  as  the  definition  of  a  region  in  a  plane. 
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3.  Given  any  set  of  regions  aE  contained  in  a  convex  region.   The  set  of 
all  points  in  triangular  regions  whose  vertices  are  in  the  given  regions  is  a 
convex  region.   This  region  is  contained  in  everj  convex  region  containing  the 
given  set  of  regions  (J.  W.  Alexander). 

4.  The  set  of  aE  points  on  segments  joining  pairs  of  points  of  an  arbitrary 
region  R  contained  in  a  convex  region  constitutes  a  convex  region  R'.   The 
region  R'  is  contained  in  every  convex  region  containing  R. 

5.  The  boundary  (§  150)  of  a  region  in  a  plane  (space)  separates  (§  149) 
the  set  of  all  points  in  the  region  from  the  set  of  all  points  of  the  plane  (space) 
not  in  the  region. 

6.  A  continuous  one-to-one  reciprocal  transformation  of  space  transforms 
any  region  into  a  region. 

156.  Continuous  families  of  sets  of  points.  The  notion  of  con- 
tinuous curve  has  the  following  direct  generalization: 

DEFINITION.  Let  [T]  be  the  set  of  all  points  on  an  interval  Tfl\ 
of  a  line  L  A  set  of  sets  of  coplanar  points  [S]  is  called  a  con- 
tinuous one-parameter  family  of  sets  of  points  if  it  is  in  such  a 
correspondence  F  with  T  that 

(1)  for  every  T  there  is  one  and  only  one  set  S  such  that  S=r(T) ; 

(2)  for  every  set  S  there  is  at  least  one  T  such  that  S=r(T); 

(3)  for  every  T9  say  Tf,  and  for  every  triangular  region  R  includ- 
ing a  point  of  the  set  F(T/),  there  is  a  segment  a  of  /  containing  Tf 
and  such  that  if  T  is  In  a-  at  least  one  point  of  the  set  T(T)  is  in  R. 

The  definition  of  a  continuous  one-parameter  family  of  sets  of 
points  in  space  is  obtained  by  replacing  the  "triangular  region  R  in 
the  statements  above  bj  a  tetrahedral  region. 

If  the  sets  S  are  taken  to  be  lines,  planes,  conies,  quadrics,  etc., 
this  gives  the  definition  of  one-parameter  continuous  families  of 
lines,  planes,  conies,  quadrics,  etc.,  respectively.  Of.  Exs.  1-5,  below. 

DEFINITION.  A  connected  set  of  sets  of  paints  or  a  continuous 
family  of  sets  of  points  is  a  set  of  sets  of  points  [S]  such  that  any 
two  sets  .S ,  S  are  members  of  a  continuous  one-parameter  family 
of  sets  of  [S]. 

Tor  example,  the  discussions  given  below  in  terms  of  elementary 
transformations  establish  in  each  case  that  a  sense-ckss  is  a  con- 
nected set  of  sets  of  points.  Cf.  also  Exs.  6-7,  below. 

The  definition  of  a  continuous  family  may  be  extended  in  an  obvious  way 
so  as  to  include  seta  whose  elements  are  points,  sets  of  points,  sets  of  sets  of 
points,  etc. 
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EXERCISES 

1.  Defining  an  envelope  of  lines  as  the  plane  dual  of  a  curve,  prove  that  an 
envelope  is  a  continuous  one-parameter  family  of  Hues. 

2.  The  space  dual  of  a  curve  is  a  continuous  one-parameter  family  of  planes. 

3.  Pencils  of  lines  and  planes  are  continuous  one-parameter  families. 

4.  A  line  conic  or  a  regulus  is  a  continuous  one-parameter  family  of  lines. 

5.  A  pencil  of  point  conies  Is  a  continuous  one-parameter  family  of  curves. 

6.  The  set  of  all  lines  in  a  plane  or  space  or  in  a  linear  congruence  or  a 
linear  complex  is  a  connected  set  of  sets  of  points. 

7.  The  set  of  all  planes  in  space  or  of  all  planes  tangent  to  a  quadric  is  a 
connected  set  of  sets  of  points. 

157.  Continuous  families  of  transformations.  Let  [T]  be  the  set 
of  all  points  on  an  interval  TQTl  of  a  line  I.  Let  [II J  be  a  set  of 
transformations  of  a  set  of  points  [P].  If  (1)  to  every  T  there  cor- 
responds one  and  only  one  transformation  JJT,  and  (2)  for  every 
point  P  the  set  of  points  \TLT(P)]  is  a  curve  for  which  the  defining 
correspondence  F  (in  the  notation  of  §  154)  may  be  taken  to  be 
the  correspondence  between  T  and  HT(F),  then  [IIr]  is  said  to  be  a 
continuous  one-parameter  family  of  transformations.  The  curves 
[nr{P)]  are  called  the  path  curves  of  [IIJ. 

The  term  "  continuous  one-parameter  family  of  transformations  " 
may  also  be  applied  to  a  set  of  transformations  [IIJ  of  a  set  S  of 
points  P  and  of  sets  of  points  S  (ag.  S  may  be  a  set  of  figures  as 
defined  in  §  13,  VoL  I).  In  this  case  (1)  and  (2)  must  be  satisfied, 
and  also  the  following  condition:  (3)  For  every  set  of  points  S, 
[nr(S)]  is  a  one-parameter  continuous  family  of  sets  of  points  for 
which  the  defining  correspondence  F  (in  the  notation  of  §  156)  may 
be  taken  to  be  the  correspondence  between  T  and  11^(5). 

If  the  set  of  correspondences  [IIr]  is  both  a  group  and  a  continuous 
one-parameter  family  of  transformations,  it  is  called  a  one-parameter 
continuous  group. 

A  set  of  transformations  [II]  of  a  set  of  points  and  of  sets  of  points, 
such  that  any  two  transformations  of  [II]  are  members  of  a  con- 
tinuous one-parameter  family  of  transformations  of  [II],  is  called  a 
continuous  family  of  transformations.  If  [II]  is  also  a  group,  it  is 
called  a  continuous  group. 

If  [IIr]  is  a  continuous  one-parameter  family  of  one-to-one  recip- 
rocal transformations  of  a  figure  F,  and  if  ITro  is  the  identity,  then  F 
is  said  to  be  moved,  or  deformed,  to  the  figure  IL^F)  through  the  set 
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of  intermediate  positions  [II7(.F;].  Any  one  of  the  transformations 
HT  is  called  a  deformation ;  if  P  is  a  set  of  points  and  all  the 
transformations  of  the  family  [II r]  are  continuous,  the  deformation 
is  said  to  be  a  continuous  deformation. 

158.  Affine  theorems  on  sense.    Let  us  recapitulate  some  of  the 

main  propositions  about  sense-classes  in  Euclidean  spaces  by 
enumerating  the  one-dimensional  propositions  of  which  they  are 
generalizations. 

The  group  of  all  projectivities  x'—ax  +  J)  on  a  Euclidean  line 

has  a  subgroup  of  direct  projectivities  for  which  a  >  0.  This  sub- 
group is  self-conjugate,  because  if  a  transformation  of  the  group  be 
denoted  by  2,  and  any  other  transformation  x?  =  ax  +  ft  by  T,  then 


&         a 

a  transformation  in  which  the  coefficient  of  x  is  positive.  From 
the  fact  that  the  subgroup  is  self-conjugate,  it  follows  as  in  §  18 
that  the  same  subgroup  is  defined  by  the  condition  a  >  0,  no 
matter  how  the  scale  is  chosen,  so  long  as  P^  is  the  point  at 
infinity.  These  statements  are  generalized  to  the  plane  in  §  30  and 
to  spaces  of  any  dimensionality  in  §  31.  The  generalization  consists 
in  replacing  a  by  the  determinant 


for  the  two-dimensional  case,  and  by  the  corresponding  ^-rowed 
determinant  in  the  ^-dimensional  case. 

A  sense-class  S(A£)  is  the  set  of  all  ordered  pairs  of  points 
into  which  a  pair  of  distinct  points  can  be  carried  by  direct  pro- 
jectivities  (§  23).  This  proposition  is  generalized  to  the  plane  in 
§  30  and  to  %-space  in  §  31. 

A  particular  arbitrarily  chosen  sense-class  shall  be  called  positive 
and  the  other  sense-class  shall  be  called  negative.  This  statement 
reads  the  same  for  any  number  of  dimensions.  In  the  three-dimen- 
sional ease  the  positive  sense-class  is  also  called  right-handed  and 
the  negative  sense-class  left-handed  (see  the  fine  print  in  §  162). 

In  the  one-dimensional  case  a  nonhomogeneous  coordinate  sys- 
tem is  called  positive  if  S(PQ^)  is  positive.  In  the  two-dimensional 
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case  a  nonhomogeneous  coordinate  system  is  called  positive  if 
S(OZY)  is  positive  when  0  =  (0,  0),  X=(l?  0),  and  F=(0,  1).  In 
the  three-dimensional  case  a  nooliomogeneous  coordinate  system 
is  called  positive  or  right-handed  if  8(OZYZ)  is  positive  when 
0=  (0,  0,  0),  X=  (1,  0,  0),  Y=  (0,  1,  0),  and  Z=  (0,  0,  1). 

Ou  l!-^  Euclidean  line  two  ordered  pairs  of  points  AB  and  A'ff 
are  in  the  same  sense-class  if  and  only  if 


and 


1  a! 
1  V 


have  the  same  sign,  a,  ~b,  a!,  V  being  the  nonhomogeneous  coordinates 
of  A9  B,  A',  Bf  respectively.  Hence,  if  the  coordinate  system  is  posi- 
tive, S(AB)  is  positive  or  negative  according  as  (b  —  a)  is  positive  or 
negative.  Similar  criteria  for  the  plane  and  space  are  given  in 
§§  30,  31.  It  follows  immediately  that  if  the  coordinate  system 
in  the  plane  is  positive,  S(ABC)  is  positive  or  negative  according 


as  the  determinant 


is  positive  or  negative,  where  A  =  (al9  ag),  B  =  (&x,  52),  C  =  (GI}  c2). 
If  the  coordinate  system  in  space  is  positive,  S(ABCD)  is  positive 
or  negative  according  as  the  determinant 


a    a    a8 


is  positive  or  negative,  where  A  =  (alf  a,^  as),  ^  =  (&t,  J0,  63),  (7= 

(*!>**>  c^>  :D  =  ((lv  d2>  d,)- 

In  the  one-dimensional  case  B  is  on  one  or  the  other  of  the  rays 
having  A  as  origin  according  as  S(AB)  is  positive  or  negative. 
In  a  Euclidean  plane  C  is  on  one  side  of  the  line  AB  or  the  other 
according  as  S  (ABC)  is  positive  or  negative  (§  30).  In  a  Euclidean 
space  D  is  on  one  side  or  the  other  of  the  plane  ABC  according  as 
S  (ABCD)  is  positive  or  negative. 

The  projectivities  s/^ax  +  b  of  the  Euclidean  line*  are  in  one-to- 
one  reciprocal  correspondence  with  the  points  (a,  V)  of  the  Euclidean 
plane.  The  direct  projectivities  correspond  to  tlie  points  on  one 
side  of  the  line  a  =  0  and  the  opposite  ones  to  those  on  the 
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other  side.  From  this  it  readily  follows  that  the  set  of  all  direct 
projectivities  forms  a  continuous  group,  whereas  the  set  of  all  projec- 
tivities  is  a  group  which  is  not  continuous. 

In  like  manner  the  transformations 


/  =  azlx  + 

can  be  set  in  correspondence  with  the  points  of  a  six-dimensional  Euclidean 
space,  the  direct  and  opposite  collineations  respectively  corresponding  to 
points  of  two  regions  separated  by  the  locus 


Similarly,  the  direct  and  opposite  collineations  in  a  Euclidean  space  of  three 
dimensions  may  be  represented  by  points  of  two  regions  in  a  space  of  twelve 
dimensions.  In  all  three  cases  the  set  of  all  direct  collineations  forms  a  con- 
tinuous group,  but  the  set  of  all  collineations  does  not. 

Another  way  of  coining  at  the  same  result  is  this  :  Let  the  ordered  pairs 
of  points  AB  of  a  Euclidean  line  be  represented  by  the  points  (at  b)  of  a  Euclid- 
ean plane,  a  being  the  nonhomogeneous  coordinate  of  A,  and  b  that  of  B.  Under 
this  convention  the  points  representing  pairs  of  the  positive  sense-class  are 
on  one  side  of  the  line  5  —  a  =  0  and  those  representing  pairs  of  the  negative 
sense-class  on  the  other  side  of  this  line.  The  one-dimensional  affine  projec- 
tivities are  in  one-to-one  reciprocal  correspondence  with  the  ordered  point 
pairs  to  which  they  carry  a  fixed  ordered  point  pair  PQ.  The  direct  projec- 
tivities thus  correspond  to  point  pairs  represented  by  points  on  one  side  of 
the  line  b  —  a  =  0  and  the  opposite  projectivities  to  point  pairs  represented 
by  points  on  the  other  side. 

159.  Elementary  transformations  on  a  Euclidean  line.  DEFINITION. 
Given  an  ordered  pair  of  points  AB  of  a  Euclidean  line,  the  oper- 
ation of  replacing  one  of  the  points  by  a  second  point  not  separated 
from  it  by  the  other  point  is  called  an  elementary  transformation 
of  the  pair  AB.* 

Thus  AB  may  be  transformed  into  AB1  if  {ABB1}  or  {ABfB}.  In 
other  words  (cf.  §  23)  B  can  be  transformed  to  any  point  B!  such 
that  S(AB)=S(ABt),  and  into  no  other.  Hence  it  follows  that  if 
AB  is  transformable  to  AfBf  by  any  sequence  of  elementary  trans- 
formations, S(AS)  =  S(AJB'}. 

Conversely,  if  8(AB)  =  S(A!Br}9  it  is  easy  to  see,  as  follows,  that 
by  a  sequence  of  elementary  transformations  AB  can  be  transformed 

*  The  transformations  which  we  have  considered  heretofore  have  usually  been 
transformations  of  the  line,  plane,  or  space  as  a  whole.  Here  w©  are  coruaderinjr  a 
transformation  of  a  single  pair  of  points. 
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to  A'Bf.  From  the  theorems  on  linear  order  in  Chap.  II  it  follows 
that  there  are  two  points  A"  and  ^  satisfying  the  order  relations 

{ABA"B"}    and    {A'ffA"!?'}. 

By  elementary  transformations  AB  goes  to  AB";  AB"to  AnBn]  A"B" 
to  A'B";  eaidA'B"  to  A'B'.  Hence  we  have 

THEOREM  17.  On  a  Euclidean  line  the  set  of  all  ordered  pairs 
of  points  into  which  an  ordered  pair  of  distinct  points  AB  can  le 
transformed  ly  elementary  transformations  is  the  sense-class  S(AB). 

An  elementary  transformation  may  be  regarded  as  a  special  type  of  con- 
tinuous deformation  (§  15T).  If  -4  B  is  carried  by  an  elementary  transformation 
to  AB\  the  i»oint  B  may  be  thought  of  as  moved  (§  157)  along  the  segment 
BB'  from  B  to  &,  and  since  this  segment  does  not  contain  A,  the  motion  is 
such  that  the  pair  of  distinct  points  never  degenerates  into  a  coincident  pair. 
Thus  we  may  say  that  a  sense-class  consists  of  all  pairs  obtainable  from  a 
fixed  pair  by  deformations  in  which  no  pair  ever  degenerates, 

When  the  ordered  point  pairs  are  represented  by  points  in  a  Euclidean 
plane,  as  explained  at  the  end  of  the  last  section,  an  elementary  transforma- 
tion corresponds  to  moving  a  point  (a,  1)  parallel  to  the  a-axis  or  the  fr-axis 
in  such  a  way  as  not  to  intersect  the  line  a  =  b* 

DEFINITION.  An  elementary  transformation  of  a  pair  of  points 
AB  is  said  to  be  restricted  with  respect  to  a  set  of  points  [P]  if  and 
only  if  it  carries  one  of  the  pair,  say  B>  into  a  point  £J  such  that 
the  segment  BB1  does  not  contain  any  one  of  the  points  P,  (Any 
one  of  these  points  may,  however,  be  an  end  of  the  segment  BB!.} 

It  is  evident  that  any  elementary  transformation  can  be  effected 
as  a  resultant  of  a  sequence  of  elementary  transformations  which 
are  restricted  with  respect  to  an  arbitrary  finite  set  of  points.  Hence 
Theorem  17  has  the  following  corollary: 

COBOLLARY.  Let  PI?  P2,  •  •  •,  P,  le  any  finite  set  of  points  on  a 
line  L  Two  ordered  pairs  of  points  are  in  the  same  sense-class  if  and 
only  if  one  can  -'be  carried  into  the  other  ~by  a  sequence,  of  elementary 
transformations  restricted  with  respect  to  P1,  P2,  •  •  •,  Pn. 

The  concept  of  a  restricted  elementary  transformation  is  intimately  con- 
nected with  the  idea  of  a  «  small  motion."  In  the  metric  geometry  the  points 
Pv  P2, . . .,  Pn  can  be  chosen  so  as  to  be  in  the  order  {Pv  P2,  -  •  •,  Pn}  and  so 
that  the  segments  P{Pi+i  are  arbitrarily  small.  Any  elementary  transforma- 
tion of  a  pair  of  points  on  the  interval  PiP{+i  will  be  effected  by  a  small 
motion  of  one  of  the  points  in  the  pair. 
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160.  Elementary  transformations  in  the  Euclidean  plane  and  space. 
DEFINITION.  Given  an  ordered  set  of  three  noncollinear  points  in 

a  Euclidean  plane,  an  elementary  transformation  is  the  operation 
of  replacing  one  of  them  by  a  point  which  is  joined  to  it  by  a 
segment  not  meeting  the  line  on  the  other  two. 

As  in  the  one-dimensional  ease,  an  elementary  transformation  may  be 
regarded  as  effected  by  a  continuous  deformation  of  a  point  triad.  A  path  is 
specified  along  which,  a  point  may  be  moved  without  allowing  the  triad  to 
degenerate  into  a  collinear  one. 

Let  A,  J8y  C  be  three  noncollinear  points  and  let  C1  and  B1  be 
points  of  the  segments  AB  and  OA  respectively.  Then  by  elemen- 
tary transformations  (cl  fig.  84,  p.  423)  ABC  goes  to  CfBCm,  and 
this  to  C!BBfi  and  this  to  C"CB';  and  this  to  BC$?\  and  this  to 
BGA.  In  like  manner  it  can  be  shown  that  ABC  can  be  carried 
to  CAB  by  a  sequence  of  elementary  transformations.  Hence  any 
even  permutation  of  three  noncollinear  points  can  be  effected  by 
elementary  transformations. 

By  Theorem  27,  §  30,  an  elementary  transformation  leaves  the 
sense  of  an  ordered  triad  invariant.  Hence,  by  Theorem  26,  §  30, 
no  odd  permutation  can  be  effected  by  elementary  transformations. 

If  A*,  Bf,  Cf  are  any  three  noncollinear  points,  ABC  can  be 
carried  into  some  permutation  of  AfB' '  C1  by  elementary  transforma- 
tions. For  since  at  most  one  side  of  the  triangle  AfBfCf  is  parallel 
to  the  line  AB,  this  line  meets  two  of  the  sides  in  points  which  we 
may  denote  by  An  and  Bn.  By  one-dimensional  elementary  trans- 
formations on  the  line  AB,  the  ordered  pair  AB  can  be  carried 
either  to  AnBJI  or  to  BnAn.  These  one-dimensional  elementary 
transformations  determine  a  sequence  of  two-dimensional  elemen- 
tary transformations  leaving  C  invariant  and  carrying  ABC  to 
AnBnC  or  to  BffAnC.  The  point  C  can  be  carried  by  an  obvious 
elementary  transformation  to  a  point  Cn  such  that  ArrCff  is  not 
parallel  to  any  side  oiArB!Cf,  and  then  ArrCn  can  be  carried  to 
two  of  the  points,  say  AtnC'n>  in  which  the  line  AuCn  meets  the 
sides  of  the  triangle  A'BfCr.  The  points  A'nB"Cw  are  on  the 
sides  of  the  triangle  A'BfCr,  and  the  one-dimensional  elementary 
transformations  on  the  sides  which  carry  them  into  the  vertices 
determine  two-dimensional  elementary  transformations  which  carry 
A"rB/fCrlf  to  some  permutation  of  A'Bf€r. 
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Since  ABC  cannot  be  carried  into  A'&'C"  if  S(ABC)^ S(A1B!CI)3 
and  since  aE  even  permutations  of  A'JS'C*  can  be  effected  by  elemen- 
tary transformations,  it  follows  that  ABO  can  be  carried  into  AlB'Cf 
by  a  sequence  of  elementary  transformations  if  S(ABC)==S(AfBfOf). 
Hence  we  have 

THEOBBM  18.  In  a  Euclidean  plane  S(ABO)^S(AfBfCf)  if  and 
only  if  there  exists  a  finite  set  of  elementary  transformations  carrying 
the  noncollinear  points  A,  B,  C  into  the  points  Af,  B1,  C1  respectively. 

DEFINITION.  Given  an  ordered  set  of  four  noncoplanar  points,  an 
elementary  transformation  is  the  operation  of  replacing  one  of  them 
by  another  point  which  is  joined  to  it  by  a  segment  containing  no 
point  of  the  plane  on  the  other  three. 

Let  ABCJ>  be  four  noncoplanar  points.  Holding  D  fixed,  ABC  may 
be  subjected  to  precisely  the  sequence  of  elementary  transformations 
given  above  in  the  planar  case  for  carrying  ABC  into  BOA.  This 
effects  the  permutation  (A  B  C  D\ 

(BOA  j)Y 

the  symbol  for  each  point  being  written  above  that  for  the  point  into 
which  it  is  transformed.  In  like  manner  we  obtain  the  permutations 

(ABO  D\      (ABO  D\      (A  B  0  D\ 
\B  J>  0  A!      \C  B  D  A)      \A  C  D  B] 

and  it  is  easily  verifiable  that  any  even  permutation  of  ABCD  is  a 
product  of  these  permutations.    Hence  any  even  permutation  of  a 
set  of  four  points  may  be  effected  by  elementary  transformations. 
By  Theorem  23,  §  27,  an  elementary  transformation  of  four  points 


invariant,  and  hence  leaves  their  sense-class  invariant.  Hence  (§  31) 
no  odd  permutations  of  four  noncoplanar  points  can  be  effected  by 
elementary  transformations. 

An  ordered  tetrad  ABCD  of  noncoplanar  points  can  be  carried 
into  some  permutation  of  an  ordered  tetrad  ArBfC!D!  of  noncoplanar 
points.  For  the  line  AB  is  not  parallel  to  more  than  two  planes  of 
Wie  tetrahedron,  and  hence  by  the  one-dimensional  case  AB  can  be 
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carried  into  two  points  AffB!!ot  the  planes  of  the  tetrahedron  AfBfC!D( 
By  repeating  this  argument  it  is  easily  proved  that  C  and  D  can  also 
be  carried  to  points  C!lDjj  on  these  planes.  By  the  two-dimensional 
case  it  follows  that  the  ordered  tetrad  A!lBflO"Dlf  of  points  on  the 
planes  of  the  tetrahedron  A!Bf€fD!  can  be  carried  into  some  permu- 
tation of  its  vertices.  Since  ABCD  cannot  be  carried  into  A!B}€1D^ 
if  S(ABCD)  ¥=  S(Ar3fC'I>t)  it  follows  by  the  last  paragraph  but  one 
that  it  can  be  carried  into  A!B!CfDf  if  S(ABCI>)^S(A'BJCJDf). 
Thus  we  have 

THEOREM  19.  In  a  Euclidean  space  S(ABCD)=S(A{B!C!Df)  if  and 
only  if  there  exists  a  finite  set  of  elementary  transformations  carrying 
the  noncoplanar  points  A,  B,  C,D  into  the  points  A1,  B?,  Cf,J^  respectively. 

The  theorems  and  definitions  of  the  last  two  sections  can  be  re- 
garded as  based  on  any  one  of  the  sets  of  assumptions  A,  E,  H,  C,  E 
or  A,  E,  K  or  A,  E,  P,  S.  Assumption  P  is  used  wherever  coordinates 
are  employed,  but  it  is  possible  to  make  the  argument  without  the  aid 
of  coordinates  and  thus  to  base  it  on  A,  E,  S  alone  (cf.  Ex.  2,  §  161). 

161.  Sense  in  a  convex  region.  DEFINITION.  Given  a  set  of  three 
noncollinear  points  of  a  planar  convex  region  R,  the  operation  of 
replacing  any  one  of  them  by  any  other  point  of  R  on  the  same 
side  of  the  line  joining  the  other  two  is  called  an  elementary 
transformation.  The  set  of  all  ordered  triads  obtainable  by  finite 
sequences  of  elementary  transformations  from  one  noncollinear 
ordered  triad  of  points  ABC  is  called  a  sense-class  and  is  denoted 
by  S(ABC). 

This  definition  is  in  agreement  with  the  propositions  about  sense 
given  for  the  special  case  of  a  Euclidean  plane.  Moreover,  if  R  is  any 
convex  region,  and  Z*  is  any  line  coplanar  with  R  but  containing  no 
point  of  R,  two  triads  of  points  of  R  are  in  the  same  sense  with 
respect  to  R  if  and  only  if  they  are  in  the  same  sense  with  respect 
to  the  Euclidean  plane  containing  R  and  having  Zoo  as  singular  line. 
Hence  the  theorems  of  §  160  may  be  taken  over  at  once  to  convex 
regions  in  general.  This  result  may  be  stated  as  follows : 

THEOKEM  20.  In  a  planar  convex  region  there  are  two  and  only 
two  senses.  Sense  is  preserved  "by  even  and  altered  ly  odd  permu- 
tations of  three  noncollinear  points.  Two  points  C  and.  D  are  on 
opposite  sides  of  a  line  AB  if  and  only  if  8 (ABC)  *£  S(ABD). 
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DEFINITION.  Given  a  set  of  four  noncoplanar  points  of  a  three- 
dimensional  convex  region  R,  the  operation  of  replacing  any  one  of 
them  by  any  point  of  R  on  the  same  side  of  the  plane  of  the  other 
three  Is  called  an  elementary  transformation.  The  set  of  all  ordered 
tetrads  obtainable  by  finite  sequences  of  elementary  transformations 
from  one  noncoplanar  ordered  tetrad  of  points  A3  CD  is  called  a 
$eiue-da$s  and  is  denoted  by  8  (ABC  I)}. 

The  theories  of  sense  in  a  three-dimensional  convex  region  and  in 
a  three-dimensional  Euclidean  space  are  related  in  just  the  same 
way  as  the  corresponding  planar  theories.  Hence  we  have 

THEOREM  21.  In,  a  three-dimensional  convex  region  there  are  two 
and  only  two  senses.  Seme  is  preserved  ly  even  and  altered  ly  odd 
permutations  of  four  points.  Two  points  D  and  E  are  on  opposite 
sides  of  a  plane  ABC  if  and  only  if  S(ABCD)  *  S(ABCE). 

EXERCISES 

1.  The  whole  theory  of  order  relations  can  be  developed  by  defining  sense- 
class  on  a  line  by  means  of  elementary  transformations  instead  of  as  in  Chap.  II. 

*2.  Develop  the  theory  of  order  in  two-  and  three-dimensional  convex  re- 
gions, denning  sense-class  in  terms  of  elementary  transformations  and  using 
Assumptions  A,  E,  S  or  Assumptions  I-VHI  of  §  29  (cf.  Theorem  o,  §  148) 

as  basis. 

3.  An  elementary  transformation  of  a  triad  of  points  ABC  is  said  to 
be  restricted  with  respect  to  a  net  of  points  Pv  P2,  •--,  Pn  if  it  carries  a  point 
of  the  triad,  say  C,  into  a  point  C'  such  that  the  segment  CC'  does  not 
contain   any  point  collinear  with   two   of  the  points  P19  P2,  ---,  Pw.   Two 
ordered  triads  of  points  are  in  the  same  sense-class  if  and  only  if  there  is  a 
sequence  of  restricted  elementary  transformations  carrying  the  one  triad 
into  the  other. 

4.  Generalize  the  notion  of  restricted  elementary  transformation  to  space. 

162.  Euclidean  theorems  cm  sense.  The  involutions  which  leave 
the  point  at  infinity  of  a  Euclidean  line  invariant  may  be  called 
point  reflections.  The  product  of  two  point  reflections  is  a  parabolic 
projectivity  leaving  the  point  at  infinity  invariant,  and  may  be  called 
a  translation.  A  point  reflection  has  an  equation  of  the  form 

(1)  a/  =  _ 


and  a  translation  has  one  of  the  form 
(2)  x!  =  x  +  6. 
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The  point  reflections  interchange  the  two  sense-classes  of  the  Euclid- 
ean line,  and  the  translations  leave  them  invariant. 

In  generalizing  these  propositions  to  the  plane,  the  point  reflec- 
tions may  be  replaced  by  the  orthogonal  line  reflections  (Chap.  IV) 
or,  indeed,  by  the  set  of  all  symmetries,  and  the  one-dimensional 
translations  by  the  set  of  all  displacements  in  the  plane.  Since  an 
orthogonal  line  reflection  in  the  plane  interchanges  the  two  sense- 
classes,  any  symmetry  interchanges  them,  but  any  displacement 
leaves  each  of  them  invariant.  The  generalization  to  three-dimensions 
is  similar. 

The  equations  of  a  displacement  in  two  or  three  (or  any  number 
of)  dimensions  are  a  direct  generalization  of  the  one-dimensional 
equations,  namely, 

(3)  4  =  Vatft  +l{,  (i  =  1,  2,  • .  -,  *) 

.7=1 

where  the  matrix  (a^)  is  orthogonal  and  the  determinant  j  a^  j  is  + 1. 
The  equations  of  a  symmetry  satisfy  the  same  condition  except  that 
the  determinant  ]a~|  is  —1  instead  of  +1. 

It  is  worthy  of  comment  that  the  distinction  between  displace- 
ments and  symmetries  holds  in  the  complex  space  just  as  well  as 
in  the  real,  whereas  the  distinction  between  direct  and  opposite 
collineations  holds  only  in  the  real  space.  Algebraically,  this  is 
because  the  distinction  of  sense  depends  merely  on  the  sign  of  the 
determinant  |a^|,  whereas  the  distinction  between  displacements  and 
symmetries  is  between  collineations  satisfying  the  condition  |  ay =4-1 
and  |#~|  =  —  1.  In  the  representative  spaces  of  six  and  twelve  dimen- 
sions referred  to  in  §  158,  |«J  =  1  and  ja^Jss  — 1  are  the  equations 
of  nonintersecting  locL 

From  the  point  of  view  of  Euclidean  geometry,  as  has  been  said  above, 
the  two  sense-classes  are  indistinguishable.*  In  the  applications  of  geometry, 
however,  a  number  of  extra-geometrical  elements  enter  which  make  the  two 

*  This  does  not  contradict  the  existence  of  a  geometry  in  wMch  one  sense-class 
is  specified  absolutely  in  the  assumptions.  The  group  of  such  a  geometry  is  unlike 
the  Euclidean  group  in  that  it  does  not  include  symmetries  though  it  does  include 
displacements.  Its  relation  to  the  Euclidean  geometry  is  similar  to  that  of  the 
geometries  mentioned  in  the  fine  print  in  §  116.  Those  geometries,  however,  corre- 
spond to  groups  which  are  not  self -conjugate  under  the  Euclidean  group,  whereas 
this  one  corresponds  to  a  self-conjugate  subgroup.  On  the  foundations  of  geometry 
in  terms  of  sense^relations  taken  either  absolutely  or  relatively,  ee&  the  article  by 
Schweitzer  referred  to  in  |  US. 
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sense-classes  play  essentially  different  roles.  Thus  any  normal  human  being 
who  identifies  the  abstract  Euclidean  space  with  the  space  in  which  he  views 
himself  and  other  material  objects  may 
single  out  one  of  the  sense-classes  as 
follows:  Let  him  hold  Ms  right  hand 
in  such  a  way  that  the  index  finger  is 
in  line  with  his  arm,  his  middle  finger 
at  right  angles  to  Ms  index  finger,  and 
Ms  thnmb  at  right  angles  to  the  two 
fingers  (fig.  82).  Let  a  point  in  his  palm 
be  denoted  by  0,  and  the  tips  of  Ms 
thumb,  index  finger,  and  middle  finger 
by  X,  Y9  Z  respectively.  The  sense-class 
S  (OXYZ)  shall  be  called  right-handed 
or  positive,  and  the  other  left-handed  or 
negative.  TMs  designation  is  unique  be- 
cause of  the  mechanical  structure  of 
the  body. 

A  nonhomogeneoas  coordinate  system 
is  called  rigid-handed  or  positive  if  and 
only  if  S  (OXYZ)  is  positive  when 
0  =  (0,  0,  0),  X =(1,  0,  0)  ,  Y=  (0,  1, 0), 

and  Z  =  (0,  0,  1).  The  reader  will  find  it  convenient  whenever  an  arbitrary 
sense-class  is  called  positive  to  identify  it  with  the  intuitively  xight-handed 
sense-class.* 

163.  Positive  and  negative  displacements.  On  a  Euclidean  line, 
if  a  translation  carries  one  point  A  to  a  point  B  such  that  S(AB) 
is  positive,  it  carries  any  point  A  to  a  point  B  such  that  S(AB)  is 
positive.  Such  a  translation  is  called  positive.  Any  other  translation 
is  called  'negative  and  has  the  property  that  if  it  carries  G  to  D, 
S(CD)  is  negative.  Any  translation  carries  positive  translations  into 
positive  translations;  ie.  if  T*  is  a  positive  translation  and  T  any 
translation,  TTrT~*  is  a  positive  translation.  A  translation  a/  =  x  +  "b 
is  positive  or  negative  according  as  I  is  positive  or  negative,  provided 
that  the  scale  is  such  that  S(PQP1)  is  positive.  The  inverse  of  a 
positive  translation  is  negative. 

The  distinction  between  positive  and  negative  translations  is  quite  distinct 
from  that  between  direct  and  opposite  projectivities,  for  all  translations 
are  direct. 

*  An  interesting  account  of  the  way  in  which  this  choice  is  made  in  various 
branches  of  mathematics  and  other  sciences  is  to  be  found  in  an  article  by  E.  Study* 
Archiv  der  Mathematik  und  Physik,  3d  series,  Vol.  XXI  (1913),  p.  193. 
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A  like  subdivision  of  the  Euclidean  displacements  of  a  plane 
which  are  neither  translations  nor  point  reflections  nor  the  identity 
may  be  made  as  follows :  A  rotation  leaving  a  point  0  fixed  and 
carrying  a  point  A  to  a  point  B  not  collinear  with  0  and  A  is  said  to 
be  positive  if  S(OAB)  is  positive  and  to  be  negative  if  S(OAB)  is 
negative.  It  is  easily  proved  that  if  S(OAB)  is  positive  for  one 
value  of  A  it  is  positive  fur  all  values  of  A.  The  inverse  of  a  positive 
rotation  is  negative.  Any  displacement  transforms  a  positive  rotation 
into  a  positive  rotation. 

A  rotation  is  a  product  of  two  orthogonal  line  reflections  {/Z.} 
and  {wiJ/x}  such  that  the  lines  I  and  m  intersect  in  0.  Hence  the 
ordered  pairs  of  lines  which  intersect  and  are  not  perpendicular  fall 
into  two  classes,  which  we  shall  call  positive  and  negative  respec- 
tively, according  as  the  rotations  which  they  determine  are  positive 
or  negative. 

In  a  three-dimensional  Euclidean  space  let  A  be  a  point  not  on 
the  axis  of  a  given  twist  which  is  not  a  half-twist,  let  0  be  the 
foot  of  a  perpendicular  from  A  on  the  axis  of  the  twist,  and  let  A1  and 
(/  be  the  points  to  which  A  and  O  respectively  are  carried  by  the  twist. 
The  twist  is  said  to  be  positive  or  right-handed  if  S(OAOfA')  is  posi- 
tive or  right-handed  and  to  be  negative  or  left-handed  if  S(OA(yAf) 
is  negative. 

It  is  easily  seen  that  S(OAOrAf)  is  the  same  for  all  choices  of  A,  so 
that  the  definition  just  made  is  independent  of  the  choice  of  A.  The 
inverse  of  the  twist  carrying  0  and  A  to  0'  and  A1  carries  Of  and  Af 
to  0  and  A,  and  thus  is  positive  if  and  only  if  S(OfArOA)  is  positive. 
Since  S(OrAfOA)  =  S(OAOfAt),  the  inverse  of  a  positive  twist  is  posi- 
tive. Any  direct  similarity  transformation  carries  a  positive  twist 
into  a  positive  twist. 

With  the  choice  of  the  right-handed  sense-class  described  in  the  fine  print 
in  §  162,  the  definition  here  given  is  such  that  a  right-handed  twist  is  the 
displacement  suffered  by  a  comnnercial  right-handed  screw  driven  a  short 
distance  into  a  piece  of  wood. 

Since  a  twist  is  a  product  of  two  orthogona1  line  reflections, 
{Ho,,}  *  {mm*},  it  follows  that  the  pairs  of  ordinary  lines  Im  which 
are  not  parallel,  intersecting,  or  perpendicular  fall  into  two  classes, 
according  as  the  twist  {mm**}  •  {IL}  is  positive  or  negative.  "We 
shall  call  the  line  pairs  of  these  two  classes  positive  and  right-handed 
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or  negative  and  left-handed  respectively.  Since  the  inverse  of  a 
positive  twist  is  positive,  the  ordered  pair  ml  is  positive  if  /m  is  posi- 
tive. Hence  a  pair  of  lines  is  right-handed  or  left-handed  without 
regard  to  the  order  of  its  members.  Any  direct  similarity  transfor- 
mation carries  a  right-handed  pair  of  lines  into  a  right-handed  pair 
and  a  left-handed  pair  into  a  left-handed  pair, 

EXERCISES 

1.  The  collineations  which  are  commutative  with  a  positive  displacement 
(or  with  a  negative  displacement)  are  all  direct. 

2.  By  the  definition  in  §  69,  0<£AOB<w  or  v<4.AOB<2-n:  according  as 
S^QAB)  is  positive  or  negative,  provided  that  the  points  0,  P0,  P^  are  so 
chosen  that  S(QPQP^)  is  positive. 

3.  By  the  definition  in  §  72,  0<m(Va)<|  or  |<»»(ya)<ir  according  as  the 
ordered  line  pair  /^  is  positive  or  negative. 

4.  Let  us  define  an  elementary  transformation  of  an  ordered  line  pair  IJ,%  in 
a  plane  as  being  either  the  operation  of  replacing  lt  or  Z2  by  a  line  parallel  to 
itself,  or  the  operation  of  replacing  Zx  or  Z2,  say  lv  by  a  line  through  the  point 
Zj/a  which  is  not  separated  from  l±  by  Z2  and  the  line  through  ZjZ2  perpendicu- 
lar to  tz.    Two  ordered  pairs  of  nonparallel  and  nonperpendicular  lines  are 
equivalent  under  elementary  transformations  if  and  only  if  they  are  both  in 
the  positive  or  both  in  the  negative  class. 

5.  Let  us  define  an  elementary  transformation  of  a  pair  of  nonparallel  and 
nonperpendicular  lines  Zx?2  in  space  as  the  operation  of  replacing  one  of  the 
lines,  say  Z1?  by  a  line  intersecting  Za  and  not  separated  from  Zt  by  the  plane 
through  the  point  of  intersection  perpendicular  to  Zx  and  the  plane  through 
this  point  and  ?2.   The  pair  Z1Z2  can  be  transformed  into  a  pair  of  lines  m^m^ 
by  a  sequence  of  elementary  transformations  if  and  only  if  both  pairs  are 
right-handed  or  both  pairs  are  left-handed. 

164.  Sense-classes  in  projective  spaces.  It  has  been  seen  in 
Chap.  II  (cf.  §§18  and  32)  that  the  distinction  between  direct  and 
opposite  collineations  can  be  drawn  in  any  projective  space  of  an 
odd  number  of  dimensions  which  is  real  or,  more  generally,  which 
satisfies  A,  JEJy  S.  This  depends  (§  32)  on  the  fact  that  the  sign  of 
a  determinant  \a^\  (*,/==  0,  1,  •  •  •,  n)  cannot  be  changed  by  multi- 
plying every  element  by  the  same  factor  if  n  is  odd,  and  can  be 
changed  by  multiplying  every  element  by  —1  if  n  is  even. 

In  a  real  protective  space  of  odd  dimensionality  the  direct  collin- 
eations form  a  self-conjugate  subgroup  of  the  projective  group  and 
thus  give  rise  to  the  definitions  of  sense-class  in  §§  19  and  32. 
The  same  remarks  are  made  about  the  independence  of  this  definition 
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of  the  frame  of  reference  as  in  tlie  Euclidean  cases,  and  the  criteria 
for  sense  in  terms  of  products  of  determinants  are  given  in  §£24 
and  32.  If  one  forms  the  analogous  determinant  products  for  the 
projective  spaces  of  even  dimensionality,  it  is  found  that  the  sign  of 
the  product  may  be  changed  by  multiplying  the  coordinates  of  one 
point  by  —  1,  which  verifies  in  a  second  way  that  there  is  only  one 
sense-class  in  a  projective  space  of  an  even  number  of  dimensions. 
The  projectivity 


may  be  represented  by  means  of  a  point  («n,  «12,  agl,  a^)  in  a  pro- 
jective space  of  three  dimensions.  The  points  representing  direct 
projectivities  are  on  one  side  of  the  ruled  quadric 

=  0, 

and  those  representing  opposite  projectivities  on  the  other  side. 
This  representation  of  projectivities  by  points  is  in  fact  identical 
with  that  considered  in  §  129.  It  can  be  generalized  to  any  num- 
ber of  dimensions  just  as  are  the  analogous  representations  in  §  158. 

It  readily  follows  that  the  group  of  all  projective  collineations  in 
a  real  space  of  n  dimensions  is  continuous  if  n  is  even,  and  not 
continuous  if  n  is  odd.  If  n  is  odd  the  group  of  direct  collineations 
is  continuous. 

In  the  following  sections  (§§  165-167)  we  shall  discuss  the 
sense-classes  of  projective  spaces  by  means  of  elementary  transfor- 
mations, the  latter  term  being  used  as  before  to  designate  a  particular 
type  of  continuous  deformation.  After  this  (§§  169-181)  similar 
considerations  will  be  applied  to  other  figures. 

165,  Elementary  transformations  on  a  projective  line.  DEFINITION. 
Given  a  set  of  three  collinear  points  A,  B,  C,  an  elementary  transfor- 
mation is  the  operation  of  replacing  any  one  of  them,  say  A,  by  another 
point  AJ  such  that  there  is  a  segment  AA1  not  containing  B  or  C. 

THEOREM  22.  Two  ordered  triads  of  points  on  a  real  projective 
line  have  the  same  sense  if  and  only  if  one  is  transformable  into 
the  other  "by  a  finite  number  of  elementary  transformations. 

Proof.  Comparing  the  definitions  of  elementary  transformation 
and  of  segment  (§22),  it  is  clear  that  a  single  elementary  trans- 
formation cannot  change  the  sense  of  a  triad  of  points.  Hence  two 
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triads  of  points  have  tiie  same  sense  If  one  can  ba  transformed  Into 
the  other  by  a  finite  number  of  elementary  transformations.  The 
converse  statement,  namely,  that  a  triad  A,  B,  C  can  be  transformed 
bv  elementary  transformations  into  any  other  triad  AfB'C'  in  the 
same  sense-class,  follows  at  once  If  we  establish  (1)  that  ABC  can 
be  transformed  by  elementary  transformations  into  BCA  and  CAB 
and  (2)  that  any  ordered  triad  of  points  J,  B,  C  can  be  transformed 
by  elementary  transformations  into  one  of  the  six  ordered  triads 
formed  by  any  three  points  -.-I',  Br,  Cf. 

(1)  Let  D  be  a  point  in  the  order  {ABCD}.    Then  by  elementary 
transformations  we   can  change  ABC  into  ABD,  then  into  A  CD, 
then  into  BCD,  and  then  into  BCA.    By  repeating  these  steps  once 
more  ABC  can  be  transformed  into  CAB. 

(2)  If  Ar  does  not  coincide  with  one  of  the  points  A,  B,  C,  it  Is 
on  one  of  the  three  mutually  exclusive  segments  (§  22)  of  which 
they  are  the  ends ;  and  by  (1)  the  points  ABC  may  be  transformed 
so  that  the  ends  of  this  segment  are  B  and   C.    Hence  we  have 
{AJBArC},&nd.  by  elementary  transformations  ABC  goes  successively 
into  AA'C,  BA'C,  BAfA,  BA'C.   If  Af  does  coincide  with  one  of  the 
points  A,  B,  C,  the  triad  ABC  may  be  transformed  according  to 
(1)  so  that  A'^A.    In  like  manner  the  three  points  A'BC  can  be 
transformed  into  A1,  Bf>  C  in  some  order,  and  then  A'ffCiato  A!B*C' 
in  some  order. 

The  proof  given  for  this  theorem  holds  good  without  change  on  the  basis 
of  Assumptions  A,  E,  S.  Cf.  §  15. 

DEFINITION.  An  elementary  transformation  of  a  triad  of  points 
ABC  of  a  line  I  is  said  to  be  restricted  with  respect  to  a  set  of 
points  JJ,  j?J,  •  •  •,  Pn  if  it  carries  one  point  of  the  triad,  say  C,  into 
a  point  Cf  such  that  C  and  Cf  are  not  separated  by  any  pair  of  the 
points  Pv  P2,  * » •,  Pn.  (C  or  Cf  may  coincide  with  any  of  the  points 
P  -  •  •  P\ 

•*!»          *9   -V/ 

It  is  obvious  that  any  elementary  transformation  whatever  is  the 
resultant  of  a  finite  number  of  restricted  elementary  transformations. 
Hence  Theorem  22  has  the  following  immediate  corollary: 

COEOLLAEY.  Let  2$,  P^  *  -  •,  Pn  "be  any  finite  set  of  points  on  a  line  I. 
Two  ordered  triads  of  points  of  I  have  the  same  sense  if  and  only  if 
one  is  transformable  into  the  other  by  a  finite  numler  of  elementary 
transformations  restricted  with  respect  to  Pv  P<#  •  •  «,  JJ. 
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The  concept  of  "  restricted  elementary  transformation  "  connects  with  the 
intuitive  idea  of  "small  motions.5*  Let  a  line  be  set  into  projeetive  corre- 
spondence with  a  conic9  say  a  circle.  For  any  n  there  is  a  set  of  points 
Pv  JPa,---,  Pn  on  the  circle  such  that  the  intervals  PjPg,  etc.  are  equal. 
By  increasing  n  these  intervals  can  be  made  arbitrarily  small,  and  thus 
the  elementary  transformations  restricted  with  respect  to  Pv  P2,  -  -  •,  Pn  can 
be  made  arbitrarily  small. 


166.  Elementary  transf  ormations  In  a  projeetive  plane. 

Given  a  set  of  four  points  in  a  projectile  plane,  no  three  being  col- 
linear,  an  elementary  transformation  is  the  operation  of  replacing  one 
of  them  by  a  point  of  the  same  plane  joined  to  the  point  replaced 
by  a  segment  not  meeting  any  side  of  the  triangle  of  the  other 
three  points. 

THEOREM  23.  If  ABC  J)  and  A*B?C!jy  are  any  two  complete  quad- 
rangles in  the  same  protective  plane,  there  exists  a  finite  set  of  elemen- 
tary transformations  changing  the  points  A,  B,  C3  D  into  A1,  B!,  Cf,  jy 
respectively. 

Proof.  It  can  he  shown  by  means  of  the  result  for  the  one-dimen- 
sional case,  just  as  in  the  proof  of  Theorem  18,  first  that  the  ordered 
tetrad  ABCD  can  be  carried  by  elementary  transformations  into  an 


.  83 


ordfiored  tetrad  Af!BnC"D"  of  points  on  the  sides  of  the  quadrangle 
A!$&jy  and  then  that  AtfBHC"&*  can  be  carried  by  elementary 
transformations  into  some  pemntetian,  of 
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To  complete  the  proof  It  Is  necessary  to  show  that  any  permuta- 
tion of  the  vertices  of  a  complete  quadrangle  can  be  effected  by 
elementary  transformations. 

Given  a  complete  quadrangle  A^A^  let  BI  be  the  point  of 
intersection  of  the  lines  A^  and  A^A4,  and  let  C,  and  Dl  be  two 
points  in  the  order  {A^B^D^}.  Let  4.  be  the  point  of  intersec- 
tion of  4^  with  A&  and  let  C72,  D2,  Bz,  C{,  C4>  D,,  B,  be  the  points 
defined  by  the  following  perspectivities  (fig.  83)  : 

= 


By  Theorem  7,  Chap.  II,  it  follows  that  no  two  of  the  pairs  of  points 
A^,  A^  A^  A^,  ajid  A^A&  are  separated  by  the  lines  joining 
the  other  three  of  the  points  A1>  Az,  As,  A#  As.  Hence  there  exist 
elementary  transformations  changing  each  of  the  following  sets  of 
four  points  into  the  one  written  below  it: 

A  4  A  A 

4  A  A  A* 


A  A 


A  A  \ 

j. 

Hence  the  permutation 


A  A 


can  be  effected  by  elementary  transformations.    By  changing  the 
notation  in  II1  it  is  clear  that 


2 


can  be  effected  by  elementary  transformations.    Hence  the  product 
II  Uf  (Le.  the  resultant  of  E^  applied  twice  and  followed  by  II2), 


can   also  be  effected  by  elementary  transformations.    Hence  any 
two  vertices  of  the  quadrangle  can  be  interchanged  by  a  sequence 
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of  elementary  transformations,  and  hence  any  permutation  of  the 
vertices  can  be  effected  by  means  of  elementary  transformations. 

167.  ElemeiitajytraiisforirLatioiisiiiaprojectivespace.  DEFINITION. 
Given  a  set  of  five  points  in  a  protective  space,  no  four  of  the  points 
being  copianar,  an  elementary  transformation  is  the  operation  of 
replacing  any  one  of  them  by  a  point  joined  to  it  by  a  segment  not 
meeting  any  plane  on  three  of  the  other  four. 

It  follows  irum  §  27  that  the  determinant  product  (25)  of  §  32  is 
unaltered  in  sign  by  any  sequence  of  elementary  transformations  of 
the  points  whose  coordinates  are  the  columns  of  (21)  in  §  32.  Hence 
a  sequence  of  elementary  transformations  cannot  carry  an  ordered 
pentad  of  points  from  one  sense-class  into  the  other. 

Hence  the  odd  permutations  of  the  vertices  of  a  complete  five- 
point  cannot  be  effected  by  elementary  transformations.  That  the 
even  permutations  can  be  thus  effected 
may  be  seen  as  follows:  Let  the 
vertices  be  denoted  by  A,  B9  C,  D,  E 
and  let  the  line  DE  meet  the  plane 
ABC  in  a  point  F.  This  point  is  not 
on  a  side  of  the  triangle  ABC.  Let 
A!  be  the  point  of  intersection  of  the 
lines  FA  and  BC,  B1  that  of  FB  and 
CA,  and  Cr  that  of  FC  and  AB.  Let 
Al  be  a  point  in  the  order  {BA^C} 

(fig.  84)  and  B^  the  point  in  which  the  line  FAl  meets  AC,  so  that 
{ABflC}.  Let  B^  be  a  point  in  the  order  {ABJSJ&C}. 

We  now  can  transform  ABC  DM  by  elementary  transforma- 
tions successively  into  AA^CDE,  AA^BJDE,  BA^B^DE,  BCB^DB, 
BCADE.  Thus  the  even  permutation 

(ABCDE\ 
\BCADEj 

can  be  effected  by  elementary  transformations.  It  is  easily  verifiable 
that  any  even  permutation  is  a  product  of  even  permutations  of 
this  type. 

It  can  be  proved  by  the  same  methods  as  in  Theorems  18  and  19 
that  any  five  points  no  four  of  which  are  coplanar  can  be  carried 
into  some  permutation  of  any  other  such  set  of  five  points. 
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details  of  this  proof  are  left  as  an  exercise  to  the  reader.  When  this 
is  combined  tfith  the  paragraph  above,  we  obtain 

THEOEEM  24.  In,  a  real  projeetive  space,  S(ABCDE)=S(A}BfC!I^EJ) 
if  and  only  if  there  exists  a  sequence  of  elementary  transformations 
carrying  the  points  A,  B,  C,  D,  E  into  A',  Bj,  C!,  Df,  J&f  respectively. 

The  proof  just  outlined  for  this  theorem  holds  good  on  the  basis 
of  Assumptions  A,  E,  S,  P.  Assumption  P  comes  in  because  of  the 
use  of  a  coordinate  system.  This,  however,  can  be  avoided ;  and  the 
construction  of  a  proof  on  the  basis  of  A,  E,  S  alone  is  recommended 
to  the  reader  as  an  interesting  exercise. 

^168.  Sense  in  overlapping  convex  regions.  The  discussion  of 
sense  in  convex  regions  by  means  of  elementary  transformations 
(as  made  in  §§159-161)  is  essentially  the  same  for  any  number  of 
dimensions.  Now  if  two  regions  of  the  same  dimensionality  have  a 
point  in  common,  they  have  at  least  one  convex  region  of  that  dimen- 
sionality in  common.  Assigning  a  positive  sense  in  this  region  deter- 
mines a  positive  sense  in  each  of  the  given  regions.  Thus  if  we  have 
a  set  of  convex  regions  including  all  points  of  a  space,  we  should 
have,  on  assigning  a  positive  sense  to  a  tetrad  of  points  in  one  region, 
a  positive  sense  determined  for  any  tetrad  of  points  in  any  of  the 
regions.  Since,  however,  it  is  in  general  possible  to  pass  from  one 
region  to  another  by  means  of  different  sets  of  intermediate  regions, 
the  possibility  arises  that  this  determination  of  sense  may  not  be 
unique.  In  other  words,  it  is  logically  possible  that  a  given  tetrad 
in  a  given  region  might,  according  to  this  definition,  have  both  posi- 
tive and  negative  senses. 

The  determination  of  sense  by  this  method  is  unique  in  projeetive 
spaces  of  odd  dimensionality  and  is  not  unique  in  projeetive  spaces 
of  even  dimensionality.  We  shall  prove  this  for  the  two-  and  three- 
dimensional  cases,  but  since  it  reduces  merely  to  a  question  of  even 
and  odd  permutations  the  generalization  is  obvious. 

THEOEEM  25.  There  eovists  a  unique  determination  of  sense  for 
all  three-dimensional  convex;  regions  in  a  real  projeetive  three-space, 
lut  not  for  all  two-dimensional  convex  regions  in  a  real  projectile 
plane. 

Proof.  Consider  first  the  plane  and  in  it  a  triangle  ABC  decom- 
posing it  into  four  triangular  regions,  which  we  shall  denote  by  the 
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notation  of  §  26,  Chap.  II.  Any  one  of  these  regions,  say  Eegioii  I, 
is  contained  in  a  convex  region,  say  I1  (e.g.,  a  Euclidean  plane  with 
line  at  infinity  not  meeting  Eegion  I),  which  contains  the  boundary 
of  the  triangular  region.  So  the  determination  of  sense  for  Eegion  I 
extends  to  all  the  points  of  its  boundary  and  also  to  a  portion  of 
Eegion  II. 

Let  the  sense  of  ABC  with  respect  to  Eegion  I  be  positive.  The 
segment  7,  one  of  the  segments  AB  (fig.  16),  is  common  to  the  bound- 
aries of  I  and  II  and  hence  is  contained  in  Eegion  If.  If  Cf  is  any 
point  common  to  J!  and  II,  C  and  Cj  are  on  opposite  sides  of  the  line 
AB  in  Eegion  T.  Hence,  according  to  §  29,  8 (BAG1)  is  positive 
in  Eegion  IL  Hence  S(BAC)  is  positive  with  respect  to  Eegion  II. 

Eegions  II  and  IV  have  in  common  a  segment  BC,  and  thus  by 
a  repetition  of  'this  argument  S(CAB)  is  positive  with  respect  to 
Eegion  IY.  The  latter  region  has  a  segment  AC  in  common  with 
Eegion  I,  and  hence  S(ACB)  is  positive  with  respect  to  Eegioii  L 
But  by  hypothesis  S(ABC)  is  positive  with  respect  to  Eegion  L 
Hence  there  is  not  a  unique  determination  of  sense  in  a  real 
projectire  plane. 

To  show  that  there  is  a  unique  determination  of  sense  for  a  real 
projective  three-space,  let  a  given  sense-class  S '  (ABODE)  (cf.  §164) 
be  designated  as  right-handed,  and  in  any  convex  region  let  a  sense- 
class  8(A!BfC'D!)  be  right-handed  if  S(OAfBfCfDr)  is  positive,  where 
0  is  interior  to  the  tetrahedron  ArBfCfDf.  This  convention  satisfies 
the  requirements  laid  down  above  for  overlapping  convex  regions 
and,  by  §167,  is  unique  for  the  projective  three-space. 

Any  two-dimensional  region  whatever  is,  by  definition  (§155),  the 
set  of  all  points  in  an  infinite  set  of  triangular  regions,  ie.  in  an 
infinite  set  of  convex  regions.  In  like  manner,  any  three-dimensional 
region  is  the  set  of  all  points  in  a  set  of  three-dimensional  regions. 
The  method  given  above  may  be  applied  to  determine  the  positive 
sense-class  in  all  convex  regions  in  a  given  region  R,  and  R  may  be 
said  to  be  two-sided  or  one-sided  according  as  this  determination  is 
or  is  not  unique.  Another,  slightly  different,  method  of  treating  this 
question  is  given  in  §  173. 

*169.  Oriented  points  in  a  plane.  By  the  principles  of  duality 
the  lines  of  a,  flat  peiicil  or  the  planes  of  an  axial  pencil  satisfy 
the  same  theorems  on  order  as  the  points  of  a  projective  liiie. 
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Tliis  proposition  is  valid  whether  the  pencils  are  considered  in  a 
protective  or  in  a  Euclidean  space.* 

DEFINITION.  In  a  plane  any  point  associated  with  one  of  the  sense- 
classes  among  the  lines  on  this  point  is  called  an  oriented  point,  and 
a  line  associated  with  one  of  the  sense-classes  among  its  points  is 
called  an  oriented  line.  Two  oriented  points  are  said  to  be  similarly 
oriented  with  respect  to  a  line  I  if  their  sense-classes  are  perspective 
with  the  same  sense-class  in  the  points  of  I.  By  Ex.  1,  §  26,  if  two 
oriented  points  are  similarly  oriented  with  respect  to  a  line  I,  they  are 
similarly  oriented  with  respect  to  a  line  m  if  and  only  if  I  and  m  do 
not  separate  the  two  points. 

By  §  30  a  direct  collineation  of  a  Euclidean  plane  transforms  any 
oriented  point  into  one  which  is  similarly  oriented  with  respect  to 
the  line  at  infinity.  Hence  the  oriented  points  fall  into  two  classes 
such  that  any  two  oriented  points  of  the  same  class  are  equivalent 
under  direct  collineations  and  that  the  two  classes  are  interchanged 
by  any  nondirect  collineation. 

No  such  statement  as  this  can  be  made  about  the  oriented  lines 
in  a  Euclidean  plane,  because  any  oriented  line  can  be  carried  by  a 
direct  collineation  to  any  other  oriented  line.  This  is  obvious  be- 
cause (1)  an  affine  collineation  exists  carrying  an  arbitrary  line  to 
any  other  line  and  (2)  the  two  sense-classes  on  any  line  are  inter- 
changed by  a  harmonic  homology  whose  center  is  the  point  at  infinity 
of  the  line. 

It  is  a  corollary  of  the  last  paragraph  that  any  oriented  line  of  a 
projective  plane  can  be  carried  into  any  other  oriented  line  of  the 
projective  plane  by  a  direct  collineation.  By  duality  the  same  propo- 
sition holds  for  oriented  points  in  a  projective  plane. 

The  oriented  points  determined  by  associating  the  points  of  a  seg- 
ment 7  with  sense-classes  in  the  flat  pencils  of  which  they  are  centers 
fall  into  two  sets,  all  points  of  either  set  being  similarly  oriented 
with  respect  to  any  line  not  meeting  7.  These  two  sets  shall  be 
called  segments  of  oriented  points  and  may  be  denoted  by  y(+)  and 
7C~°.  If  A  and  B  are  the  ends  of  7,  the  two  oriented  points  deter- 
mined by  A  and  B  and  oriented  similarly  to  7(+)  with  respect  to  a 

*In  general,  the  geometry  of  a  Euclidean  space  or,  indeed,  of  any  space  of 
u  dimensions  involves  the  study  of  the  projective  geometry  of  n  —  1  dimensions,  in 
order  to  describe  the  relations  among  the  lines,  planes,  etc.  on  a  fixed  point. 
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line  I  not  meeting  7  or  either  of  its  ends  are  called  the  ends  of  7(+) 
and  may  be  denoted  by  A{+)  and  B^  j.  The  other  two  oriented  points 
determined  by  A  and  J$  are  the  ends  of  j^  and  may  be  denoted  by 
A*~>  and  Bl~\ 

In  terms  of  these  definitions  it  is  clear  that  each  of  the  two  classes 
of  similarly  oriented  points  determined  by  a  Euclidean  plane  satisfies 
a  set  of  order  relations  such  that  it  may  be  regarded  as  a  Euclidean 
plane. 

The  situation  in  the  protective  plane  is  entirely  different.   Let  us 
first  consider  a  protective  line,  and  let  7  and  S  be  two  complementary 
segments  whose  ends  are  A  and  R    Let  AW9  BW9  A^\  B{"\  *y(+),  <y<-) 
be  denned  as  above,  and  let  S(+) 
and  S(~)  be  the  two  segments 
of   oriented  points   determined 
by  S  and  oriented  similarly  to 
A^f  and^(~}  respectively  with 
respect  to  a  line  m  not  meeting 
o  or  either  of  its  ends.  Since  A(Jry 
andjB*"1"5  are  similarly  oriented 
with  respect  to  Z,  and  A  and  B 
are  separated  by  I  and  m,  ^4(+) 
andjB^  are  similarly  oriented 

with  respect  to  m  (cf.  Ex.  1,  §  26,  and  fig.  85).  Hence  the  ends  of 
S<+>  are  Aw  and  £<->,  and  the  ends  of  S<~>  are  A^  and  J3W.  Hence 
the  oriented  points  and  segments  are  arranged  as  follows  : 


the  symbols  for  segments  and  their  ends  being  written  adjacent. 

Let  A^,  Bl9  A2,  Bz  be  four  points  in  the  order  {AjB^A^B^  on  a  pro- 
jective  line  or  on  a  conic.  They  separate  the  line  (§  21)  into  four 
mutually  exclusive  segments  7^  S19  <y2>  &2  arranged  as  follows  : 


DJb.e  symbols  for  segments  and  then*  ends  being  written  adjacent. 
Letting  A1  correspond  to  A(+\  ^  to  7<+),  etc.,  it  is  obvious  that  there 
is  a  one-to-one  reciprocal  correspondence  preserving  order  between 
the  points  of  a  real  projectiv§  line  or  conic  and  the  oriented  points 
of  a  real  projective  line. 
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Thus,  if  an  oriented  point  be  moved  along  a  project! ve  line  in  such 
a  way  that  all  oriented  points  of  any  segment  described  are  similarly 
oriented  with  respect  to  a  line  not  meeting  the  segment,  the  oriented  point 
must  describe  the  line  twice  before  returning  to  its  first  position.  A  motion 
of  this  sort  will  obviously  carry  any  oriented  point  of  the  project! ve  plane 
into  any  other  oriented  point.  Thus  the  oriented  points  either  of  a  pro 
jective  line  or  of  a  projective  plane  constitute  a  continuous  family  in  the 
sense  of  §  156. 

Let  TT  denote  the  projective  plane  under  consideration  here  and 
let  us  suppose  it  contained  in  a  projective  space  S,  and  let  S'  be  a 
Euclidean  space  obtained  by  removing  from  S  a  plane  different  from 
TT  which  contains  the  line  AB.  Let  S2  be  a  sphere  of  S'  tangent  to  TT 
at  a  point  P^t  let  0  be  the  center  of  £2,  and  let  P2  be  the  other  point 
in  which  the  line  OP^  meets  the  sphere.  Let  P(+)  and  P(-}  be  the 
two  oriented  points  of  TT  determined  by  Pr 

A  correspondence  F  between  the  points  of  the  sphere  S2  and  the 
oriented  points  of  the  projective  plane  TT  may  now  be  set  up  by  the 
following  rule :  Let  P1  correspond  to  Pc+),  and  P2  to  P(~) ;  if  X  is 
any  point  of  TT  not  on  the  line  at  infinity,  denote  by  Xl  and  Jf2  the 
points  in  which  the  line  OX  meets  the  sphere,  assigning  the  notation 
so  that  each  of  the  angles  4P10X1  and  4P20X2  is  less  than  a  right 
angle  (i.e.  so  that  the  points  X1  are  all  on  the  same  side  as  Pl  of  the 
plane  through  0  parallel  to  TT}  and  the  points  JT2  are  on  the  other 
side  of  this  plane) ;  and  denote  by  Xw  the  oriented  point  of  TT  deter- 
mined by  X  and  joined  to  P(+)  by  a  segment  of  oriented  points  con- 
taining no  point  of  the  line  at  infinity  AB,  and  by  Xc~)  the  other 
oriented  point  determined  by  X.  Let  Xl  correspond  to  JTc+),  and  JT2 
to  X(-\  If  T  is  any  point  of  the  line  at  infinity  AB,  and  r(±> 
one  of  the  oriented  points  determined  by  it,  T(:b)  is  an  end  of  a 
segment  <r(+)  of  points  X(+)  whose  other  end  is  P<+)  and  of  a  seg- 
ment <r(->  of  points  X(~)  whose  other  end  is  P(~\  The  line  0  Y  meets 
the  sphere  in  two  points  one  of  which,  Tt,  is  an  end  both  of  a  seg- 
ment of  points  X^  corresponding  to  cr(+)  and  of  a  segment  of  points 
JT2  corresponding  to  a-^\  Let  1^.  correspond  to  Y^\  This  construc- 
tion evidently  makes  the  oriented  point  other  than  Fc±)  which  is 
determined  by  T  correspond  to  the  point  other  than  Yt  in  which.  0  Y 
meets  the  sphere. 

The  correspondence  T  is  one-to-one  and  reciprocal  and  makes  each 
segment  of  oriented  points  of  TT  correspond  to  a  segment  of  points 
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on  $2.    In  view  of  the  correspondence  between  the  sphere  and  the 
inversion  plane,  this  result  may  be  stated  in  the  following  form : 

THEOREM  26.  There  is  a  one-to-one  reciprocal  correspondence  pr&> 
serving  order-relations  between  the  oriented  points  of  a  real  projectile 
plane  and  the  points  of  a  real  inversion  plane. 

The  treatment  of  oriented  points  in  this  section  does  not  generalize  directly 
to  three  dimensions^  because  there  is  only  one  sense-class  in  a  protective  plane 
and,  therefore,  also  only  one  in  a  bundle  of  lines.  The  discussion  of  sense  in 
terms  of  the  set  of  all  lines  through  a  point  is. therefore  possible  along  these 
lines  only  in  spaces  of  an  even  number  of  dimensions. 

A.  discussion  which  is  uniform  for  spaces  of  any  number  of  dimensions  can, 
however,  be  made  in  terms  of  rays.  An  outline  of  the  theory  of  pencils  and 
bundles  of  rays  which  may  be  used  for  this  purpose  is  given  in  the  nest  three 
sections,  and  an  outline  of  one  way  of  generalizing  the  contents  of  the  present 
section  is  given  in  §  173. 

Another  type  of  generalization  of  the  theory  of  oriented  points  in  the  plane 
is  the  theory  of  doubly  oriented  lines  in  three  dimensions  which  is  given  in 
§  180,  below. 

*170.  Pencils  of  rays.  The  term  "ray"*  is  defined  in  §  23  for 
a  linear  convex  region  and  extended  to  any  convex  region  in  §  148. 
The  definition  of  angle  in  §  28  will  be  carried  over  to  any  convex 
region. 

DEFINITION.  The  set  of  all  rays  with  a  common  origin  ia  a 
planar  convex  region  is  called  a  pencil  of  rays.  The  common  origin 
is  called  the  center  of  the  pencil 

The  order  relations  in  a  pencil  of  rays  are  essentially  the  same 
as  those  among  the  points  of  a  projective  line.  This  can  be  shown 
by  setting  up  a  correspondence  between  the  rays  through  the  center 
of  a  circle  and  the  points  in  which  they  meet  the  circle,  as  in  §  69. 
It  can  also  be  done  on  the  basis  of  Assumptions  A,  E,  P  alone  by 
proving  Theorems  27—33,  below.  The  proofs  of  the  theorems  are  not 
given,  because  they  are  not  very  different  from  those  of  other  theo- 
rems in  this  chapter.  A  third  way  of  deriving  these  relations  is 
indicated  in  Theorems  34,  35,  and  a  fourth  in  Theorems  37-41. 

THEOREM  27.  If  a,  J,  c  are  three  rays  of  a  pencil,  and  if  any  seg- 
ment joining  a  point  of  a  to  a  point  ofc  contains  a  point  of  6,  then  every 
segment  joining  a  point  of  a  to  a  point  of  c  contains  a  point  of  &. 

*  In  some  books  the  term  "  ray  "  is  used  as  synonymous  with  ff  projective  line," 
and  "  pencil  of  rays"  with  ft pencil  of  lines." 
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DEFINITION:.  If  a,  6,  c  are  three  rays  of  a  pencil,  6  is  said  to  be 
between  a  and  c  if  and  only  if  (1)  a  and  c  are  not  collinear  and  (2) 
any  segment  joining  a  point  of  a  to  a  point  of  c  contains  a  point  of  b. 

THEOREM  28.  If  bis  any  ray  "between  two  rays  a  and  c,  any  other 
ray  between  a  and  c  is  either  between  a  and  b  or  between  b  and  c. 
No  my  is  both  between  a  and  b  and  between  b  and  c.  Any  ray 
between  a  and  b  is  between  a  and  c. 

THEOREM  29.  There  is  a  one-to-one  reciprocal  correspondence  pre- 
sert'inff  all  order  relations  between  the  points  of  a  segment  of  a  line 
and  the  rays  between  two  rays  of  a  pencil. 

THEOREM  30.  If  three  rays  a,  b,  c  of  a  pencil  are  such  that  no 
two  of  them  are  collinear  and  no  one  of  them  is  between  the  other 
two,  then  any  other  ray  of  this  pencil  is  between  a  and  b  or  between 
b  and  &  or  between  c  and  a. 

DEFINITION.  Given  a  set  of  three  distinct  rays  a,  b,  c  of  a  pencil, 
by  an  elementary  transformation  is  meant  the  operation  of  replac- 
ing one  of  them,  say  e,  by  a  ray  d  not  collinear  with  c  and  such 
that  neither  a  nor  b  is  between  c  and  cf.  The  class  consisting  of  all 
ordered  triads  into  which  abc  is  transformable  by  finite  sequences 
of  elementary  transformations  is  called  a  sense-class  and  is  denoted 
by  S(abe). 

An  elementary  transformation  of  abc  into  abc1  is  said  to  be  restricted 
with  respect  to  a  set  of  rays  av  a^  •  •  •,  an  of  the  pencil  if  none  of 
the  rays  a  9  a^  •  *  •,  an  is  between  c  and  c1. 

THEOREM  31.  Let  al9  #2,  *  *  *,  an  be  an  arbitrary  set  of  rays  of  a 
pencil.  Two  ordered  triads  of  rays  of  the  pencil  are  in  the  same 
sense-class  if  and  only  if  one  can  be  transformed  into  the  other  by  a 
sequence  of  elementary  transformations  which  are  restricted  with 
respect  to  a±9  #2,  •  •  •,  an. 

THEOREM  32.  Let  av  &2,  az  be  three  distinct  rays  of  a  pencil  such 
that  no  one  of  the  three  is  between  the  other  two.  There  exists  a  one- 
to-one  reciprocal  correspondence  F  between  the  rays  of  the  pencil  and 
ike  points  of  a  protective  line  such  that  to  each  elementary  trans- 
formation of  the  rays  which  is  restricted  with  respect  to  al9  &2,  ag 
there  corresponds  an  elementary  transformation  on  the  projectile 
line  which  is  restricted  with  respect  to  the  points  corresponding 
to  a>  #>  & 
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The  correspondence  F  required  in  this  theorem  may  be  set  up  as 
follows :  Let  three  arbitrary  collinear  points  Al9  A^  A9  be  the  corre- 
spondents of  «1?  a^f  a&  respectively ;  let  F4  be  a  projectivity  wliich 
carries  the  lines  which  contain  the  ravs  between  a.  and  «_  to  the 
points  of  the  segment  complementary  to  A^A^  and  carries  the 
line  containing  a1  to  Al ;  for  the  rays  between  al  and  a2  let  F  be 
the  correspondence  in  wliich  each  ray  between  a^  and  az  corresponds 
to  the  point  to  which  the  line  containing  it  is  carried  by  FI}-  let 
F0  be  the  projectivity  which  carries  the  lines  wliich  contain  the  rays 
between  «0  and  «3  to  the  points  of  the  segment  complementary  to 
A^A^AI  and  carries  the  line  containing  «2  to  J2 ;  for  the  rays  between 
a0  and.  <xg  let  F  be  the  correspondence  in  which  each  ray  corre- 
sponds to  the  point  to  which  the  line  containing  it  is  carried  by 
Fg;  let  Fg  be  a  projectivity  which  carries  the  lines  which  contain 
the  rays  between  as  and  «1  to  the  points  of  the  segment  complemen- 
tary to  A&AZA1  and  carries  the  line  containing  «3  to  A& ;  for  the  rays 
between  &g  and  al  let  F  be  the  correspondence  in  which  each  ray 
corresponds  to  the  point  to  which  the  line  containing  it  is  carried 

byrs. 

COROH.AHY.  There  is  a  one-to-one  reciprocal  correspondence  between 
the  points  of  a  projectile  line  and  the  rays  of  a  pencil  such  that  two 
ordered  triads  of  rays  of  the  pencil  are  in  the  same  sense-class  if 
and  only  if  the  corresponding  triads  of  points  are  in  the  same  sense- 
class  on  the  line. 

THEOREM  33.  If  at  I,  c  are  three  rays  of  a  pencil  and  al,  V,  d  are 
the  respectively  opposite  rays,  S(alc)  =  S(arb!ct). 

DEFINITION.  If  a  and  ~b  are  any  two  noncollinear  rays  of  a 
pencil,  by  an  elementary  transformation  of  the  ordered  pair  al  is 
meant  the  operation  of  replacing  one  of  them,  say  &,  by  another 
ray,  V9  of  the  pencil,  such  that  no  ray  of  the  line  containing  a  is 
between  6  and  V  or  coincident  with  V.  The  set  of  all  ordered  pairs 
(i.e.  angles)  into  which  an  ordered  pair  of  rays  al  can  be  carried 
by  sequences  of  elementary  transformations  is  called  a  sense-class 
and  is  denoted  by  8  (al). 

THEOREM  34  If  0  is  the  center  of  a  pencil  of  rays  and 
A,  B,  C,  D  are  points  of  rays  a,  I,  c,  d  respectively  of  the  pencil, 
then  S(al)^S(cd)  if  and  only  if 
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THEOREM  35.  If  a  and  6  are  any  two  noncollinear  rays  of  ® 
pencil,  S(ab)^S(ba).  Every  ordered  pair  of  noncollinear  rays  in 
the  pencil  is  either  in  S(ab)  or  in,  8  (ba).  If  a}  is  the  ray  opposite  to 
a,S(ab)^S(a?b). 

THEOREM  36.  If  a,  I  and  af,  V  are  two  ordered  pairs  of  rays  of 
a  pencil  and  c  and  c1  are  the  rays  opposite  to  a  and  a1  respectively, 
then  S(ab)^S(aV)  if  and  only  if  S  (abc)  =  S  (afbrcf).  The  same 
conclusion  holds  if  c  is  any  ray  between  a  and  b  and  c1  any  ray 
between  a*  and  V. 

THBOREM  37.  DEFINITION.  The  points  not  on  the  sides  or  vertex 
of  an  angle  4.  ab  fall  into  two  classes  having  the  sides  and  vertex  as 
boundary  and  such  that  any  segment  joining  a  point  of  one  class  to 
a  point  of  the  other  contains  a  point  of  the  sides  or  the  vertex.  If  the 
angle  is  a  straight  angle,  both  of  these  classes  of  points  are  convex 
regions.  If  not,  one  and  only  one  of  them  is  convex  and  is  called  the 
interior  of  the  angle  ;  the  other  is  called  the  exterior  of  the  angle. 

THEOREM  38.  If  A1  is  any  point  of  the  side  OA  of  an  angle 
4.  A  OB,  and  Br  is  any  point  of  the  side  OB,  then  S  (  OAB)  =  8  (  OA'B'}. 
If  G  is  any  point  interior  to  the  angle,  S(OAB)  =  S(OAC)  =  S(OCB), 
and  any  point  0  satisfying  these  conditions  is  interior  to  the  angle. 

THEOREM  39.  Any  ray  having  the  vertex  of  an  angle  as  origin,  and 
not  itself  a  side  of  the  angle,  is  entirely  in  one  or  the  other  of  the  two 
classes  of  points  described  in  Theorem  37.  If  it  is  in  the  interior 
it  contains  one  and  only  one  point  on  each  segment  joining  a  point 
of  one  side  of  the  angle  to  a  point  on  the  other  side. 

DEFINITION.  Two  rays  a,  I  of  a  pencil  are  said  to  be  separated 
by  two  other  rays  h,  Tc  of  the  same  pencil  (or  by  the  angle  £hk) 
if  and  only  if  a  is  in  one  and  "b  in  the  other  of  the  classes  of 
points  determined  according  to  Theorem  37  by  4.hk.  A  set  of 
rays  having  a  common  origin  are  said  to  be  in  the  order  {y>-fl><p>^>± 
.  .  .  an}  if  no  two  of  the  rays  are  separated  by  any  of  the  angles 
4  fc^ 


THEOREM  40.  A  set  of  rays  in  the  order  {a^a9  •  •  *  o^aj  are 
also  in  the  orders  {&/&s  •  -  •  anaj  and  {c^nan_1  •  •  •  a2aJ* 

COROLLARY.  Any  two  rays  a,  "b  having  a  common  origin  are  in 
the  orders  {ab}  and  {ba}.  Any  three  rays  a,  b,  c  having  a  common 
origin  are  in  the  orders  {abc}f  {lea},  {cab}9  {acb}t  {lac},  {cba}. 
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THEOREM  41.   To  any  finite  number  n  ^  2  of  rays  having  a 
mon  origin  may  lie  assigned  a  notation  so  that  they  are  in  the  order 

{*!****  •••«»}• 

^  *171.  Pencils  of  segments  and  directions.  The  notion  of  a  ray 
belongs  essentially  with  that  of  a  convex  region,  but  the  theorems 
of  the  last  section  may  easily  be  put  into  a  form  which  is  not 
limited  to  convex  regions.  The  proofs  are  all  omitted  for  the  same 
reasons  as  in  the  section  above. 

DEFINITION.  A  set  of  all  segments  having  a  common  end  and 
lying  in  the  same  plane  is  called  a  pencil  of  segments.  The  common 
end  is  called  the  center  of  the  pencil  Two  segments  or  intervals 
having  a  common  end  A  are  said  to  be  similarly  directed  at  Ail  either 
of  them  is  entirely  contained  in  the  other.  The  set  of  all  segments 
similarly  directed  at  a  given  point  with  a  given  segment  is  called  a 
direction-class  or,  more  simply,  a  direction.  The  set  of  all  directions 
of  the  segments  of  a  pencil  at  its  center  is  called  a  pencil  of  direc- 
tion. The  directions  of  two  collinear  segments  having  a  common 
end  A  and  not  similarly  directed  are  said  to  be  opposite,  and  the 
two  segments  are  said  to  be  oppositely  directed  at  A. 

Thus  if  ABCD  are  four  collinear  points  in  the  order  {ABOD}  the 
segments  ABC  and  ABD  are  similarly  directed,  while  ABC  mid  ADC 
are  oppositely  directed.  At  a  given  point  on  a  given  line  there  are 
obviously  two  and  only  two  directions,  and  these  are  opposite  to 
each,  other.  Two  noncollinear  segments  with  a  common  end  are  con- 
tained in  one  and  only  one  pencil,  namely,  the  one  having  the  common 
end  as  center  and  lying  in  the  plane  of  the  two  segments. 

DEFINITION.  A  segment  a-  is  said  to  be  between  two  noncollinear 
segments  o^,  <r2  if  the  three  segments  are  in  the  same  pencil  and 
a-  is  similarly  directed  with  a  segment  which  is  in  the  pencil  and 
contained  entirely  in  the  triangular  region  determined  by  <TI  and  <r2 
(Theorem  12).  A  direction  d  is  said  to  be  between  two  noncollinear 
directions  dl9  d^  if  there  exist  three  segments  <r,  o^,  <r2  in  the  direc- 
tions <#,  dj,  dz  respectively  such  that  a-  is  between  ^  and  cr2. 

This  extension  of  the  notion  of  betweenness  to  directions  is 
justified  by  the  following  theorem. 

THEOREM  42.  If  a  and  ft  are  two  noncollinear  segments  with  a 
common  end  0,  and  a!  and  ftf  are  similarly  directed  with  a  and  ft 
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respectively  at  0,  the  segments  between  a  and  ft  are  similarly  directed 
'with  the  seffffients  between  a!  and  ft'. 

DEFINITION.  Let  o-^  <J2»  <TS  be  three  segments  of  a  pencil  BO  two 
of  them  being  similarly  directed.  By  an  elementary  transformation 
is  meant  the  operation  of  replacing  one  of  them,  say  <r#  by  a  seg- 
ment <r4J  which  is  in  the  pencil  and  such  that  neither  c^  nor  cr2  is 
between  <rg  and  o-^  or  similarly  directed  with  cr^  A  class  consisting 
of  all  ordered  triads  into  which  o-^a-^  is  transformable  by  finite 
sequences  of  elementary  transformations  is  called  a  sense-class  and 
is  denoted  by  8(0-^^.  If  d19  d^  dz  are  three  directions  of  a  pencil, 
and  a- ^  <r^  &z  three  segments  in  the  directions  d^  d^  dz  respec- 
tively, the  sense-class  S(dIdzd^)  is  the  class  of  all  triads  of  directions 
which  are  the  directions  of  triads  of  segments  in  the  sense-class 

S(«W,)- 

THEOREM  43.  If  o-^  crg,  <rs  are  three  segments  of  a  pencil,  no  two 
of  them  ~being  similarly  directed,  and  cr£  is  similarly  directed  with 
**  SfrW^Sfafffr 

THEOREM  44.  There  is  a  one-to-one  reciprocal  correspondence  be* 
tween  the  directions  of  a  pencil  and  the  points  of  a  line  such  that 
two  triads  of  directions  are  in  the  same  sense  if  and  only  if  the 
corresponding  triads  of  points  have  the  same  sense. 

We  now  take  from  §§  21-23  of  Chap.  II  the  definitions  of  sepa- 
ration, order,  etc.,  and  on  account  of  Theorem  44  we  have  at  once 

COEOLLAEY  1.  The  Theorems  of  §§  21—23  remain  valid  when 
applied  to  the  directions  of  a  pencil  instead  of  to  the  points  of 
a  line. 

COEOLLAEY  2.  Two  pairs  of  opposite  directions  separate  each  other. 

DEFINITION".  Let  a-l  and  cr2  be  two  noncollinear  segments  of  a 
pencil;  by  an  elementary  transformation  is  meant  the  operation  of 
replacing  one  of  them,  say  <rg,  by  any  segment  <rg  of  the  pencil  such 
that  no  segment  collinear  with  &l  is  between  <r2  and  crs.  The  set  of 
all  ordered  pairs  of  segments  into  which  <r1tr3  is  transformable  by 
sequences  of  elementary  transformations  is  called  a  sense-class  and 
is  denoted  by  S(crjr^. 

THEOEBM  45.  If  a  pair  of  segments  <rl  <rg  is  transformable  ly 
elementary  transformations  into  a  pair  cr^,  then  a[crfz  is  transform- 
able  by  elementary  transformations  into  a-jar^ 
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THEOREM  46.    If  a  segment  0-^  is  similarly  directed  with  a  segment 

a^  and  not  collinear  with  a  segment  a^  which  has  the  same  origin 


as  <r2, 


THEOREM  4i.  If  <rl9  <r2,  o-g,  o-4  are  segments  of  a  pencil  and  ar1  is 
not  collinear  with  cra,  nor  u3  with  <J4>  then  either  ^(^-f^^S^ytr^  or 
^(*Vi)  =  ^OVJ-  ^(<Tl(T^^(fT^rl)'  $f  ®{  &  opposite  to  <rl3  and  cr^  to 

°v  ^K^H^K0**)  if  and  only  if  ^X^^Kv*)- 

DEFINITION.  Let  d±  and  rfa  be  two  directions  of  a  pencil  and  let 
o^  and  crz  be  two  segments  in  the  directions  dl  and  dz  respectively. 
By  the  sense-class  S(d1dt>)  is  meant  the  class  of  all  ordered  pairs  of 
directions  which  are  the  directions  of  ordered  pairs  of  segments 
in  the  sense-class  Sfaa-^. 

It  is  evident  that  the  last  two  theorems  may  be  restated,  without 
material  change,  in  terms  of  directions  instead  of  segments. 

*172.  Bundles  of  rays,  segments,  and  directions.  DEFINITION.  The 
set  of  all  rays  in  a  three-dimensional  convex  region  which  have  a 
common  origin  0  is  called  a  bundle  of  rays.  The  point  0  is  called 
the  center  of  the  bundle. 

Let  a,  5,  c  be  three  noncoplanar  rays  of  a  bundle.  By  an  elemen- 
tary transformation  is  meant  the  operation  of  replacing  one  of  the 
rays,  say  a,  by  a  ray  a!  such  that  no  ray  of  the  plane  containing  o 
and  c  is  between  a  and  a'.  The  set  of  all  ordered  triads  of  rays 
into  which  ale  can  be  carried  by  sequences  of  elementary  trans- 
formations is  called  a  sense-class  and  is  denoted  by  S(abc). 

THEOREM  48.  If  abc  and  aVcf  are  two  ordered  triads  of  non- 
eoplanar  rays  having  a  common  origin  0,  and  A,  B,  (7,  A}  \  B\  Cf  are 
points  of  the  rays  a,  I,  c,  af,  V,  cf  respectively,  then  B(alc)=  S(arVer) 
if  and  only  if  S(OABC)  =  8(OA!BJC!). 

THEOREM  49.  If  a,  6,  c  are  three  noncoplanar  rays  of  a  bundle, 
S(alc)  =  S(oca)  3=  S(acb)*  If  a!,  V,  cf  are  any  other  three  noncoplanar 
rays  of  the  bundle,  either  S(a'brcr)  =  S(alc)  or  S(a!Vd)  =  8(acV). 

THEOREM  50.  If  a,  I,  c  are  three  noncoplanar  rays  of  a  bundle 
and  a1  is  the  ray  opposite  to  a>  S(abc)  ¥=  S(afbc). 

THEOREM  51.  If  abc  are  three  noncoplanar  rays  of  a  bundle,  the 
set  [x]  of  rays  of  the  bundle  which  satisfy  the  relation  S(scab)  = 
S(xbc)  =  S  (xca)  are  in  such  a  one-to-one  reciprocal  correspondence 
F  with  the  points  of  a  triangular  region  that  if  r^ys  a?a,  #?2,  a^ 
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a?4,  xs,  x6  correspond  to  points  X^  Xni  X3,  JT4,  JT5,  JT6  respectively, 


S(x4xf9)  if  and  only  if  S^X^X.) 
J[,  j&,  (7  are  points  of  the  rays  a,  b,  c  respectively,  and  the  triangular 
region  is  the  interior  of  the  triangle  ABC\  T  may  le  taken  as  the 
correspondence  in  which  each  x  corresponds  to  the  point  in  which  it 
meets  the  triangular  region. 

THEOREM  52.  If  a,  b,  c,  d  are  four  rays  of  a  bundle  such  that  any 
plane  containing  two  of  them  contains  a  ray  between  the  other  two, 
any  other  ray  of  the  bundle  is  between  two  rays  of  the  set  a,  b}  c,  d  or 
in  one  of  four  sets  [a?],  [y],  [z],  [w]  such  that  [x]  satisfies  the  condition 
S(xbc)  =S(xcd)  =  S(xdb)9  [y]  satisfies  S(yac)  =  S  (yccl)  =  S(yda),  [z]  sat- 
isfies  S(zab)=zS(zbd)  =  S(zda),  [w]  satisfies  S(wab)  =  S(wbc)  =  S(wca). 

CoROLLAEY.  Under  the  conditions  of  the  theorem  if  A,  B,  C,  D 
are  points  of  the  rays  a,  b}  c,  d  respectively,  the  center  of  the  bundle 
is  interior  to  the  tetrahedron  ABCD. 

DEFINITION".  A  set  of  all  segments  liaving  a  common  end  is  called 
a  bundle  of  segments.  The  set  of  all  directions  of  the  segments  of  a 
bundle  is  called  a  bundle  of  directions. 

DEFINITION1.  Let  cr^  <r2,  <r3  be  three  segments  of  the  same  bundle, 
but  not  in  the  same  pencil  ;  the  operation  of  replacing  any  one  of 
them,  say  o*3,  by  a  segment  <r4  of  the  bundle  such  that  no  segment 
of  the  pencil  containing  o^  and  o"2  is  between  <TS  and  <r4  or  coincident 
with  <J4  is  called  an  elementary  transformation,  A  class  consisting 
of  all  ordered  triads  of  segments  into  which  a"^^  can  be  carried  by 
finite  sequences  of  elementary  transformations  is  called  a  sense-class 
and  is  denoted  by  S(<r^7jr^. 

The  generalization  of  Theorems  48-52  to  the  corresponding 
theorems  for  a  bundle  of  segments  presents  no  difficulty. 

*173.  One-  and  two-sided  regions,  A  discussion  of  the  order  rela- 
tions in  projective  spaces  which  is  closely  analogous  both  to  §  168 
and  to  §  169  may  be  made  according  to  the  following  outline.  The 
details  are  left  as  an  exercise  for  the  reader. 

Let  O  be  any  point  of  a  planrr  region  R.  Let  A,  B,  C  be  the 
vertices  of  a  triangular  region  T  containing  0  and  contained  in  R, 
and  let  a,  /3,  7  be  the  segments  in  R  joining  0  to  A,  B,  C  respec- 
tively. Then  S(afi)  =  S(l3i)  =  Stya). 

If  Of  is  any  other  point  of  T,  and  af,  fif  the  segments  of  R  joining 
Of  to  A  and  B  respectively,  S(aff)  is  said  to  be  like  S(arj3f);  and 
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if  S(aft)  Is  like  S(a'ft'),  and  S(arft')  like  S(affj3")»  then  8 (aft)  is  said 
to  be  like  8 (a" ft").  A  region  for  which,  a  given  sense-class  at  one 
point  is  like  the  other  sense-class  at  that  point  is  said  to  be  one- 
sided. Any  other  region  is  said  to  be  two-sided. 

A  convex  region  is  two-sided.  A  projective  plane  is  a  one-sided 
region. 

Let  0  be  any  point  of  a  three-dimensional  region  R.  Let  A,  B, 
C,  D  be  the  vertices  of  a  tetrahedral  region  T  containing  0  and 
contained  in  R,  and  let  a,  ft,  «y,  S  be  the  segments  in  R  joining  0 
to  A,  B,  C,  D  respectively.  Then  8(aftj)  =  S(ftaS)  =  S(&yft)  =  S(ySa). 

If  Of  is  any  other  point  of  T,  and  a!,  ft!,  jf  are  the  segments  of 
R  joining  Of  to  A9  B,  C  respectively,  S(aftj)  is  said  to  be  like 
S(affi!vf)',  if  S(afty)  is  like  S(afftry')9  and  S(arffyf)  is  like  S(a"ft"<y")9 
then  S(aftj)  is  said  to  be  like  £(«"£"</')• 

One-  and  two-sided  regions  are  defined  as  in  the  two-dimensional 
case. 

Any  region  in  a  three-dimensional  projective  space  is  two-sided. 

174.  Sense-classes  on  a  sphere.    The  theorems  in  §  172  can  be 
regarded  as  defining  the  order  relations  among  the  points  of  a  sphere 
if  carried  over  to  the  sphere  by  letting  each  point  of  the  sphere 
correspond  to  the  ray  joining  it  to  the  center  of  the  sphere.    Another 
way  of  treating  the  order  relations  on  a  sphere  and  one  which 
connects  directly  with  §  97  is  as  follows: 

DEFINITION.  Let  A,  B,  C,  D  be  four  points  of  a  sphere  not  all 
on  the  same  circle.  By  an  elementary  transformation  is  meant  the 
operation  of  replacing  one  of  them,  say  A,  by  a  point  A1  on  the 
same  side  of  the  circle  BCD.  The  set  of  all  ordered  tetrads  into 
which  ABCD  is  transformable  by  sequences  of  elementary  transfor- 
mations is  called  a  sense-class  and  is  denoted  by  S(ABCD). 

THEOKEM  53.  There  are  two  and  only  two  sense-classes  on  a  sphere. 
S(ABCD)  ¥=  S(ABDC). 

THEOREM  54  S(ABCD)  =  S(AtBrC!Dt)  if  and  only  if  W>O, 
where  K(AB,  CD)  =  a +  1-^1,  ®(A'&,  C'D!)=ar +  V-^lt  and 
a,  a'9  b,  V  are  real. 

175.  Order  relations  on  complex  lines.     In  view  of  the  isomor- 
phism between  the  geometry  of  the  real  sphere  and  the  complex 
projective  line  (cl  §§  91,  95,  and  100)  the  theorems  of  the  section 
above  and  of  §  97  determine  the  order  relations  on  any  complex  Hna 
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One  very  important  difference  between  the  situation  as  to  order 
in  the  real  and  the  complex  spaces  is  the  following  :  In  a  real  plane 
or  space  one  sense-class  on  a  line  is  carried  by  pro  j  activities  of  a 
continuous  group  into  both  sense-classes  on  any  other  line.  So  that 
fixing  a  particular  sense-class  on  one  line  as  positive  does  not  deter- 
mine a  positive  sense-class  on  all  other  lines.  On  a  complex  line, 
however,  an  ordered  set  of  four  points  ABCD  is  in  one  sense-class 
or  the  other  according  as  &  is  positive  or  negative,  where  a  +  l 
V^T=  &  (ABt  CD)  and  a  and  I  are  real  (Theorem  54).  In  conse- 
quence of  the  invariance  of  cross  ratios  under  projection,  a  given 
sense-class  on  one  line  goes  by  projectivities  into  one  and  only  one 
sense-class  on  any  other  line.  Hence  if  one  sense-class  is  called 
positive  on  one  line,  the  positive  sense-class  can  be  determined  on 
every  other  line  as  being  that  sense-class  which  is  protective  with 
the  positive  sense-class  on  the  initial  line. 

This  connects  very  closely  with  the  convention  for  purposes  of 
analytic  geometry  that  by  Vc  is  meant  that  one  of  the  square  roots 
of  c  which  takes  the  form  a  +  1  V^l,  where  a  and  6  are  real  and 
6  >  0,  or  if  I  =  0,  a  >  0.  The  symbol  V^l  is  taken  to  represent 
that  one  of  the  square  roots  of  —  1  for  which  $(<»  0  lV—l)  is 
positive. 

176.  Direct  and  opposite  collineations  in  space.  From  the  algebraic 
definition  of  direct  collineation  in  terms  of  the  sign  of  a  determinant, 
we  obtain  at  once 


THEOEEM  55.   Any  collineation  of  a  real  three-dimensional 
jectwe  space  which  leaves  a  Euclidean  space  invariant  is  direct  if  and 
only  if  the  collineation  which  it  effects  in  the  Euclidean  space  is  direct. 

In  a  Euclidean  space  a  point  D  is  on  the  same  side  of  a  plane 
ABCD  with  a  point  JS  if  and  only  if  B(ABOD)  =  S(ABCJB).  Hence 
a  homology  whose  center  is  at  infinity  is  direct  or  opposite  according 
as  a  point  not  on  its  plane  of  fixed  points  is  transformed  to  a  point 
on  the  same  or  the  opposite  side  of  this  plane.  Extending  this  result 
to  the  protective  space  by  the  aid  of  the  theorem  above  we  have 

THEOREM  56.  A  homology  which  carries  a  point  A  to  a  point  A  \ 
distinct  from  A,  is  opposite  or  direct  according  as  A  and  A!  are 
separated  or  not  separated  ly  the  center  of  the  homology  and  the 
point  in  which  its  plane  of  fixed  points  is  met  "by  the  line  AAf. 
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COROLLARY  1.   -4  har/no/iic  ho/nulogy  is  opposite. 
CORULLAKY  2.    The  invtrse  of  a  direct  homology  is  direct 

Since  any  collineation  is  expressible  as  a  product  of  homologies 

(§  29,  Vol.  I),  it  follows  that 

COROLLARY  3.    The  inverse  of  a  direct  collineation  is  direct 

Since  an  elation  is  a  product  of  two  harmonic  homologies  having 
the  same  plane  of  fixed  points  it  follows  from  Cor.  1  that 
COROLLARY  4.   An  elation  is  direct 

Since  a  line  reflection  (§  101)  is  a  product  of  two  harmonic 
homologies, 

COROLLARY  5.   A.  line  reflection  is  direct. 

THEOREM  57.  A  collineatwii  leaving  three  skew  lines  invariant 
is  direct. 

Proof.  Denote  the  lines  by  l^  Z0,  Z3  and  the  collineation  by  F. 
The  projectivity  on  ^  which  is  effected  by  T  is  a  product  of  two  or 
three  hyperbolic  involutions  (§  74).  Each  involution  on  ^  is  effected 
by  a  line  reflection  whose  directrices  are  the  lines  which  pass  through 
the  double  points  of  the  involution  and  meet  Z2  and  lf  The  product 
II  of  these  line  reflections  leaves  lv  12,  Zg  invariant  and  effects  the  same 
transformation  on  ^  as  T.  Hence  II~1r  leaves  l^  13  and  all  points 
on  l±  invariant.  It  also  leaves  invariant  any  line  meeting  119  l^  and 
Z8,  and  hence  leaves  all  points  on  l^  and  18  invariant.  Hence  E[""ir 
is  the  identity,  and  hence  F=  II.  Since  the  line  reflections  are  all 
direct,  F  is  direct. 

COROLLARY  1.  Any  collineation  leading  all  points  of  two  skew 
lines  invariant  is  direct. 

Proof.  Such  a  collineation  leaves  invariant  three  skew  lines 
meeting  the  given  pair  of  invariant  lines. 

COROLLARY  2.   Any  collineation  transforming  a  regulus  into  itself 


Proof.  Such  a  collineation  is  a  product-  of  a  collineation  leaving 
all  lines  of  the  given  regulus  invariant  by  one  leaving  all  lines  of 
the  conjugate  regulus  invariant.  Hence  it  is  direct,  by  the  theorem. 

Corollary  2  is  also  a  direct  consequence,  of  Cor.  5,  above,  and 
34,  Chap.  VI 
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COBOLLARY  3.  Any  collineation  ear  Tying  a  regulus  into  its  con- 
jugate regulus  is  opposite. 

Proof.  The  two  reguli  are  interchanged  by  a  harmonic  homology 
whose  center  and  axis  are  pole  and  polar  with  regard  to  the  regains. 
This  harmonic  homology  is  opposite  by  Cor.  1,  Theorem  56,  and 
since  its  product  by  any  collineation  F  interchanging  the  two  reguli 
leaves  them  both  invariant  and  hence  is  direct  by  Cor.  2,  it  follows 
that  F  is  opposite. 

DEFINITION.  By  a  doubly  oriented  line  is  meant  a  line  I  associated 
with  one  sense-class  among  the  points  on  I  and  one  sense-class 
among  the  planes  on  I  The  doubly  oriented  line  is  said  to  be  on 
any  point,  line,  or  plane  on  L 

A  doubly  oriented  line  may  be  denoted  by  the  symbol  (ABC,  aft*/) 
if  A,  B3  C  denote  collinear  points  and  a,  ft,  <y  planes  on  the  line  AB. 
For  this  symbol  determines  the  line  AB  and  the  sense-classes  S(ABC) 
and  S(ct/3y)  uniquely.  Since  there  are  two  sense-classes  S(ABC) 
and  S(ACB)  among  the  points  on  a  line  AB  and  two  sense-classes 
S(afty)  and  S(ayf3)  among  the  planes  on  AB,  there  are  four 
doubly  oriented  lines, 


(ACS, 
(ABC, 

(ACB,  aft<y), 
into  which  AB  enters. 

THEOREM  58.  The  collineations  which  transform  a  doubly  oriented 
line  into  itself  are  all  direct. 

Proof.  Let  (ABC,  a/3y)  be  a  doubly  oriented  line,  F  a  collineation 
leaving  it  invariant,  I  any  line  not  meeting  AB,  and  lr=  F(/).  The 
line  V  cannot  meet  AB,  because  AB  is  transformed  into  itself  by  F- 
If  V  does  not  intersect  I,  let  m  be  the  line  harmonically  separated 
from  AB  by  I  and  V  in  the  regulus  containing  AB,  I,  and  V.  If  V 
meets  I  let  m  be  the  line  harmonically  separated  by  I  and  V  from 
the  point  in  which  the  plane  IF  is  met  by  AB.  In  either  case  AB 
does  not  intersect  m,  and  if  A  is  the  line  reflection  whose  directrices 
are  AB  and  m,  A(lr)  =  I.  Hence  AF  leaves  both  AB  and  m  invariant. 
Since  A  and  F  preserve  sense  both  in  the  pencil  of  points  AB  and 
in  the  pencil  of  planes  aft,  AF  preserves  sense  both  on  AB  and 
on  m.  Hence  by  §  74,  AF  effects  a  projectivity  on  AB  which  is  a 
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product  of  two  hyperbolic  involutions,  {-P4-PJ  •  {PJP^9  and  it  effects 
A  projectivity  on  m  which  is  a  product  of  two  hyperbolic  involutions, 

{Q&}  -  (QM-   Lefc  zi>  '*  *»>  z*  be  fch 

respectively.    The  product 


leaves  all  points  on  AS  and  on  m  invariant  and  is  therefore  direct 
by  Cor.  1,  Theorem  57.  All  the  coilineations  in  this  product  except 
F  are  direct  by  Cor.  5,  Theorem  56.  Hence  T  is  direct. 

COROLLARY  1.  Any  collineation  which  reverses  both  sense-classes 
of  a  doiibly  oriented  line  is  direct. 

Proof.  Let  F  be  a  collineation  reversing  both  sense-classes  of  a 
doubly  oriented  line  (ABC,  a/3y).  Let  a  and  b  be  two  lines  meeting 
AB  but  not  intersecting  each  other.  The  line  reflection  {ab}  reverses 
both  sense-classes  of  (ABC,  &/3y)  and  is  direct.  Hence  {ab}  •  T  leaves 
them  both  invariant  and  is  direct  by  the  theorem.  Hence  T  is  direct. 

COROLLARY  2.  Any  collineation  which  transforms  each  of  two  skew 
lines  into  itself  and  effects  a  direct  projectivity  on  each  is  direct. 

COROLLARY  3.  Any  collineation  which  transforms  each  of  two 
skew  lines  into  itself  and  effects  an  opposite  projectivity  on  each  is 
direct. 

177.  Right-  and  left-handed  figures.  The  theorems  of  the  last 
section  can  be  used  in  showing  that  other  figures  than  the  ordered 
pentads  of  points  may  be  classified  as  right-handed  and  left-handed. 
For  this  purpose  the  following  theorem  is  fundamental. 

THEOREM  59.  If  the  coilineations  carrying  a  figure  FQ  into  itself 
are  all  direct,  the  figures  equivalent  to  FQ  under  the  group  of  all 
coilineations  fall  into  two  classes  such  that  any  collineation  carrying 
a  figure  of  one  class  into  a  figure  of  the  same  class  is  direct  and  any 
collineation  carrying  it  into  a  figure  of  the  other  class  is  opposite. 

Proof.  Let  [F]  be  the  set  of  all  figures  into  which  F^  can  be 
carried  by  direct  coilineations.  There  is  no  opposite  collineation 
carrying  F  into  an  F\  for  suppose  F  were  such  an  opposite  collin- 
eation, let  P  be  one  of  the  direct  coilineations  which  by  definition 
of  [F]  carry  FQ  into  F]  then  p-*F  would  be  an  opposite  collineation 
carrying  FQ  into  itself.  In  like  manner  it  foEows  that  any  collinea- 
tion carrying  any  F  into  itself  or  any  other  F  is  direct. 
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Let  [J*1]  be  the  set  of  all  figures  into  which  FQ  is  carried  by  oppo- 
site, collineationa  An  argument  like  that  above  shows  (1)  that  any 
collineation  carrying  FQ  into  an  F'  is  opposite  and  (2)  that  any 
coliineation  carrying  an  Fj  into  itself  or  another  Fj  is  direct.  It 
follows  at  once  that  any  collineation  carrying  an  F  into  an  f  or 
an  Ff  into  an  F  is  opposite. 

Since  the  direct  eollineations  form  a  continuous  family  of  trans- 
formations, we  have 

GOROLLAKY.    The  figures  conjugate  to  FQ  under  the  group  of  direct 

eollineations  form  a  continuous  family. 

The  propositions  about  the  sense-classes  of  ordered  tetrads  of  non- 
collioear  points  are  corollaries  of  this  theorem  because  the  only 
colliiieation  carrying  an  ordered  pentad  of  noncollinear  points  into 
itself  is  the  identity. 

By  Theorems  57  and  59  all  triads  of  noncollinear  lines  fall  into  two 
classes  such  that  any  collineation  carrying  a  triad  of  one  class  into 
a  triad  of  the  same  class  is  direct  and  any  collineation  carrying  a 
triad  of  one  class  into  a  triad  of  the  other  class  is  opposite.  It  is  to 
be  noted  particularly  that  the  triads  of  lines  here  considered  need  not 
be  ordered  triads,  since  by  Cor.  2,  Theorem  57,  the  collineation 
effecting  any  permutation  of  a  set  of  three  noncollinear  lines  is  direct. 

Similar  propositions  hold  with  regard  to  doubly  oriented  lines, 
regiili,  congruences,  and  complexes  (cf.  §  178). 

Let  us  now  suppose  that  a  particular  sense-class  S(ABCD)  in 
a  Euclidean  space  has  been  designated  as  right-handed  (cf.  §  162). 
Any  ordered  tetrad  of  points  in  this  sense-class  is  also  called  right- 
handed  and  any  ordered  tetrad  in  the  other  sense-class  is  called 
left-handed. 

Let  P  be  a  point  interior  to  the  triangular  region  BCD,  Q  the 
point  at  infinity  of  the  line  AP,  ft  the  plane  APB,  7  the  plane  APC> 
and  5  the  plane  APD.  All  doubly  oriented  lines  into  which  (APQ, 
fi<yS)  is  carried  by  direct  eollineations  shall  be  called  right-handed 
and  all  others  shall  be  called  left-handed. 

The  set  of  points  ABGDQ  and  the  sense-class  S(ABCDQ)  in  the 
projective  space  AS  CD  shall  be  called  right-handed  and  all  other 
ordered  pentads  of  noncollinear  points  and  the  other  sense-class 
shall  be  called  left-handed. 
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These  conventions  give  the  same  determination  of  right-handed 
doubly  oriented  lines  and  ordered  pentads  of  points  no  matter  what 
point  of  the  triangular  region  BCD  is  taken  as  P,  because  any  eol- 
lineation  leaving  A,  B>  €\  D  invariant  and  carrying  one  such  P  into 
another  is  direct  In  like  manner  these  conventions  are  independent 
of  the  choice  of  AS  CD,  so  long  as  S(ABCI>)  is  direct. 

A  triad  of  skew  lines  Z1,  /2,  lz  shall  be  said  to  be  right-handed  or 
left-handed  according  as  the  doubly  oriented  line  (ABC,  afty)  is 
right-handed  or  left-handed,  provided  that  m  is  a  line  meeting  Il9 
l#  12,  and  A,  B}  C  are  the  points  mll9  ml^  ?n/a  respectively,  and  a, 
S,  7  are  the  planes  mlv  mln,  ml9  respectively. 

This  convention  is  independent  of  the  choice  of  m,  by  Theorems 
57  and  58.  By  the  same  theorems  any  collineation  carrying  a 
right-handed  triad  of  noncollinear  lines  into  a  right-handed  triad 
of  lines  is  direct,  and  any  collineation  carrying  a  right-handed 
triad  of  lines  into  a  left-handed  triad  is  opposite. 

The  reader  should  verify  that  a  pair  of  skew  lines  Im  in  a  Euclid- 
ean space  is  right-handed  or  left-handed  in  the  sense  of  §  163 
according  as  Iml^  is  right-handed  or  left-handed,  l^  being  the  line 
at  infinity  which  is  the  absolute  polar  of  the  point  at  infinity  of  I. 
If  m^  is  the  absolute  polar  of  the  point  at  infinity  of  m,  lmmK  is 
right-handed  if  and  only  if  Iml^  is  right-handed. 

Let  A  be  a  point  of  the  axis  of  a  twist  T  in  a  Euclidean  space, 
let  B  =  T(A),  and  let  C  be  the  point  at  infinity  of  the  line  AB]  let 
a  be  any  plane  on  the  line  AB,  j3=  T(a),  and  7  the  plane  on  AB 
perpendicular  to  a.  Then  F  is  right-handed  in  the  sense  of  §  163 
if  and  only  if  the  doubly  oriented  line  (ABC,  a@y)  is  right-handed. 
This  is  easily  verified. 

178.  Right-  and  left-handed  reguli,  congruences,  and  complexes. 
By  Cor.  2,  Theorem  57,  every  triad  of  lines  in  a  regulus  is  right- 
handed  or  every  triad  is  left-handed.  In  the  first  case  the  regulus 
shall  be  said  to  be  right-handed  and  in  the  second  case  to  be 
left-handed. 

THEOEEM  60.  The  collineations  which  leave  an  elliptic  linear  con- 
gruence invariant  are  all  direct. 

Proof.  An  elliptic  congruence  has  a  pair  of  conjugate  imaginary 
lines  as  its  directrices  (§  109),  and  there  is  one  real  line  of  the 
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congruence  through  each  point  of  a  directrix.  Any  collineation  T 
which  carries  each  directrix  of  the  congruence  into  itself  effects  a 
projectivity  on  that  directrix.  This  projectivity  is  a  product  of  two 
involutions  <§  78,  Vol.  I).  Each  involution  may  be  effected  by  a 
line  reflection  whose  hues  of  fixed  points  are  the  (real)  lines  of  the 
congruence  through  the  (imaginary)  double  points  of  the  involution ; 
since  such  a  line  reflection  leaves  both  directrices  invariant,  it  leaves 
the  congruence  invariant.  Hence  there  exist  two  line  reflections 
A,  A0,  each  transforming  the  congruence  into  itself,  such  that 
A0A  F  leaves  all  points  on  a  directrix  invariant.  Hence  A^F 
transforms  each  line  of  the  congruence  into  itself.  By  Theorem  57, 
A.A.r  is  direct,  and  by  Theorem  56,  Cor.  5,  A2  and  A2  are  direct. 
Hence  F  is  direct. 

If  I  is  any  real  line  not  in  the  congruence,  the  lines  of  the  con- 
gruence meeting  I  form  a  regulus,  and  the  directrices  are  double 
lines  of  an  involution  in  the  lines  of  the  conjugate  regulus.  If  V 
is  the  line  conjugate  to  /  in  this  involution,  the  line  reflection  {W} 
must  interchange  the  two  directrices.  Hence  if  F'  is  any  colline- 
ation interchanging  the  directrices,  {llf}  •  F;  is  a  collineation  which 
leaves  each  of  them  invariant.  Hence  by  the  paragraph  above 
{II'}  •  F'  is  direct.  Hence  F'  is  direct.  Hence  any  real  collineation 
leaving  an  elliptic  linear  congruence  invariant  is  direct. 

COROLLARY  1.  The  triads  of  lines  of  an  elliptic  linear  congruence 
are  all  right-handed  or  all  left-handed. 

For  any  triad  can  be  carried  into  any  other  triad  by  a  direct 
collineation. 

COROLLARY  2.  If  four  linearly  independent  lines  are  such  that 
all  sets  of  three  of  them  are  right-handed  or  such  that  all  sets  of 
three  of  them  are  left-handed^  the  linear  congruence  which  contains 
them  is  elliptic. 

An  elliptic  congruence  shall  be  said  to  be  right-handed  if  every  triad 
of  lines  in  it  is  right-handed ;  otherwise  it  is  said  to  be  left-handed. 

A  pair  of  conjugate  imaginary  lines  of  the  second  kind  (§109) 
is  said  to  be  right-handed  or  left-handed  according  as  it  is  deter- 
mined by  a  right-handed  or  a  left-handed  congruence. 

A  pair  of  Clifford  parallels  (§  142)  is  said  to  be  right-handed  or 
left-handed  according  as  the  congruence  of  Clifford  parallels  to  which 
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they  belong  Is  right-handed  or  ieitr-handed.  This  distinction  is  in 
agreement  with  that  introduced  in  §  142,  because  according  to  both 
definitions  a  coilineation  carrying  a  system  of  right-handed  Clifford 
parallels  into  a  system  of  right-handed  ones  is  direct,  and  a  coilinea- 
tion carrying  a  system  of  right-handed  Clifford  parallels  into  a 
system  of  left-handed  ones  is  opposite. 

THEOREM  61.  The  collineations  which  leave  a  nondegenerate  linear 
complex  invariant  are  all  direct. 

Proof.  Let  F  be  a  coilineation  leaving  a  complex  C  invariant, 
and  let  Z  be  any  line  of  C  and  V  =  F  (I).  Let  /;/  be  any  line  of  O  not 
meeting  I  or  V,  The  lines  of  C  which  meet  I  and  Vf  constitute  a 
regulus,  and  three  lines  of  this  regulus  together  with  Z  and  F  con- 
stitute a  set  of  five  linearly  independent  lines  (§  106,  Vol.  I)  upon 
which,  therefore,  all  the  lines  of  O  are  linearly  dependent.  Hence 
a  coilineation  F'  which,  leaves  this  regulus  invariant  and  inter- 
changes /  and  lu  leaves  €  invariant.  Let  F;/  be  a  coilineation,  simi- 
larly obtained,  which  interchanges  ln  and  V  and  leaves  C  invariant 
The  product  FT'T  leaves  C  and  I  invariant,  and  F;  and  F;/  are 
direct. 

Any  coilineation  leaving  C  and  I  invariant  leaves  invariant  the 
projectivity  II  between  the  points  on  I  and  the  planes  corresponding 
to  them  in  the  null  system  determined  by  C.  The  projectivity  II 
transforms  an  arbitrary  sense-class  among  the  points  on  Z  into  an 
arbitrary  sense-class  among  the  planes  on  I.  These  two  sense-classes 
determine  a  doubly  oriented  line,  Z.  The  other  sense-class  of  the 
points  on  Z  is  carried  by  II  into  the  other  sense-class  of  planes  on 
Z,  and  these  two  sense-classes  determine  a  doubly  oriented  line  I. 
Since  any  coilineation  leaving  C  and  I  invariant  leaves  II  invariant, 
it  either  transforms  this  doubly  oriented  line  into  itself  or  into  the 
one  obtained  by  reversing  both  its  sense-classes.  Hence  any  such 
coilineation  is  direct  by  Theorem  58  and  its  first  corollary.  In 
particular  FT'T  is  direct,  and  since  F;  and  F"  are  direct,  it  follows 
that  F  is  direct. 

By  Theorem  61  all  the  doubly  oriented  lines  analogous  to  Z  which 
are  determined  by  0  are  all  right-handed  or  all  left-handed.  In  the 
first  case  C  shall  be  called  right-handed,  and  in  the  second  case  C 
shall  be  called  left-handed. 
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The  algebraic  criteria  in  the  exercises  below  are  taken  from  the 
article  by  K  Study  referred  to  in  §  162.  See  also  F.  Klein,  Auto- 
grapMerte  Yorlesungen  iiber  nieht-Euclidische  Geometric,  Vol.  II, 
Chap.  I,  Gottingen,  1890. 

EXERCISES 

1.  Classify  parabolic  congruences  (§107,  Vol.  I)  as  right-handed  and  left- 
handed. 

2.  For  two  lines  p  and  p'  let 


where  p^  are  the  PMcker  coordinates  (§  109,  Vol.  I)  of  p,  and  p'^  those  of  p'. 
Three  lines  j9,  p'9  p"  are  right-handed  or  left-handed  according  as 

fojO-Cp'.jp'O-O^JO 

is  positive  or  negative. 

3.  A  pair  of  conjugate  imaginary  lines  of  the  second  kind  whose  Pliicker 
coordinates  are  p$  and  p^  respectively  are  right-handed  or  left-handed  ac- 
cording as 


is  positive  or  negative. 

4,  The  linear  line   complex  whose  equation  in  Plticker  coordinates  is 
(§110,  Vol.  I) 


is  right-handed  or  left-handed  according  as 

al2aM  +  aua^  + 
is  positive  or  negative. 

5.  A  twist  given  by  the  parameters  of  §  130  is  right-handed  if  or0/30  >  0 
and  the  co6rdinate  system  is  right-handed. 

6.  The  linear  complex  C  determined  by  a  twist  according  to  Ex.  7,  §  122, 
Is  right-handed  or  left-handed  according  as  the  twist  is  right-handed  or  left- 
handed. 

*179.  Elementary  transformations  of  triads  of  lines.  Let  FQ  be  a 
figure  such  that  all  the  collineations  which  transform  it  into  itself 
are  direct,  and  let  [F]  be  the  set  of  all  figures  equivalent  to  F  under 
direct  transformations.  From  the  fact  that  the  group  of  all  direct 
collineations  is  continuous,  it  can  be  proved  that  [F~\  is  a  continuous 
family  of  figures. 

This  can  also  be  put  into  evidence  by  generalizing  the  notion  of 
elementary  transformation  to  other  figures.  This  is  essentially  what 
has  been  done  in  §§169  and  173.  For  triads  of  skew  lines  the 
following  theorem  is  fundamental 
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THEOREM  62.  If  lv  Z2,  is  are  three  skew  lines,  and  l^  is  a  line 
copla.utf  with  ls  and  such  that  the  points  in  which  lt  and  Ig  meet  the 
plane  //4  are  not  separated  ly  the  Urns  /a  and  Z4,  then  1^19  can  U 
carried  to  I^IJ^  %  a  direct  collimatwn. 

Proof.  Let  a  be  a  line  meeting  Zt,  Z8,  and  l^  (fig.  86)  in  points 
A19  A^  A^  respectively,  which  are  all  distinct.  Let  a  be  the  plane  con- 
taining 19  and  the  point  3  of  intersection  of  Za  and  lc  If  Al  is  in  a, 
an  elation  with  A±  as  center,  a 
as  plane  of  fixed  points,  and 
carrying  Az  to  A^  will  carry  Zx, 
Za,  1B  into  119  Zs,  £4  respectively. 
By  Theorem  56,  Cor.  4,  this 
elation  is  direct. 

If  Al  is  not  in  a,  the  points 
A i  and  J[4  are  not  separated  by 
A1  and  the  point  A  in  which  a  "~  PIG 

meets  a ;  for  by  hypothesis  ^ 

and  the  point  in  which  Zo  meets  the  line  BA  are  not  separated  by  the 
lines  l&  and  Z4.  Hence  the  homology  with  ^l  as  center  and  a  as  plane 
of  fixed  points  which  carries  7S  to  l^  is  direct  (Theorem  56).  This 
homology  carries  l^  19,  Zs  into  Z^  Z2,  Z4  respectively. 

An  elementary  transformation  of  a  triad  of  skew  lines  IJ^  may 
be  defined  as  the  operation  of  replacing  one  of  them,  say  Zg,  by  a 
line  14  which  is  coplanar  with  l&  and  such  that  Z3  and  Z4  do  not  sepa- 
rate the  points  in  which  their  plane  is  met  by  Z1  and  Z2. 

By  Theorem  62  an  elementary  transformation  may  be  effected 
by  a  direct  collineafeion.  A  sequence  of  elementary  transformations 
therefore  carries  a  right-handed  triad  into  a  right-handed  triad  and 
a  left-handed  triad  into  a  left-handed  triad. 

Conversely,  it  can  be  proved  that  any  right-handed  triad  can  be 
carried  into  any  right-handed  triad  by  a  sequence  of  elementary 
transformations  and  that  the  two  classes  of  lines  determined  by  a 
pair  of  skew  lines  ab  according  to  Ex.  2,  §  25,  are  the  lines  [x]  such 
that  alx  is  right-handed  and  the  lines  [y]  such  that  cuby  is  left-handed. 
These  propositions  are  left  to  the  reader. 

*180.  Doubly  oriented  lines.  The  theory  of  sense-classes  in  three 
dimensions  could  be  based  entirely  on  that  of  doubly  oriented  lines 
(§  176).  We  shall  prove  the  earliest  theorems  of  such  a  theory  in 
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this  section.    The  proofs  are  based  on  Assumptions  A3  E,  S  and  do 
not  make  use  of  the  preceding  discussions  of  order  in  three-space. 

DEFINITION.  Two  doubly  oriented  lines  are  said  to  be  doubly 
perspective  if  they  can  be  given  the  notation  (ABC,  afti)  and 
(A*BrCr,  «')8V)  respectively  in  such  a  way  that  A,  B3  C,  a,  ft,  <y  are 
on  ®f,  fif,  </,  A!,  B\  Cf  respectively.  Two  doubly  oriented  lines  Zft 
and  I  are  said  to  be  similarly  oriented  if  and  only  if  there  exists  a 
sequence  of  doubly  oriented  lines  Za,  Zs,  • .  •,  Zn  such  that  1Q  is  doubly 
perspective  with  Il9  Z1  with  Z2,  -  -  %  4-i  with  z*>  and  Z«  with  *•  Two 
doubly  oriented  lines  which  are  not  similarly  oriented  are  said  to 
be  oppositely  oriented. 

From  the  form  of  this  definition  it  follows  immediately  that 

THEOREM  63.  If  a  doiibly  oriented  line  \  is  similarly  oriented 
with  a  doubly  oriented  line  Za,  and  Za  with  a  doubly  oriented  line  19, 
I  is  similarly  oriented  with  13. 

THEOREM  64.  If  three  doubly  oriented  lines  <mQ,  m^  m#  no  two  of 
which  are  coplanar,  are  such  that  m0  is  doubly  perspective  with  m^ 
and  ml  with  m^  then  m2  is  doubly  perspective  either  with  m0  or  with 
the  doMy  oriented  line  obtained  by  changing  both  sense-classes  on  mQ. 

Proof,  Let  ABC  be  an  ordered  set  of  points  of  the  sense-class  of 
points  of  m0  and  let  Z0,  Zx,  Z2  be  the  three  lines  on  A,  3,  C  respectively 
which  meet  ml  and  m2.  The 
sense-class  of  planes  of  mQ 
contains  either  the  ordered 
triad  of  planes  lQm0>  l^m^  /2mQ 
or  the  ordered  triad  lQmQ, 
I2m0>  l^.  In  the  first  case 
(fig.  87)  let  Z0m0= a,  ljn,^fr 
l^mQ  =  7.  In  the  second  case 
(fig.  88)  let  IQMQ  =  a,  ljnQ  =  ft, 
l^m^y.  In  both  cases  let 
Al9  Blt  O^  be  the  points  l^m^, 
Zj^j,  Ijto^  respectively,  al9  ftl9 
Y^  the  planes  lQml9  Ijfnl9  Ign*^ 
respectively,  A#  Bz,  G^  the  points  I0m2,  Ztma,  l/n,2  respectively,  and 
°y  >3z>  Ya  the  P^nes  ZQm2,  Z^,  Z3m2  respectively. 

In  the  first  case  (ABC,  a/Sy)  is  doubly  perspective  with  (A^C^ 
*iftftd  and  this  with  (AJBfl^  «2/8272).  Since  m0  =  (A£C,  a0y),  and 
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?tt0  Is  doubly  perspective  with  mlt  ?nl^=(AlBlCl9all3lj^;  and  since 

»ij  Is  doubly  perspective  with  mg»  ms>  =  (A2B2Csf  ^27a).  But 
by  construction  (A^B  C  9 
&v/527«,)Is  doiibJy  perspec- 
tive with  (ABC,  a$y}, 
Le.  ??i2  is  doubly  perspec- 
tive with  mQ. 

In  the  second  case 
(AB  C,  a/3y)  is  doubly  per- 
spective with  (ACS , 
with 
Since 


FIG. 


and 

ml  is  doubly  perspective 
with   wi ,  7)i  =  (A  C  B , 

^i^i^i)*  an<^  since  mx  Is  doubly  perspective  with  m0,  $w,  =  j 
a2%A)'  ^ut  ky  construction  (A^B^C^,  #272/32)  is  doubly  perspective 
with  (ACB,  ayf$) ;  ie.  m2  is  doubly  perspective  with  the  doubly 
oriented  line  obtained  by  changing  both  sense-classes  of  m0. 

THEOEEM  65.  A  doubly  oriented  line  (ABC,  a{3y)  is  similarly 
oriented  with  (ACB,  ay  ft)  and  oppositely  oriented  to  (ABC,  ay/3)  and 
(ACB,  aj3y). 

Proof.  Let  Z0,  llf  12  be  three  lines  distinct  from  AB  and  such  that 
J0  is  on  A  and  a,  l±  on  B  and  7,  Z2  on  C  and  ft.  Let  m1  and  m2  be 
two  lines  distinct  from  AB,  each  of  which  meets  1Q,  Zt,  and  Z2.  Let 
J.^  ^13  C^  be  the  points  Z0ma>  Z^^  Z2?^1  respectively  and  a^,  y82,  72 
the  planes  ZQm1>  Z^,  Z2mx  respectively ;  let  -40,  ^2,  C9  be  the  points 
f0m03  Ijn,^  l^\  respectively  and  a^,  /32,  73  the  planes  ZQm2,  Z1m2,  Z2m2 
respectively.  Then  by  construction  (fig.  88)  and  definition  the 
oriented  line  (ABC,  afty)  is  doubly  perspective  with  (A^B^  &fi{f^9 
and  this  with  (A^B^C^,  #272/S2),  an(^  ^^s  w^  (A-@B>  aV&)-  Hence 
(ABC,  a/3y)  is  similarly  oriented  with  (ACB,  ay/3).  By  a  change  of 
notation  it  is  evident  that  (ABC,  ay/3)  is  similarly  oriented  with 
(ACB,  a/3y).  It  remains,  therefore,  to  prove  that  (ABC,  a/3y)  is  not 
similarly  oriented  with  (ACB,  a/3y). 

If  these  two  oriented  lines  were  similarly  oriented,  there  would 
be  a  sequ^neb  of  doubly  oriented  lines  w0>  m1?  m^  •  •  -,  mn  such  that 
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m^(ASC9  fifty)  and  mn**(AC£,  fifty),  and  such  that  each  oriented 
line  of  the  sequence  would  be  doubly  perspective  with  the  next  one 
In  the  sequence.  Let  m  be  a  doubly  oriented  line  not  coplanar  with 
any  of  m0?  m^  •  •  •,  mm,  and  doubly  perspective  with  m0;  let  m  be 
the  doubly  oriented  line  obtained  by  changing  both  sense-classes 
on  m.  By  Theorem  64  ml  is  doubly  perspective  with  m  or  m.  By 
a  second  application  of  this  theorem  wa  is  doubly  perspective  with 
m  or  m,  and  by  repeating  this  process  n  times  we  find  that  mn  is 
doubly  perspective  with  m  or  m.  But  this  means  that  mn  is  (ABC, 
afty)  or  (ACS,  ay  ft). 

THEOEEM  66.  There  are  two  and  only  two  classes  of  doubly  oriented 
lines  such  that  any  two  doubly  oriented  lines  of  the  same  class  are  simi- 
larly oriented  and  any  two  of  different  classes  are  oppositely  oriented. 

Proof.  Let  (ABC,  fifty)  be  an  arbitrary  fixed  doubly  oriented  line 
and  let  K  be  the  ckss  of  doubly  oriented  lines  similarly  oriented  to 
it.  This  class  contains  (Theorem  65)  (ACB,  ay  ft)  but  not  (ACB,  afiy) 
or  (ABC,  ay  ft).  If  /  is  any  line  and  m  any  line  not  meeting  I  or 
AB,  (ABC,  fifty)  is  doubly  perspective  with  one  of  the  doubly  oriented 
lines  determined  by  m  and  this  with  one  of  those  determined  by  L 
Hence  K  contains  two  of  the  four  doubly  oriented  lines  determined 
by  any  line  of  space.  Let  K1  be  the  class  of  doubly  oriented  lines 
similarly  oriented  with  (ACB9  afti).  It  also  contains  two  of  the  four 
doubly  oriented  lines  determined  by  any  line  of  space.  K  and  Kf 
cannot  have  a  doubly  oriented  line  in  common,  because  this  would 
imply  that  (ABC,  ccfty)  and  (ACS,  fifty)  were  similarly  oriented. 
Hence  every  doubly  oriented  line  is  either  in  K  or  in  J7'. 

There  can  be  no  other  pair  of  classes  of  similarly  oriented  doubly 
oriented  lines  including  all  doubly  oriented  lines  of  space,  because 
one  class  of  such  a  pair  would  contain  elements  both  of  K  and  of  K'9 
and  this  would  imply,  by  Theorem  63,  that  (ABC,  afty)  was  simi- 
larly oriented  with  (ACS,  fifty). 

From  the  construction  which  determines  whether  two  doubly 
oriented  lines  are  similarly  oriented  or  not,  it  is  evident  that  any  ool- 
lineation  carries  any  two  doubly  oriented  lines  which  are  similarly 
oriented  into  two  which  are  similarly  oriented.  Hence,  if  a  collinea- 
tion  carries  one  doubly  oriented  line  into  a  similarly  oriented  one,  it 
carries  every  doubly  oriented  line  into  a  similarly  oriented  one  ,*  and 
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if  it  carries  one  into  an  oppositely  oriented  ones  it-  carries  every  doubly 
oriented  Hue  into  an  oppositely  oriented  one. 

Any  collineation  which  carries  a  doubly  oriented  line  into  a  simi- 
larly oriented  one  is  said  to  be  direct,  and  any  eollineation  which, 
carries  a  doubly  oriented  line  into  an  oppositely  oriented  one  is  said 
to  be  opposite.  This  definition  of  direct  and  opposite  collineations  is 
easily  seen  to  be  equivalent  to  that  in  §  32. 

*181.  More  general  theory  of  sense.  The  theory  of  sense-classes 
in  the  preceding  pages  can  be  extended  to  analytic  transformations 
by  means  of  simple  limiting  considerations.  For  example,  consider 
a  transformation  of  a  part  of  a  Euclidean  plane 

of  = 


where  both  series  are  convergent  for  all  points  in  a  region  including 
the  point  (0,  0).    If  the  determinant 

8/(0,  0)  8/(0,  0) 


dx          % 
)  3(7(0,0) 


dx          By 

is  not  zero,  it  can  be  shown  that  there  is  a  region  including  (0,  0) 
which  is  transformed  into  a  region  including  (a^  1M)  in  such  a  way 
that  all  ordered  point  triads  of  a  sense-class  in  the  first  region  go  into 
ordered  point  triads  of  one  sense-class  in  the  second  region ;  and  if 
(«*/,  yf)  is  in  the  same  plane  as  (#,  y)t  the  two  sense-classes  will  be  the 
same  if  and  only  if  J  >  0. 

By  a  similar  limiting  process  the  notions  of  right-  and  left-handed- 
ness  can  be  extended  to  curves,  ruled  surfaces,  and  other  figures 
having  analytic  equations.  A  discussion  of  some  of  the  cases  which 
arise  will  be  found  in  the  article  by  Study  referred  to  in  §  162. 

This  sort  of  theory  of  sense  relations  belongs  essentially  to 
differential  geometry,  although  the  domain  to  which  it  applies  may 
be  extended  by  methods  of  the  type  used  in  §§  168  and  173. 

The  theory  of  sense  may,  however,  be  extended  in  a  different 
way  so  as  to  apply  to  the  geometry  of  all  continuous  transforma- 
tions instead  of  merely  to  the  projective  geometry  or  to  the  geometry 
of  analytic  transformations.  The  main  theorems  are  as  follows: 
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Any  one-to-one  reciprocal  continuous  transformation  of  a  curve 
into  itself  transforms  each  sense-class  011  the  curve  either  into  itselt 
or  into  the  other  sense-class.  A  transformation  of  the  first  kind  is 
called  direct  and  one  of  the  second  kind  opposite.  A  direct  trans- 
formation is  a  deformatio/i  (§  157),  and  an  opposite  transformation 
is  not  a  deformation. 

Any  simple  closed  curve  consisting  of  points  in  or  on  the 
boundary  of  a  2-cell  R  (§155)  is  the  boundary  of  a  unique  2-ceil 
which  consists  entirely  of  points  of  R. 

A  2-cell  can  be  deformed  into  itself  in  such  a  way  as  to  trans- 
form an  arbitrary  simple  closed  curve  of  the  cell  into  an  arbitrary 
simple  closed  curve  of  the  cell.  Any  one-to-one  reciprocal  contin- 
uous transformation  of  a  2-cell  and  its  boundary  into  themselves 
is  a  deformation  if  and  only  if  it  effects  a  deformation  on  the 
boundary;  ie.  if  and  only  if  it  transforms  a  sense-class  on  the 
boundary  into  itself. 

If  the  sense-classes  on  one  curve  j\  of  a  2-cell  and  its  boundary 
are  designated  as  positive  and  negative  respectively,  any  sense-class 
on  any  other  curve  j\  is  called  positive  or  negative  according  as  it 
is  the  transform  of  the  positive  or  of  the  negative  sense-class  on  j\ 
by  a  deformation  of  j  into  j  through  intermediate  positions  which 
are  all  simple  closed  curves  on  the  2-cell  and  its  boundary.  By  the 
theorems  above,  this  gives  a  unique  determination  of  the  positive 
and  negative  sense-classes  on  any  curve  of  the  given  convex  region. 
A  curve  associated  with  its  positive  sense-class  is  called  a  positively 
oriented  curve,  and  a  curve  associated  with  its  negative  sense-class 
is  called  a  negatively  oriented  curve. 

Any  transformation  of  a  2-cell  which  is  one-to-one,  reciprocal, 
and  continuous  either  transforms  all  positively  oriented  curves  into 
positively  oriented  curves  or  transforms  all  positively  oriented 
curves  into  negatively  oriented  curves.  In  the  first  case  the  trans- 
formation is  said  to  be  direct  and  in  the  second  case  to  be  opposite. 
The  transformation  is  a  deformation  if  and  only  if  it  is  direct. 
A  2-cell  associated  with  its  positively  oriented  curves  or  with  its 
negatively  oriented  curves  is  called  an  oriented  8-cell. 

The  oriented  2-cells  of  a  simple  surface  fall  into  two  classes  such 
that  any  oriented  2-cell  of  one  class  can  be  carried  by  a  continuous 
deformation  of  the  surface  into  any  other  oriented  2-cell  of  the 
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same  class,  but  not  into  any  oriented  2-cell  of  the  other  class.  The 
two  oriented  2-cells  determined  by  a  given  2-cell  are  in  different 
classes.  A  simple  surface  associated  with  one  of  these  classes  of 
oriented  2-cells  is  said  to  be  oriented. 

A  similar  theorem  does  not  hold  for  the  oriented  2-ceEs  of  a 
projective  plane.  Instead  we  have  the  theorem  that  every  contin- 
uous one-to-one  reciprocal  transformation  of  a  projective  plane  is  a 
deformation.  Consequently  any  oriented  2-cell  can  be  carried  into 
any  other  oriented  2-ceE  by  a  deformation. 

The  oriented  simple  surfaces  in  a  3-cell  and  its  boundary  fall 
into  two  classes  such  that  any  member  of  either  class  can  be 
deformed  into  any  other  member  of  the  same  class  through  a  set 
of  intermediate  positions  which  are  all  oriented  simple  surfaces,  but 
cannot  be  deformed  in  this  way  into  any  member  of  the  other  class. 
A  continuous  one-to-one  reciprocal  correspondence  which  carries  a 
3-cell  and  its  boundary  into  themselves  either  interchanges  the  two 
classes  of  oriented  simple  surfaces  or  leaves  them  invariant.  In  the 
second  case  the  transformation  is  a  deformation  and  in  the  first 
case  it  is  not.  A  3-cell  associated  with  one  of  its  classes  of  oriented 
surfaces  is  called  an  oriented  3-celL 

The  oriented  3-cells  of  a  projective  space  fall  into  two  classes 
such  that  any  member  of  one  class  can  be  carried  by  a  continuous 
deformation  of  the  projective  space  into  any  member  of  the  same 
class  but  not  into  any  member  of  the  other  class.  A  continuous 
one-to-one  reciprocal  transformation  of  the  projective  space  either 
transforms  each  class  of  oriented  3-cells  into  itself  or  into  the  other 
class.  In  the  first  case  it  is  a  deformation  and  in  the  second  it  is  not. 
A  projective  space  associated  with  one  of  its  classes  of  oriented 
3-cells  is  called  an  oriented  projective  space. 

The  one-dimensional  theorems  outlined  above  are  easily  proved 
on  the  basis  of  the  discussion  of  the  sense-cksses  on  a  line  in  §§  159 
and  165.  The  two-dimensional  ones,  though  more  difficult,  are  conse- 
quences of  known  theorems  of  analysis  situs.  They  involve,  however, 
such  theorems  as  that  of  Jordan,  that  a  simple  closed  curve  separates 
a  convex  region  into  two  regions ;  and  the  theorems  of  this  class  do 
not  belong  (§§34,  39,  110)  to  projective  geometry.  The  Jordan 
theorem  in  the  special  case  of  a  simple  closed  polygon  does,  however, 
belong  to  projective  geometry  and  is  proved  below  (§  187), 
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The  tiiree-dimensional  propositions  outlined  here  have  not  all 
been  proved  as  yet,  but  are  (in  form)  direct  generalizations  of  the 
one-  and  two-dimensional  ones. 

Let  us  note  that  an  ordered  triad  of  points  as  treated  in  §  160  may  be 
regarded  as  determining  an  oriented  2-cell.  For  the  triangular  region  having 
the  points  as  vertices  is  a  2-cell,  and  a  sense-class  is  determined  on  its  boundary 
by  the  order  of  the  vertices.  This  sense-class  determines  a  sense-class  on  every 
curve  of  the  2-cell  and  thus  determines  an  oriented  2-cell. 

In  like  manner  an  ordered  tetrad  of  points  as  treated  in  §  160  determines 
an  oriented  3-cell.  For  the  tetrahedral  region  having  points  ABCD  as  ver- 
tices is  a  3-cell.  The  triangular  region  BCD  is  a  2-cell  which  does  not  contain 
A,  and  is  oriented  in  view  of  the  order  of  the  points  on  its  boundary.  This 
oriented  2-cell  determines  an  orientation  of  the  boundary  of  the  3-cell,  and 
thus  of  the  3-cell. 

Likewise  an  ordered  tetrad  ABCD  of  a  projective  plane  determines  a 
2-cell,  i.e.  that  one  of  the  triangular  regions  BCD  which  contains  A ;  and 
this  2-cell  is  oriented  by  the  order  of  the  points  BCD.  Similarly,  an  ordered 
pentad  ABODE  of  points  in  aprojeetive  space  determines  an  oriented  3-cell,  i.e. 
that  one  of  the  tetrahedral  regions  BODE  which  contains  A,  oriented  accord- 
ing to  the  order  of  the  points  BCDE. 

182.  Broken  lines  and  polygons.  DEFINITION.  A  set  of  n  points 
AI}  A^'—,  Atf  together  with  a  set  of  n  segments  joining  Al  to  A^  A2 
to  A^,  •  -  -,  A-i  to  ^n>  is  called  a  "broken  line  joining  A1  to  An.  The 
points  A  ,  — ,  An  are  called  the  vertices  and  the  segments  joining 
them  the  edges  of  the  broken  line.  If  the  vertices  are  all  distinct 
and  no  edge  contains  a  vertex  or  a  point  on  another  edge,  the  broken 
line  is  said  to  be  simple.  If  AI=An  the  broken  line  is  said  to  be 
dosed,  otherwise  it  is  said  to  be  open.  The  set  of  all  points  on  a 
closed  broken  line  is  called  a  polygon.  If  the  vertices  of  a  polygon 
are  all  distinct  and  no  edge  contains  a  vertex  or  a  point  on  another 
edge,  the  polygon  is  said  to  be  simple. 

A  broken  line  whose  vertices  are  AI}  A^  -  •  •,  An,  and  whose  edges 
are  the  segments  joining  Al  to  A2,  A2  to  A^  •  •  -,  An_1  to  An,  is  called 
the  broken  line  AjA2  •  -  -  An,  and  its  edges  are  denoted  by  A^A^  A^A^ 
-  -  •,  An_lAn  respectively.  If  A^  =  An  the  corresponding  polygon  is 
denoted  by  A^A^  •  •  •  An_1A1;  the  vertex  A1  is  sometimes  denoted  by 
An)  A2  by  An+l>  etc. 

The  following  theorem  is  an  obvious  consequence  of  the  definition. 

THEOREM  67.  The  polygon  A^A2  •  •  -  AnAl  is  the  same  as  A^A^  •  *  • 
AnAr4?  and  A^  •  •  •  A^A^  If  P  is  any  point  of  the  edge  A^AZ  of 
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a  simple  polygon  A^A^  •  •  •  AnA^  this  polygon  is  the  same  as  a  poly- 
gon A^PA^  -  •  *  AnAl  in  which  the  edge  A^P,  the  vertex  P,  and  the 

edge  PA^  constitute  the  same  set  of  points  as  the  edge  A  A  .  If  a 
simple  polygon  A^A^A^  •  •  -  AnA^  is  sucJi  that  A^A^A^  are  collimar 
and  AS=F  AI}  this  polygon  is  the  same  as  the  polygon  A^  —  A^ 
in  which  all  the  edges  but  A^  are  the  same  as  before  and  AtA9  is 
the  segment  A^A^ 

DEFINITION.  If  ^4,  B,  €  are  any  three  points  on  a  simple  polygon, 
an  elementary  transformation  is  the  operation  of  replacing  any  one 
of  these  points,  say  C,  by  a  point  C"  such,  that  C  and  C!  are  joined 
by  a  segment  consisting  of  points  of  the  polygon  and  not  containing 
either  of  the  other  two  points.  A  class  consisting  of  all  ordered  triads 
each  of  which  is  transformable  by  a  finite  number  of  elementary 
transformations  into  a  fixed  triad  ABC  is  called  the  sense-class  ABC 
and  is  denoted  by  S(ABC). 

THEOREM.  68.  There  exists  a  one-to-one  and  reciprocal  correspond- 
ence between  the  points  of  any  simple  polygon  and  the  points  of  any 
line  such  that  two  triads  of  points  on  the  polygon  are  in  the  same 
sense-class  with  respect  to  the  polygon  if  and  only  if  the  correspond- 
ing triads  of  points  on  the  line  are  in  the  same  sense-class. 

Proof.  Let  the  vertices  of  the  polygon  be  denoted  by  A19  A^  *  •  •, 
An_1  and  let  A^  be  also  denoted  by  A^  Let  Blf  B2,  -  -  -,  Bn_l  be  n 
arbitrary  points  of  a  line  /  in  the  order  {Bv  Bz,  • « •,  Bn_l}  and  let 
Bn  also  denote  2?r  Let  $  denote  that  segment  BtBi+1,  which  con- 
tains none  of  the  other  points  B.  Let  the  edge  joining  Ai  to  Ai^.l 
correspond  protectively  to  the  segment  ySz.  in  such,  a  way  that  Ai  and 
Ai+l  are  homologous  with  B.  and  Bi+i  respectively.  (In  general  the 
projectivities  by  which  two  sides  of  the  polygon  correspond  to  two 
segments  on  the  line  will  be  different.)  If  we  also  let  Ai  correspond 
to  B.  (i=  1,  •  • .,  *&  —  1),  there  is  evidently  determined  a  one-to-one 
and  reciprocal  correspondence  F  between  the  polygon  and  the  line 
which  is  such  that  each,  side  of  the  polygon  with  its  two  ends 
corresponds  with  preservation  of  order  relations  to  a  segment  of  the 
line  and  its  two  ends. 

Let  J?J,  JJ,  JJ,  P4  denote  points  of  the  polygon  and  Ll9  L#  L#  X4 
the  points  of  I  to  which  they  respectively  correspond  under  F.  The 
correspondence  F  is  so  defined  that  if  Pffz  goes  into  JJ^ZJ  by  an 


456          THEOREMS  ON  SENSE  AND  SEPARATION   [ 

elementary  transformation  with  respect  to  the  polygon,  then 
goes  into  L^L^  by  an  elementary  transformation  restricted  with 
respect  to  ^  £3,  •  •  •,  ^(cf.  §  165),  and  conversely.  Hence  the 
theorem  follows  at  once  from  the  corollary  of  Theorem  22. 

COEOLLABY  1.  The  theorem  alow  remains  true  if  the  words 
"broken  line  with  distinct  ends"  be  substituted  for  polygon,  and 
«  interval "  for  line. 

The  definitions  of  separation  and  order  given  in  §  21  for  the 
points  on  a  line  may  now  be  applied  word  for  word  to  the  points 
on  a  simple  polygon,  and  in  view  of  the  correspondence  established 
in  Theorem  68,  the  theorems  about  order  relations  on  a  line  may  be 
applied  without  change  to  polygons. 

By  comparison  with  the  proof  of  Theorem  15  we  obtain  immediately 

COKOLLARY  2.   A  simple  polygon  is  a  simple  closed  curve. 

COEOLLAEY  B.  A  simple  broken  line  joining  two  distinct  points 
Al9  An  is  a  simple  curve  joining  A^  and  An, 

The  order  relations  on  a  broken  line  which  is  not  simple  may  be 
studied  by  the  method  given  above  with  the  aid  of  a  simple  device. 
Suppose  we  associate  an  integer  with  each  point  of  a  broken  line 
A  A  -  •  •  An  as  follows :  With  Al  and  every  point  of  the  segment 
joining  Al  to  A2  the  number  1 ;  with.  A2  and  every  point  of  the  seg- 
ment joining  A2  to  A^  the  number  2 ;  and  so  on,  and,  finally,  with  An 
the  number  n. 

DEFINITION.  The  object  formed  by  a  point  of  the  broken  line  and 
the  number  associated  with  it  by  the  above  process  shall  be  called 
a  w&mb&red  point ;  and  the  numbered  point  is  said  to  be  on  any  seg- 
ment, line,  plane,  eta  which  the  point  is  on.  If  A9  B,  G  are  any  three 
numbered  points  on  a  polygon,  an  elementary  transformation  is  the 
operation  of  replacing  any  one  of  these  numbered  points,  say  (7,  by 
a  point  Or  such  that  O  and  O  are  joined  by  a  segment  of  numbered 
points  all  having  the  same  number.  A  class  consisting  of  all  ordered 
triads  of  numbered  points  each  of  which  is  transformable  by  a  finite 
sequence  of  elementary  transformations  into  a  fixed  triad  ABC  i° 
called  the  sense-class  ABO  and  is  denoted  by  S(ABC)» 

By  the  proof  given  for  Theorem  68  we  now  have 

THEOREM  69.  There  exists  a  one-to-one  and  reciprocal  correspond- 
ence between  the  numbered  points  of  any  broken  line  and  the  points 
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of  ant/  interval  such  that  two  triads  of  numbered  points  are  in  the 

same  sense-class  if  and  only  if  the  corresponding  triads  of  points 
on  the  interval  are  in  the  same  seme-class, 

We  are  therefore  justified  in  applying  the  theorems  and  defini- 
tions about  order  relations  on  an  interval  to  the  numbered  points 

of  a  broken  line. 

EXERCISE 

*Any  two  points  of  a  region  can  be  joined  by  a  broken  line  consisting 
entirely  of  points  of  the  region. 

183.  A  theorem  on  simple  polygons.  In  the  last  section  a  poly- 
gon was  defined  as  the  set  of  points  contained  in  a  sequence  of 
points  and  linear  segments.  This  is  the  most  usual  definition  and 
doubtless  the  most  natural.  With  a  view  to  generalizing  so  as  to 
obtain  the  theory  of  polyhedra  in  spaces  of  three  and  more  dimen- 
sions, however,  we  shall  find  it  more  convenient  to  use  the  property 
of  a  simple  polygon  stated  in  the  following  theorem.* 

THEOREM  70.  A  set  of  points  [P]  is  a  simple  polygon  if  and  only 
if  the  following  conditions  are  satisfied  :  (1)  [P]  consists  of  a  set  of 
distinct  points,  called  vertices,  and  of  distinct  segments,  catted  edges, 
such  that  the  ends  of  each  edge  are  vertices  and  each  vertex  is  an  end 
of  an  even  number  of  edges;  (2)  if  any  points  of  [P]  are  omitted, 
the  remaining  subset  of  [P]  does  not  ham  the  property  (1). 

Proof.  It  is  obvious  that  a  simple  polygon,  as  defined  in  §  182, 
satisfies  Conditions  (1)  and  (2),  because  no  edge  has  a  point  in  com- 
mon with  any  other  edge  or  vertex  and  each  vertex  is  an  end  of 
exactly  two  edges. 

Let  us  now  consider  a  set  of  points  [P]  satisfying  (1)  and  (2).  If 
two  or  more  edges  have  a  point  in  common,  this  point  divides  each 
edge  into  two  segments.  Hence  the  point  may  be  regarded  as  a 
vertex  at  which  an  even  number  of  edges  meet.  In  like  manner, 
if  an  edge  contains  a  vertex  the  two  segments  into  which  the  edge 
is  divided  by  the  vertex  may  be  regarded  as  edges.  Since  there  are 
originally  given  only  a  finite  number  of  vertices  and  edges,  this 
process  determines  a  finite  number  of  vertices  and  edges  such  that 
no  edge  contains  a  vertex  or  any  point  of  another  edge. 

*This  form  of  the  definition  of  &  polygon  and  a  corresponding  definition  of 
a  polyhedron  are  due  to  BT.  J.  I»ennes,  American  Journal  of  Mathematics, 
Vol.  TOTTO!  (1911),  p.  37. 
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Now  let  el  be  any  edge  and  JfJ  one  of  its  ends.  Since  there  are 
UB  even  number  of  segments  having  Pl  as  an  end,  there  exists  an- 
other distinct  from  ^;  let  this  be  denoted  by  e2.  Let  P9  be  its  other 
end,  and  let  e^  be  a  second  segment  having  J^  as  an  end,  and  so  on. 
By  this  process  we  obtain  a  sequence  of  points  and  segments 

ei>  Pi>  e*>P*>en>-" 

Since  the  number  of  vertices  is  finite,  this  process  must  lead  by  a 
finite  number  of  steps  to  a  point  Pn  which  coincides  with  one  of  the 
previous  points,  say  J?.  The  set  of  points  included  in  the  points 

and  segments 


satisfies  the  definition  of  a  simple  polygon  and  has  the  property  that 

each  -£(/=*>  *  +  l"--£-i)  is  an  end  of  two  and  only  two  e's" 
Hence  it  satisfies  Condition  (1).    By  Condition  (2)  it  must  include 

all  points  of  the  set  [P]. 

COBOLLABY.  A  set  of  poiiits  satisfying  Condition  (1)  of  Theorem 
70  consists  of  a  finite  number  of  simple  polygons  no  two  of  which 
have  any  point  in  common  which  is  not  a  vertex. 

Proof.  In  the  proof  of  the  second  part  of  the  theorem  above, 
Condition  (2)  is  not  used  before  the  last  sentence.  If  Condition  (2) 
be  not  satisfied,  the  set  of  points  remaining  when  the  segments 
et+i>  "  '9  en  (aad  those  of  the  points  j£,  «  -  .,  J^  which  are  not 
ends  of  the  remaining  segments)  are  removed  continues  to  satisfy 
Condition  (1).  For  on  removing  two  segments  from  an  even  num- 
ber, an  even  number  remains.  Hence  the  process  by  which  the 
simple  polygon  ^,^+1,  •  -  -,  -?_i,  en  v/as  obtained  may  be  repeated  and 
another  simple  polygon  removed.  Since  the  total  number  of  edges 
is  finite,  this  step  can  be  repeated  only  a  finite  number  of  times. 

184.  Polygons  in  a  plane.  In  the  next  three  sections  we  shall 
prove  that  the  polygons  in  a  projective  plane  are  of  two  kinds,  a 
polygon  of  the  first  kind  being  such  that  all  points  not  on  it  con- 
stitute two  regions,  and  a  polygon  of  the  second  kind  being  such 
that  all  points  not  on  it  constitute  a  single  region.  The  boundary  of 
a  triangular  region  is  a  polygon  of  the  first  kind,  and  a  projective 
line  a  polygon  of  the  second  kind.  In  proving  that  the  points  not  on 
a  polygon  constitute  one  or  two  regions,  we  shall  need  the  following; 
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THEOREM  71.  Any  point  coplanar  with  but  not  on  a  polygon  p 
in  a  plam  a  is  in  a  triangular  region  of  a  containing  no  point  of  p. 

Proof.  Let  the  polygon  be  denoted  by  A^  •  •  -  AnAl  and  the 
point  by  P.  By  an  obvious  construction  (the  details  of  which  are 
left  to  the  reader ;  cf.  §  149)  a  triangular  region  T^  may  be  found 
containing  P  and  not  containing  Al  or  At  or  any  point  of  the  edge 
A^A^  In  like  manner  a  triangular  region  T^  may  be  constructed 
which  contains  P,  is  contained  in  T1?  and  does  not  contain  An  or  any 
point  of  the  edge  A^AS,  By  repeating  this  construction  we  obtain  a 
sequence  of  triangular  regions  Tl9  T#  * « •,  T^  each  contained  in  all 
the  preceding  ones,  containing  P,  and  such  that  Tt  does  not  con- 
tain any  point  of  the  broken  line  A^  -  -  -  Ah+y  Thus  Tn  contains 
P  and  contains  no  point  of  the  polygon  A^A^  •  •  -  A^A  , 

COROLLARY.  Any  point  of  space  not  on  a  polygon  p  is  in  a  tetra- 
kedral  region  containing  no  point  of  p. 

Let  the  set  of  lines  containing  the  edges  of  a  simple  polygon  in  a 
plane  be  denoted  by  Z1,  Z2,  -  •  •,  ln.  Since  more  than  one  edge  may 
be  on  the  same  line,  n  is  less  than  or  equal  to  the  number  of  edges. 
According  to  Theorem  67  we  can  first  suppose  that  the  notation  is  so 
assigned  that  no  two  edges  having  a  common  end  are  collinear  except 
in  the  case  of  a  polygon  of  two  sides  (which  is  a  protective  line),  for 
two  collinear  edges  and  their  common  end  can  be  regarded  as  a  single 
edge.  In  the  second  place,  according  to  the  same  theorem,  we  can 
introduce  as  a  vertex  any  point  in  which  an  edge  is  met  by  one  of 
the  lines  l^  Z2>  •  •  •,  ln  which  does  not  contain  it. 

Under  these  conventions  the  polygon  may  be  denoted  by  A^A^  •  -  • 
AmAv  where  each  point  At(i  =  1,  2,  •  -  •,  w)  is  a  point  of  intersection 
of  two  of  the  lines  119  Z2,  •  •  •,  ln>  and  each  edge  is  a  segment  join- 
ing two  vertices  and  containing  points  of  only  one  of  the  lines 

^  *,,-••,*.. 

In  like  manner,  when  two  or  more  simple  polygons  are  under  con- 
sideration, let  us  denote  the  set  of  lines  containing  all  their  edges 
by  1 9  Z2,  •  •  -,  ln.  We  may  first  arrange  that  no  two  edges  of  the 
same  polygon  which  have  an  end  in  common  are  collinear,  and  then 
introduce  new  vertices  at  every  point  in  which  an  edge  is  met  by 
one  of  the  lines  119  Z2,  •••,£„  which  is  not  on  it.  Thus  in  this  case 
also  the  polygons  may  be  taken  to  have  all  their  vertices  at  points 
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of  intersection  of  the  n  lines  llt  lz,  •  •  •,  Z.  and  to  have  no  edge 
which  contains  such  a  point  of  intersection. 

We  are  thus  led  to  study  the  points  of  intersection  of  a  set  of  n 
coplanar  lines  and  the  segments  of  these  lines  which  join  the  points 
of  intersection. 

185.  Subdivision  of  a  plane  by  lines.  Consider  a  set  of  n  lines 
I  Za,  -  -  •,  Z,  all  in  the  same  plane  TT.  The  number  aQ  of  their  points 
of  intersection  is  subject  to  the  condition 


the  two  extreme  cases  being  the  case  where  all  n  lines  are  concur- 
rent and  the  case  where  no  three  are  concurrent.  According  to  §  22, 
Chap.  II,  and  the  definition  of  boundary  (§  150),  the  points  of  inter- 
section bound  a  number  al  of  linear  convex  regions  upon  the  lines. 
The  number  al  is  subject  to  the  condition 
n  ^  «x  =  n(n  —  1), 

the  two  extreme  cases  being  the  same  as  before. 

THEOEIM  72.  The  points  of  a  plane  which  are  not  on  any  one 
of  a  finite  set  of  lines  Il9  Z2,  •••,£„  foM  into  a  number  a2  of  convex 
regions  such  that  any  segment  joining  two  points  of  different  regions 
contains  at  least  one  point  of  Zx,  Za,  -  -  -,  ln.  The  numler  a^  satisfies 

the  inequality  n(n—  1} 

.3^3-l^  +  L 

Proof.  The  proof  may  be  made  by  induction.  If  n  =  1  the  theorem 
follows  directly  from  the  definition  of  a  convex  region.  We  suppose 
that  it  is  true  for  n  =  k,  and  prove  it  for  n  =  Jc  4- 1. 

We  are  given  k  +  1  lines  119  Za,  -  -  -,  lt+v    The  lines  Zt,  Za,  •  •  -,  Zt 

determine  a  number  N&  not  less  than  Jc  and  not  more  than  ™^~~ h  1, 

of  convex  regions.  The  line  Zjfc41  meets  the  remaining  Jc  lines  in  at 
least  one  point  and  not  more  than  Jc  points.  The  remaining  points 
of  Zjfc+1  therefore  form  at  least  one  and  at  most  k  linear  convex 
regions,  each  of  which  is  the  set  of  all  points  common  to  ZJb+1,  and 
one  of  the  planar  convex  regions  (Theorem  3).  By  Theorem  8  each 
convex  region  which  contains  points  of  lk+l  is  divided  into  two  con- 
vex regions  such  that  any  segment  joining  two  points  of  different 
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regions  meets  lt^  if  it  does  not  meet  one  of  the  lines  lv  ls,  .  .  .,  l^ 
Hence  the  k  +  1  lines  determine  a  number  Nk^l  of  convex  regions 
of  the  required  kind  such  that  Nk+  l^Nt+l^  N&+L  Since 


it  follows  that 


COROLLARY  1.    If  n  lines  of  a  plane  pass  through  a  point,  they 
determine  n  convex  regions  in  the  plane;  if  via  three  of  them  are 

an    /m    ...         "I  \ 

concurrent,  they  determine  —  *  -  -  +  1  convex  regions. 

Zi 

Let  us  denote  the  aQ  points  of  intersection  of  the  lines  1J9  /2,  -  •  .,  ln  by 

<  <  '  '  •>  <> 

or  any  one  of  them  by  a°  ;  the  ^  linear  convex  regions  which  these 
points  determine  upon  the  lines  by 


or  any  one  of  them  by  a1  •  and  the  a^  planar  convex  regions  by 

«i2,  <  •  •  -,  <, 
or  any  one  of  them  by  a2. 

COROLLARY  2.  jf/*  £fo  Zmes  Zp  l^  •  •  *,  Zn  are  w<?£  concurrent,  any 
line  coplanar  with  and  containing  a  point  of  an  a2  has  a  segment 
of  points  in  common  with  it.  The  ends  of  this  segment  are  on  the 
boundary  of  the  &2,  and  no  other  point  of  the  line  is  on  this  boundary. 

Proof.  The  given  line,  which  we  shall  call  I,  meets  the  lines  lv 
I2,  •  -  -,  ln  in  at  least  two  points,  and,  as  seen  in  the  proof  of  the 
theorem,  one  and  only  one  of  the  mutually  exclusive  segments  having 
these  points  as  ends  is  composed  entirely  of  points  of  the  a2.  Let 
<r  denote  this  segment.  Its  ends  are  boundary  points  of  the  a?  by 
Theorem  10.  Let  \  and  lj  be  lines  of  the  set  Il9  12,  •  -  •,  ln  such 
that  l%  contains  one  end  of  <r  and  lj  the  other.  All  points  of  the  a? 
are  separated  from  the  points  of  the  segment  complementary  to  cr 
by  the  lines  l{  and  lf  Hence  any  point  of  the  complementary  seg- 
ment is  in  a  triangular  region  containing  no  point  of  the  a2  and  is 
therefore  not  a  boundary  point  of  the  a*. 
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This  argument  carries  with  it  the  proof  of 

COROLLARY  3.  Any  interval  joining  a  point  of  an  a2  to  a  point 
not  in  the  a2  contains  a  point  of  the  boundary  of  the  a\ 

THEOREM  73.  If  the  lines  11}  12,  -  •  -,  ln  are  not  all  concurrent,  the 
boundary  of  each  a2  is  a  simple  polygon  whose  vertices  are  a°'s  and 
whose  edges  are  al*s. 

Proof.  The  theorem  is  a  direct  consequence  of  §  151  in  case  ^=3. 
Let  us  prove  the  general  theorem  by  induction ;  i.e.  we  assume  it 
true  for  n  =  k  and  prove  it  for  n  =  Tc  +  L 

Let  the  notation  be  so  assigned  that  119  l^  ls  are  not  concurrent. 
Then  any  one  of  the  convex  regions,  say  R,  determined  by  119 12,  •  •  -, 
lk  is  contained  in  a  triangular  region  determined  by  Il9  Z2,  and  Zg,  be- 
cause no  two  points  of  R  are  separated  by  any  two  of  the  lines  /1?  l^ 
I .  Let  m  be  a  line  containing  no  point  of  this  triangular  region  nor 
any  of  its  vertices.  The  segments  A^  etc.  referred  to  below  do  not 
contain  any  point  of  m. 

If  Zt+1  contains  a  point  of  R,  it  contains,  by  Cor.  2,  above,  a  seg- 
ment of  points  of  R  such  that  the  ends  of  this  segment  are  on  the 
boundary  of  R.  By  Theorem  67,  the  ends  of  this  segment  may  be 
taken  as  vertices  of  the  polygon  p  which  by  hypothesis  bounds  R. 
Thus  we  may  denote  this  polygon  by  A^  •  •  •  At  -  *  •  AjAi9  where  A1 
and^t-  are  the  points  in  which  lk+1  meets  the  polygon. 

There  are  just  two  simple  polygons  which  are  composed  of  the 
segment  A^  and  of  sides  and  vertices  of  p.  For  any  such  polygon 
which  contains  A^  contains  AjAt  or  A^Aj ;  if  it  contains  A^A^  it 
must  contain  A2AB  and  therefore  A3A^  • « *,  A^^A^  and  since  it  con- 
tains AfA^  it  must  be  the  polygon  A^A^A^  •  •  •  AtA^ ;  if  it  contains 
A^Af  it  must  contain  AjAs^  and  therefore  Aj^Aj^,  •  •  •,  Ai+lAit  and 
since  it  contains  AiAl  it  must  be  AlAJAj_l  •  •  •  A^. 

Neither  of  the  lines  lk+1  and  m  meets  any  edge  of  the  polygon 
AyA^A^  •  •  •  AjA^  except  A^A^  which  is  contained  in  lk+1.  Hence  all 
points  of  this  polygon  except  Aif  Al  and  those  on  the  edge  AiAl  are  in 
one  of  the  two  regions,  which  we  shall  call  R'  and  R",  bounded  by 
Zft+1  and  m.  In  like  manner  all  points  of  the  polygon  A^AjAj^  •  •  • 
AiAl  except  Ai9  Al  and  those  on  the  edge  A^A^  are  in  one  of  the  two 
regions  R7  and  R". 

The  points  of  R  on  any  line  coplanar  with.  R  and  meeting  the 
segment  AtAt  in  one  point  form  a  segment  cr  (Oor.  2.  above)  which 
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does  not  contain  any  point  of  m.  Hence  the  ends  _P,  Q  of  <r  are 
separated  by  lk+1  and  m.  ButP  and  Q  are  boundary  points  of  R 
by  Cor.  2,  above.  Hence  the  boundary  of  R  has  points  in  both  of  the 
regions  R;  and  Rf/  bounded  by  lk+l  and  m.  By  the  paragraph  above, 
the  points  of  the  boundary  of  R  in  the  one  region,  say  R',  must  be 
the  points,  exclusive  of  the  interval  A^A^  of  the  polygon  A^A^  *  *  •  A{A^ 
and  those  in  the  other,  Rff,  must  be  the  points,  exclusive  of  the  interval 
AiA^  of  the  polygon  A^Aj  *  •  •  AtA^ 

Let  RX  and  R2  be  the  two  convex  regions  formed  by  the  points  of 
R  not  on  lk+I.  Since  these  two  regions  are  separated  by  lh+1  and  m, 
we  may  assume  that  RI  is  in  R'  and  R2  in  R".  Every  boundary 
point  of  RX  which  is  not  a  point  of  Zjb+1  is  in  R'.  For  if  B  is  a  point 
of  the  boundary  of  RX  it  is  not  on  m,  by  construction,  and  if  it  is 
not  on  Zi+1  it  can  be  enclosed  in  a  triangular  region  containing  no 
point  of  lk+l  or  m.  Such  a  triangular  region  must  contain  points  of 
RX  and  hence  can  contain  no  point  of  R;/,  since  any  segment  joining 
a  point  of  R'  to  a  point  of  R"  contains  a  point  of  Zfc+1  or  of  m.  Hence 
B  is  in  RA.  In  like  manner  any  boundary  point  of  R2  not  on  ZA+1  is 
in  R".  But  by  Theorem  10  every  point  B  of  the  boundary  of  R  is 
on  the  boundary  of  RX  or  R2.  Hence  the  boundary  of  RI  contains  all 
points  of  the  boundary  of  R  in  R'  ;  and  by  Theorem  10  it  contains 
no  other  points  not  on  lt+JL.  Hence  it  is  the  polygon  A^  •  •  •  A^A^ 
In  like  manner  the  polygon  A^Aj  •  •  •  AtA^  is  the  boundary  of  Rf 

Hence  the  boundaries  of  the  two  planar  convex  regions  into  which 
any  one  of  the  planar  convex  regions  determined  by  l^  lz,  •  •  •,  ^ 
is  separated  by  lk+l  are  simple  polygons.  The  other  planar  convex 
regions  determined  by  Il9  l#  •  •  «,  lk+li  are  identical  with  regions 
determined  by  Il9  1%9  •  •  •,  lk. 

COEOLLARY  1.   Each  a1  is  on  the  boundaries  of  two  and  only  two  cf's. 

COROLLAEY  2.  In  case  all  the  lines  Il9  lz,  •  •  •,  ln  are  concurrent, 
there  is  only  one  #°,  the  common  point  of  the  lines  ;  there  are  n  al's, 
each  consisting  of  all  points  except  a°  of  one  of  the  lines  I.;  and 
there  are  n  a2fs,  each  having  a  pair  of  the  lines  as  its  "boundary. 

THEOREM  74    The  numbers  aQ,  a^  az  satisfy  the  relation 


Proof.   We   shall   make  the  proof  by   mathematical  induction. 
The  theorem  is  obvious  if  n  =  2,  for  in  this  case  #0=  1,  o^  =  2,  0^=2, 
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Let  us  now  assume  it  to  be  true  for  n=k  and  prove  that  it  follows 
for  »=A+1. 

The  lines  Il9  Z2,  •  •  •,  lk  determine  a  set  of  <  points,  «{  linear 
convex  regions,  and  <  planar  convex  regions  subject  to  the  rela- 
tion aj-a:{  +  ^=l.  The  line  Z^  meets  a  number,  say  r,  of  the 
planar  convex  regions  and  separates  each  of  these  into  two  planar 
convex  regions.  Hence  a(  is  increased  to  ai+r.  The  number  of 
one-dimensional  convex  regions  is  increased  by  r  for  the  number 
of  convex  regions  on  lk+1  and  also  by  a  number*  s  equal  to  the 
number  of  linear  convex  regions  of  the  lines  119  Za,  •  •  •,  lk  which  are 
met  by  ^+1.  The  number  of  points  of  intersection  of  Zx,  12,  •  •  -,  lk+l 
also  exceeds  a[  by  s.  Hence  for  119  Za,  -  •  -,  Z^  the  numbers  aQ, 
*f  #  are  a0'  +  «,  *[  +  r  +  89  a^  +  r.  Hence  o?0  -  o^  +  «,=  (#J  +  *) 


186.  The  modular  equations  and  matrices.  The  relations  among 
the  points,  linear  convex  regions,  and  planar  convex  regions  may 
be  described  by  means  of  two  matrices  of  which  those  given  in 
§  151  for  the  triangle  are  special  cases.  The  first  matrix,  which 
we  shall  denote  by  Hx,  is  an  array  of  aQ  rows  and  a^  columns,  each 
row  being  associated  with  an  a°  and  each  column  with  an  a\  The 
element  of  the  ith  row  and  /th  column  is  1  or  0  according  as  a?  is 
or  is  not  an  end  of  &}.  The  second  matrix,  H2>  has  #x  rows  and  #2 
columns  associated  respectively  with  the  alfs  and  «2's.  The  element 
of  the  ith  row  and  /th  column  is  1  or  0  according  as  a}  is  or  is  not 
on  the  boundary  of  a*. 

Since  every  segment  a1  has  two  and  only  two  ends,  each  column 
of  Hx  contains  just  two  1's;  and  since  each  a1  is  on  the  boundary 
of  two  and  only  two  a?'s  (Theorem  73,  Cor.  1),  each  row  of  H2  con- 
tains just  two  l*s. 

For  each  of  the  a1'  a  let  us  introduce  a  variable  which  can  take 
on  only  the  values  0  and  1,  these  being  regarded  as  marks  of  the 
field  obtained  by  reducing  modulo  2.  We  denote  these  variables 
by  #  ,#,•*-,  x^  respectively.  There  are  2*1  sets  of  values  which 
can  be  given  to  the  symbol  t  (a^,  #2,  *  •  •  o^). 


*The  1111011)61  s  is  less  than  r  if  Z^+i  contains  points  of  intersection,  of  lv  lzy 

•  •  ;  It. 

t  Excluding  the  one  in  which  all  the  variahles  are  zero,  these  symbols  constitute 
the  points  of  a  finite  protective  space  of  o^  —  1  dimensions  in  which  there  are  three 
points  on  every  line  (cf.  §  72,  Vol.  I). 
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Every  one  of  these  symbols  (xl9  x2,  •  -  *,  xa^  corresponds  to  a  way 
of  labeling  each,  segment  a1  of  the  original  n  lines  with  a  0  or  a  1, 
the  segment  a/  being  labeled  with  the  value  of  x..  We  shall 
regard  the  symbol  as  the  notation  for  the  set  of  edges  labeled 
with  1's.  By  the  sum  of  two  symbols  (xI  a?2,  •  •  *,  x^  and  (yl9  y^ 
*•-,  ya)  ^e  shall  mean  (^1+y1,  #a+y2,  •  •  •,  ^+y^>  tte  addition 
being  performed  modulo  2.  According  to  our  convention  the  sum 
represents  the  set  of  a1  's  which  are  in  either  of  the  sets  represented 
by(^,  x#  -  -  -,  ^)  and  (yx,  ys,  •  •  -,  y^)  but.  not  in  both.  By  a  repe- 
tition of  these  considerations  it  follows  that  the  sum  of  n  symbols 
of  the  form  (xlt  x^,  *  •  -,  xa^  for  sets  of  edges  is  the  symbol  for  a  set 
of  edges  each  of  which  is  in  an  odd  number  of  the  n  sets  of  edges. 

In  the  sequel  we  shall  say  that  a  polygon  p  is  the  sum,  mod- 

ulo 2,  of  a  set  of  polygons  p^  P2,*  •  -,pn  if  it  is  represented  by  a 

symbol  (x^  a?a,  -  •  •,  a^)  which  is  the  sum  of  the  symbols  for  p^p^ 

•  *  •  ,  pn.    Let  us  now  inquire  what  is  the  condition  on  a  symbol 

(xv  x$  *  *  ">  ^i)  ^a^  ^  stall  represent  a  polygon  ? 

At  every  vertex  of  a  polygon  there  meet  two  and  only  two  edges. 
Hence,  if  we  add  all  the  a/s  that  correspond  to  the  alJs  meeting  in 
any  point,  this  sum  must  be  zero,  modulo  2,  This  gives  #0  equations, 
one  for  each  &°,  of  the  form 

(4)  ajp  +  ^-i  -----  h^  =  0  (mod.  2) 

(a*,  a*,  •  •  •,  &£  being  the  edges  which  meet  at  a  given  vertex),  which 
must  be  satisfied  by  the  symbol  for  any  polygon.  Obviously  the 
matrix  of  the  coefficients  of  these  equations  is  Hr  For  example,  in. 
the  case  of  the  triangle  these  equations  are  (cf.  §  151) 


(5)  a?x+  #2+  x&+  #6=  0,  (mod.  2) 


We  shall  denote  the  set  of  equations  (4)  by  (H^.  Since  each 
column  of  H2  gives  the  notation  for  a  polygon  bounding  an  a2,  the 
columns  of  H2  are  solutions  of  the  equations  (Hx).  For  example, 
the  columns  of  the  matrix  H2  in  §  151  are  solutions  of  (Ht). 

Any  solution  whatever  of  these  equations  corresponds  to  a  label- 
ing of  the  a1'®  with  O's  and  1's  in  such  a  way  that  there  are  an 
even  number  of  Ts  on  the  al's  meeting  at  each  &°.  Hence,  by  the 
corollary  of  Theorem  70  the  a's  labeled  with  1's  must  constitute 
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one  or  more  simple  polygons,  Heme  every  solution  of  the  equations 
(H^  represents  a  simple  polygon  or  a  set  of  simple  polygons. 

Since  each  column  of  the  matrix  H1  contains  exactly  two  1's,  any 
one  of  the  equations  is  obtained  by  adding  all  the  rest.  Since  the 
only  marks  of  our  field  are  0  and  1,  any  linear  combination  of  the 
equations  (HJ  would  be  merely  the  sum  of  a  subset  of  these  equa- 
tions. Consider  such  a  subset  and  the  points  aQ  which  correspond 
to  the  equations  in  the  subset.  Every  a1  joining  two  points  of  the 
subset  is  represented  in  two  equations,  and  the  corresponding  vari- 
able disappears  in  the  sum.  There  remain  in  this  sum  the  variables 
corresponding  to  the  al*s  joining  the  points  of  the  subset  to  the 
remaining  points  of  the  figure.  These  cannot  all  pass  through  the 
same  point  unless  the  subset  consists  of  all  points  but  one  (since 
any  two  of  the  original  n  lines  have  a  point  in  common).  Hence 
while  any  one  of  the  equations  is  linearly  dependent*  on  all  the 
rest,  it  is  not  linearly  dependent  on  any  smaller  subset.  Hence  aQ  —  1 
of  the  equations  (E^)  are  linearly  independent. 

Since  the  number  of  variables  is  alf  the  number  of  solutions  in  a 
set  of  linearly  independent  solutions  on  which  all  other  solutions  are 
linearly  dependent  is  al—aQ+ 1.  By  Theorem  74  this  number  is  o?2.t 
Thus  the  total  number  of  polygons  and  sets  of  polygons  is  2*2  —  1. 

The  simple  polygons  which  bound  the  regions  a2  are  a  set  of  solu- 
tions, namely,  the  columns  of  the  matrix  H2.  Since  each  row  of  the 
matrix  H2  contains  just  two  1's,  it  follows  that  if  we  add  all  the 
columns  we  obtain  a  solution  of  (Hj)  in  which  all  the  variables  are  0. 
On  the  other  hand,  if  we  add  any  subset  of  the  columns  of  H2  the 
sum  will  be  a  solution  in  which  not  all  the  variables  are  zero.  For 
consider  a  segment  joining  an  interior  point  A  of  the  region  a2  cor- 
responding to  one  of  the  columns  in  the  subset  to  an  interior  point 
B  of  a  region  a?  corresponding  to  one  of  the  columns  not  in  the 
subset;  this  segment  may  be  chosen  so  as  not  to  pass  through  a 
point  of  intersection  of  two  of  the  lines  l^  Z2,  •••,  ln.  Hence  it 
contains  a  finite  number  of  points  on  the  polygons  corresponding  to 
the  columns  in  the  subset.  The  first  one  of  these  in  the  sense  from  B 

*  Since  the  only  coefficients  which  can  enter  are  0  and  1,  the  statement  that 
one  solution  is  linearly  dependent  on  a  set  of  others  is  equivalent  to  saying  that  it 
is  a  sum  of  a  number  of  them. 

tin  the  modular  space  of  cxl  —  1  dimensions  this  means  that  the  <a:0  —  1  inde- 
pendent (av  —  2)-spaces  intersect  in  an  (<x%  —  l)-space. 
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to  A  is  on  an  a|  which  is  on  the  boundary  of  a  region  in  the  subset 
and  a  region  not  in  the  subset.  The  variable  corresponding  to  this 
interval  therefore  appears  in  only  one  of  the  a's  in  the  subset  and 
so  does  not  drop  out  in  the  sum.  Hence  any  a^—  1  of  the  boundaries 
of  the  a2  convex  regions  correspond  to  a  set  of  linearly  independent 
solutions  of  (4).  In  other  words,  2*l~*°—  1,  or  one  less  than  half  of 
all  the  solutions  of  (H1)>  are  linearly  dependent  on  the  solutions 
corresponding  to  the  columns  of  H0.  The  solutions  of  Ht  are  thus 
divided  into  two  classes,  those  linearly  dependent  on  the  columns  of 
H3  and  those  not  so  dependent. 

Since  each  of  the  lines  113  Z0,  • « -,  ln  is  a  polygon,  it  corresponds  to 
a  solution  of  the  equations  (K^),  but  it  does  not  correspond  to  a  solu- 
tion which  is  linearly  dependent  on  the  columns  of  the  matrix  H2. 
This  is  a  corollary  of  the  argument  used  in  showing  that  the  sum 
of  any  subset  of  the  columns  of  H2  is  not  a  solution  in  which  all  the 
variables  are  zero.  For  in  that  argument  we  showed  that  a  certain 
segment  AB  contains  a  point  on  the  polygon  represented  by  the  sum 
of  such  a  subset.  The  same  argument  applies  to  the  complementary 
segment.  Hence  the  line  AB  has  two  points,  at  least,  in  common 
with  the  polygon  or  polygons  represented  by  the  sum  of  the  subset 
of  columns.  Hence  this  sum  cannot  represent  a  line. 

Thus,  if  we  take  the  solution  of  the  equations  (H^  corresponding 
to  any  one  of  the  lines  l^  12,  •  • «,  ln,  together  with  any  #2  —  1  of  the 
columns  of  the  matrix  H2,  we  have  a  linearly  independent  set  of 
solutions.  But  since  this  set  contains  #2  independent  solutions,  all 
solutions  are  linearly  dependent  on  this  set. 

187.  Regions  determined  by  a  polygon.  If  p  is  any  polygon  it 
can,  by  §  184,  be  regarded  as  one  whose  vertices  are  &°'s  and  whose 
edges  are  a^s  of  a  set  of  lines  lv  19,  •  •  -,  ln. 

Two  cases  arise  according  as  p  is  represented  by  a  symbol  which 
is  or  is  not  a  sum  of  a  subset  of  the  columns  of  the  matrix  H2. 
In  the  first  case  p  corresponds  also  to  the  sum  of  all  the  remain- 
ing columns,  because  the  sum  of  all  the  columns  is  (0,  0,  •  •  •,  0). 
It  cannot  correspond  to  a  third  set  of  columns,  for  the  sum  of 
the  columns  in  the  second  and  third  sets,  which  is  also  the  sum  of 
the  columns  not  common  to  these  two  sets,  would  be  (0,  0,  *  •  *,  0). 
Hence  there  would  be  a  linear  relation  among  a  subset  of  the 
columns  of  H2  contrary  to  what  has  been  proved  above. 
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Let  us  denote  the  two  sets  of  columns  of  Ha,  whose  sums  are  the 
symbol  for  p,  by  cl5  ca,  •  *  •>  ck  and  ct+v  •  •  -,  c^  respectively,  and  sup- 
pose the  notation  so  assigned  that  they  represent  the  boundaries  of 
<  <,  •  •  •,  <x2  and  a*+1,  *  -  •,  <  respectively.  Let  the  points  of 
the  plane  in  a*,  at,  -  -  •,  a|,  together  with  such  points  of  the  bound- 
aries as  are  not  points  of  jp,  be  denoted  by  [P].  Let  the  set  of  the 
points  analogously  related  to  0|+1,  -  -  -»  <  be  denoted  by  [#].  Clearly, 
the  sets  of  points  [P],  [$],  and  p  are  mutually  exclusive  and  include 
all  points  of  the  plane. 

Consider  any  point  2J  of  the  convex  region  af  corresponding  to  cr 
It  is  connected  by  a  segment  consisting  entirely  of  points  P  to  every 
point  P  in  or  oa  the  boundary  of  a?.  If  A>1,  c±  has  an  edge  in 
common  with  at  least  one  of  c2,  •  •  •,  e^  and  the  notation  may  be 
Assigned  so  that  et  has  an  edge  in  common  with  ef  Then  PQ  can 
be  joined  to  any  point  2J  of  the  common  edge  by  a  segment  of 
P-points,  and  2J  by  another  segment  of  P-points  to  every  P-point  of 
the  region  a|  and  its  boundary.  If  Jc  >  2  there  is  a  solution  which 
may  be  called  #8,  with  an  edge  in  common  with  el  or  c2;  for  if  not, 
the  solution  c^+c^  would  be  one  in  which  all  the  1's  correspond  to  the 
edges  of  p,  and  as  no  subset  of  the  edges  ofp  forms  a  polygon,  c^+ct 
would  correspond  to  p  itself.  As  before,  every  point  of  the  region 
al  and  its  boundary  can  be  joined  to  PO  by  a  broken  line  of  at 
most  three  edges.  Since  there  is  no  subset  of  cl9  -  •  •,  ck  whose  sum 
corresponds  to  IT,  this  process  can  be  continued  till  we  have  any 
point  jR  of  the  convex  regions  of,  a*,  •  *  •,  a*  and  their  boundaries 
joined  by  a  broken  line  &  to  JJ.  If  -K  is  on  TT  the  process  of  con- 
structing "b  is  such  that  all  points  of  &  except  E  are  in  [P],  whereas 
if  R  is  in  [P]  all  points  of  &  are  in  [P]. 

Hence  any  two  points  of  [P]  can  be  joined  by  a  broken  line  con- 
sisting only  of  such  points ;  and,  since  every  point  of  p  is  on  the 
boundary  of  one  of  a*,  a£,  •  •  •,  a%,  any  P  can  be  joined  to  any  point 
R  of  p  by  a  broken  line  every  point  of  which,  except  £,  is  in  [P]. 
A  precisely  similar  statement  is  true  of  [Q], 

Consider  now  any  broken  line  V  joining  a  point  P  to  a  point  Q. 
The  points  which  are  on  this  broken  line  and  also  on  any  a1  and  its 
ends  constitute  a  finite  number  of  points  and  segments.  Hence  V 
meets  the  lines  119  12,  -  •  •,  ln  in  a  finite  number  of  points  and  seg- 
ments, each  of  the  segments  being  contained  entirely  in  an  a\ 
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These  points  and  the  ends  of  these  segments  we  shall  denote  by 
A{,AS  * -  -,Ak  taken  in  the  sense  on  the  broken  line  from  P  to  Q. 
Since  P  and  Al  are  within  or  on  the  boundary  of  the  same  convex 
region,  A1  is  either  in  [P]  or  on  p.  If  Al  is  in  [P]  the  same  con- 
sideration shows  that  Az  is  in  [P]  or  on  p.  If  none  of  the  ^*s  were 
on  p,  this  process  would  lead  to  the  result  that  Ak  is  in  [P],  and 
hence  Q  would  also  be  in  [P],  contrary  to  hypothesis.  Hence  one  of 
the  A's  is  on  p,  and  hence  any  broken  line  joining  a  point  P  to  a 
point  Q  contains  a  point  on  p. 

It  now  follows  that  [P]  and  [Q]  are  both  regions.  For  we  have 
seen  that  any  point  P  can  be  joined  to  any  other  P  by  a  broken  line 
consisting  entirely  of  points  of  P.  By  Theorem  71  any  point  P  is 
contained  in  a  triangular  region  containing  no  points  of  p.  This  tri- 
angular region  contains  no  Q>  because  if  it  did  a  segment  joining  it 
to  P  would,  by  the  argument  just  made,  contain  a  point  of  p.  Hence 
[P]  satisfies  the  definition  of  a  two-dimensional  region  given  in  §  155. 
A  similar  argument  applies  to  [$].  Hence  we  have 

THEOEEM  75.  Any  simple  polygon  p  which  corresponds  to  a  sym- 
bol (xiy  a?2,  •  « -,  xa^  which,  is  the  sum  of  a  set  of  columns  of  H2  is 
the  boundary  of  two  mutually  exclusive  regions  which  include  cM 
points  of  the  plane  not  on  p  and  are  such  that  any  two  points  of 
the  same  region  can  be  joined  by  a  broJcen  line  which  is  in  the  region. 
Any  broken  line  joining  a  point  of  the  one  region  to  &  point  of  the 
other  region  contains  a  point  of  the  polygon. 

COROLLARY  1.  Any  point  R  of  p  can  be  joined  to  any  point  not 
on  p  by  a  'broken  line  containing  no  other  point  of  p. 

COROLLARY  2.  If  a  segment  ST  meets  p  in  a  single  point  0  which  is 
not  a  vertex  of  p,  S  and  T  are  in  different  regions  with  respect  to  p. 

Proof.  Let  S1  and  T1  be  two  points  in  the  order  {SS'OT'T}  and 
such  that  the  segment  SfOTf  contains  no  point  of  lv  £2,  •  •  •,  ln  ex- 
cept 0.  By  §  185,  Sf  and  T1  are  in  two  convex  regions  a2  which 
have  an  edge  in  common.  Since  this  edge  is  an  edge  of  _p,  the 
columns  of  H2  corresponding  to  these  two  a2's  must  be  one  in  the 
set  cl9  c2,  •  •  -,  %,  and  the  other  in  the  set  %+1,  •  •  -,  c^.  Hence,  if  S1 
and  S  are  in  [P],  Tr  and  T  are  in  [Q],  and  vice  versa. 

THEOREM  76.  Any  simple  polygon  p  which  corresponds  to  a  sym- 
bol (xl9  a?3,  •  •  •,  x^  which  is  not  the  sum  of  a  set  of  columns  of  Kf 
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is  the  boundary  of  a  region  which  includes  all  points  of  the  plane 
not  on  p.  Any  two  points  not  on  p  can  be  joined  by  a  broken  line 
not  meeting  p. 

Proof.  By  Theorem  71  any  point  not  on  p  can  be  enclosed  in 
a  triangular  region  containing  no  point  of  p.  Hence  the  theorem 
will  bT  proved  if  we  can  show  that  any  two  points  not  on  p  are 
joined  by  a  broken  line  consisting  only  of  such  points.  If  this  were 
not  so,  we  could  let  P0  be  any  point  not  on  p  and  let  [P]  be  the 
set  of  ail  points  not  on  p  which  can  be  joined  to  P0  by  broken 
lines  not  meeting  p.  As  in  the  proof  of  Theorem  75,  [P]  would 
have  to  consist  of  a  number  of  regions  a\  together  with  those  points 
of  their  boundaries  which  were  not  on  p ;  and  the  boundary  of  [P] 
could  consist  only  of  points  of  p.  But  the  boundary  of  [P]  must 
consist  of  the  polygon  or  polygons  whose  symbol  is  obtained  by 
adding  the  columns  of  H2  corresponding  to  the  &27s  in  [P].  By 
§  183  no  subset  of  the  points  of  p  can  be  a  simple  polygon.  Hence 
p  would  be  the  the  boundary  of  [P]  and  be  expressible  linearly  in 
terms  of  the  boundaries  of  a?*s3  contrary  to  hypothesis. 

Every  polygon  whose  edges  are  on  l^  lz,  •  •  -,  ln  corresponds  to  a 
symbol  (x^  a?2,  •  •  •,  x^  which  either  is  or  is  not  expressible  linearly 
in  terms  of  the  columns  of  Hg.  Hence  the  arbitrary  simple  polygon 
p  with  which  this  section  starts  and  which  determines  the  lines 
lv  12,  •  *  •>  ln  is  described  either  in  Theorem  75  or  in  Theorem  76. 
Hence  we  have 

THEOREM  77.  DEFINITION.  The  polygons  of  a  plane  a  fall  into 
two  classes  the  individuals  of  which  are  called  odd  and  even  respec- 
tively. A  polygon  of  the  first  class  is  the  boundary  of  a  single  region 
comprising  all  points  of  a  not  on  the  polygon.  A  polygon  of  the 
second  class  is  the  boundary  of  each  of  two  regions  which  contain  all 
points  of  a  not  on  the  polygon,  have  no  point  in  common,  and  are 
such  that  any  broken  line  joining  a  point  of  one  region  to  a  point  of 
the  other  contains  a  point  of  the  polygon. 

The  odd  polygons  are  also  called  unicursal,  and  the  even  polygons 
are  also  called  bounding.  A  line  is  an  example  of  an  odd  polygon, 
and  the  boundary  of  a  triangular  region  is  an  example  of  an  even, 
one.  The  segments  a,  /3,  y  as  defined  in  §  26  are  the  edges  of  an 
odd  polygon. 
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THEOREM  78.  Two  polygons  of  which  one  is  even  and  which  are 
such  that  neither  polygon  has  a  tertex  on  the  other  have  an  even 
(or  zero)  number  of  points  in  common. 

Proof.  Let  pl  be  an  even  polygon,  let  pz  be  any  other  polygon, 
and  let  the  points  of  intersection  of  the  polygons  be  Riy  — ,  En 
in  the  order  {J?1  RZ  -  -  •  Rn}  with  respect  to  p^  If  n  =  0  the  theorem 
is  verified.  If  n  were  1  the  edge  of  jp2  containing  Rl  would  have  its 
ends  in  different  regions  with  respect  to  TT^  and  hence  the  broken 
line  composed  of  all  pz  except  the  side  containing  Rl  would  have 
to  contain  a  point  of  pl9  contrary  to  hypothesis.  If  n  >  1  the  inter- 
val of  p^  which  has  Hl  and  J%2  as  ends  and  contains  no  other  points 
M  is  a  broken  line  which  belongs  (except  for  its  ends)  entirely  to 
one  of  the  two  regions  [P]  and  [Q]  determined  by  pj  and  by  Cor.  2, 
Theorem  75,  the  interval  of  p2  similarly  determined  by  J?2  and  J£g 
belongs  entirely  to  the  other  of  the  two  regions  [P]  and  [(>].  Thus, 
if  S19  $2,  ••*,£„  are  a  set  of  points  of  p2  in  the  order  {H^JK^JK^ 
•  •  •  ^-.i^^J,  and  S1  is  in  [P],  all  the  S's  with  odd  subscripts  are 
in  [P]  and  all  the  S*a  with  even  subscripts  are  in  [Q].  But  by 
Cor.  2,  Theorem  75,  Sn  is  in  [Q]  since  S^  is  in  [P].  Hence  n  is  even. 

COROLLARY.  A  line  coplanar  with  and  containing  no  vertex  of 
an  &ven  polygon  meets  it  in  an  even  (or  zero)  number  of  points. 

THEOREM  79.  Two  odd  polygons  such  that  neither  has  a  vertex  on 
the  other  meet  in  an  odd  number  of  points. 

Proof.  Let  the  polygons  be  pl  and  p2,  let  the  lines  containing 
the  sides  of  pl  be  119  -  •  •>,  Zn_x,  and  let  ln  be  a  line  containing  no 
vertex  of  either  polygon.  According  to  the  results  stated  at  the  end 
of  the  last  section,  pl  is  expressible  by  addition,  modulo  2,  as  the 
sum  of  ln  and  a  number  of  boundaries  of  a2's.  The  latter  combine 
into  a  number  of  even  polygons,  the  edges  of  which  are  either 
edges  of  pl  or  of  ln.  Hence  these  even  polygons  have  no  vertices 
on  p^  and  contain  no  vertices  of  pz.  Hence  by  Theorem  78  they 
have  an  even  (or  zero)  number  of  points  in  common  with  p2.  Thus 
our  theorem  will  follow  if  we  can  show  that  ln  has  an  odd  number 
of  points  in  common  with  jp2. 

By  the  argument  just  used  jpa  can  be  expressed  as  the  sum, 
modulo  2,  of  a  line  m  and  a  number  of  even  polygons  which  have 
no  vertices  on  lg.  The  latter  meet  ln  in  an  even  (or  zero)  nrnnfoer 
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of  points,  and  m  meets  ln  in  one  point.  Hence  j>2  meets  ln  in  an 
odd  number  of  points. 

COROLLARY  1.  Two  odd  polygons  always  have  at  least  one  point 
in  common. 

COROLLARY  2.  If  p  is  a  simple  polygon  and  there  exists  an  odd 
polygon  pl  meeting  p  in  an  even  (or  zero)  number  of  points  and  such 
that  neither  polygon  has  a  vertex  on  the  other,  then  p  is  even. 

Since  the  plane  of  a  convex  region  always  contains  at  least  one 
line  not  having  a  point  in  common  with  the  region,  the  last  result 
has  the  following  special  case,  which,  on  account  of  its  importance, 
we  shall  list  as  a  theorem. 

THEOREM  80.  Any  simple  polygon  lying  entirely  in  a  convex 
region  is  even. 

To  complete  the  theory  of  the  subdivision  of  the  plane  by  a 
polygon,  there  are  needed  a  number  of  other  theorems  which  can 
be  handled  by  methods  analogous  to  those  already  developed.  They 
are  stated  below  as  exercises. 

EXERCISES 

1.  If  a  simple  polygon,  p  lies  entirely  in  a  convex  region  R,  tlie  points  of  R 
not  on  p  fall  into  two  regions  such  that  any  broken  line  joining  a  point  of 
one  region  to  a  point;  of  the  other  has  a  point  on  p.   One  of  these  regions, 
called  the  interior  of  the  polygon,  has  the  property  that  any  ray  (with  respect 
to  R)  whose  origin  is  a  point  of  this  region  meets  p  in  an  odd  number  of  points, 
provided  it  contains  no  vertex  of  p.   The  other  region,  called  the  exterior  of 
the  polygon  with  respect  to  R,  has  the  property  that  any  ray  whose  origin  is 
one  of  the  points  of  this  region  meets  p  in  an.  even  (or  zero)  number  of  points, 
provided  it  contains  no  vertex  of  p. 

2.  If  p  is  any  even  polygon  in  a  plane  or,  one  of  the  two  regions  determined 
by/>,  according  to  Theorem  77,  contains  no  odd  polygon  and  is  called  the 
interior  of  p.   The  other  contains  an  infinity  of  odd  polygons  and  is  called  the 
exterior  of  p. 

3.  If  one  line  coplanar  with  and  not  containing  a  vertex  of  a  simple  poly- 
gon meets  it  in  an  odd  (even  or  zero)  number  of  points,  every  line  not  con- 
taining a  vertex  and  coplanar  with  it  meets  it  in  an  odd  (even  or  zero)  number 
of  points* 

4.  If  the  boundary  of  a  convex  region  consists  of  a  finite  number  of  linear 
segments,  together  with  their  ends,  it  is  a  simple  polygon. 

5.  A  simple  polygon  which  is  met  by  every  line  not  containing  &  vertex  in 
two  or  no  points  is  the  boundary  of  a  convex  region. 
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6.  For  any  simple  polygon  A^-1%  -  •  •  AnAv  there  exists  a  set  of  n  —  2  tri- 
angular regions  such  that  (1)  every  point  of  the  interior  of  the  polygon  is  in 
or  on  the  boundary  of  one  of  the  triangular  regions,  (2)  every  vertex  of  one 
of  the  triangular  regions  is  a  vertex  of  the  polygon,  and  (3)  no  two  of  the 
triangular  regions  have  a  point  in  common. 

*7.  By  use  of  convex  regions  and  matrices  analogous  to  Hj  and  Hs>  prove 
Theorem  77  for  any  curve  made  up  of  analytic  pieces  (i.e.  1-cells  which 
satisfy  analytic  equations). 

188.  Polygonal  regions  and  polyhedra.  DEFINITION.  A  planar 
polygonal  region  is  a  two-dimensional  region  R  for  which,  there 
exists  a  finite  number  of  points  and  linear  regions  such  that  any 
interval  joining  a  point  of  R  to  a  point  not  in  R,  but  coplanar  with 
it,  meets  one  of  these  points  or  linear  regions.  A  (three-dimensional) 
polyhedral  region  is  a  three-dimensional  region  R  for  which  there 
exists  a  finite  number  of  points,  linear  regions,  and  planar  polygonal 
regions  such  that  any  interval  joining  a  point  of  R  to  a  point  not  in  R 
meets  one  of  these  points,  linear  regions,  or  planar  polygonal  regions. 

Let  R  be  a  planar  polygonal  region  and  let  119  12,  •  •  •  ,  ln  be  a  set 
of  lines  coplanar  with  R  and  containing  all  the  points  and  linear 
regions  such  that  any  interval  joining  a  point  in  R  to  a  point  not 
in  R  meets  one  of  these  points  or  one  of  these  linear  regions.  Let 
us  adopt  the  notation  of  §  185. 

If  a  point  P  of  one  of  the  two-dimensional  convex  regions  az  is 
in  R,  all  points  of  the  a*  are  in  R,  for  all  such  points  are  joined  to 
P  by  intervals  not  meeting  1I9  Z2,  •  •  •,  ln. 

Since  any  point  not  on  l^  Za,  •  •  •,  ln  is  interior  to  a  triangular 
region  containing  no  points  of  Zx,  Z2,  •  •  -,  ZB,  no  such  point  can  be  a 
boundary  point  of  R. 

Let  af,  •  •  •,  afk  be  the  a*'s  which  have  points  hi  R.  As  we  have 
seen,  all  points  of  these  $2's  are  in  R.  All  points  of  their  bound- 
aries are  either  in  R  or  on  its  boundary;  for  every  point  of  the 
boundary  of  an  a£  (r  =  1,  •  •  •,  k)  may  be  joined  to  a  point  of  a^ 
that  is,  to  a  point  of  R,  by  a  segment  of  points  of  R,  and  hence 
is  either  a  point  of  R  or  of  its  boundary. 

Any  point  B  of  the  boundary  of  R  is  on  the  boundary  of  one  of 
a?i  •  •  •>  a«v  For  any  triangular  region  T  containing  B  contains 
points  of  R  and  hence  contains  a  triangular  region  TA  of  points  of  R. 
The  region  T'  must  have  points  in  common  with  at  least  one  a2. 
If  T  be  chosen  so  as  to  contain  no  points  of  anv  aa  which  does 
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not  have  £  on  its  boundary,  any  eft  having  a  point  in  common  with 
V  is  one  of  a?  ,  *  •  •,  a*.  Hence  every  boundary  point  of  R  is  on 
the  boundary  of  one  of  a?  •  •  •,  a£.  Hence  the  set  of  points  of  R 
and  its  boundary  is  identical  with  the  set  of  all  points  of  a£,  •  •  •>  a\ 
and  their  boundaries.  In  other  words, 

THEOBKM  81,  for  any  planar  polygonal  region  R  there  is  a,  finite 
Bet  of  convex  polygonal  regions  RI?  •  •  •,  RB  «^fe  that  the  set  of  all 
points  of  R  ,  •  •  *,  Rw  and  their  loundaries  is  identical  with  R  and 
its  'boujidary. 

As  a  consequence,  any  set  of  points  which  consists  of  planar 
polygonal  regions  and  their  boundaries  can  be  described  as  a  set  of 
points  in  a  set  of  convex  polygonal  regions  and  their  boundaries. 
Therefore  no  generality  is  lost  in  the  following  definition  of  a 
polyhedron  by  stating  it  in  terms  of  convex  polygonal  regions. 

DEFINITION.  A  set  of  points  [P]  is  called  a  polyhedron  if  it  sat- 
isfies the  following  conditions  and  contains  no  subset  which  satisfies 
them:  [JP]  consists  of  a  set  of  distinct  points  of,  aa°,  •  *  *,  a&0,  seg- 
ments a\t  a\,  •  •  *,  ait,  and  convex  planar  polygonal  regions  a\9  a\, 
.  .  .,  ai  such  that  each  a1  is  bounded  by  two  a°'s  and  each  a2  by 
a  simple  polygon  whose  vertices  are  o?  *s  and  whose  edges  are  a1  '&  ; 
no  a1  or  a2  contains  an  a°  and  no  two  of  the  a1Js  or  &2>s  have  a 
point  in  common;  each  a1  is  on  the  boundary  of  an  even  number 
of  &2's.  The  points  aQ  are  called  the  vertices,  the  segments  a1  the 
edges,  and  the  planar  regions  a?  the  faces  of  the  polyhedron. 

Just  as  any  point  of  a  polygon  can  be  regarded  as  a  vertex,  so 
any  point  of  an  edge  of  a  polyhedron  can  be  regarded  as  a  vertex, 
and  any  segment  contained  in  a  face  and  joining  two  of  its  vertices 
can  be  regarded  as  an  edge. 

The  relations  among  the  vertices,  edges,  and  faces  of  a  polyhedron 
can  be  described  by  means  of  matrices  H1  and  Ha  analogous  to 
those  of  §  186.  In  the  first  matrix, 


the  element  i?J.  is  0  or  1  according  as  af  is  nofc  or  is  an  end  of  af. 

In  the  second  matrix,  TT 

"~* 


the  element  77?.  is  0  or  1  according  as  a}  is  not  or  is  on  the  bound- 
ary of  «2.    The  theory  of  the  polyhedron  can  be  derived  from  a 
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discussion  of  these  matrices  just  as  that  of  the  projective  plane 
(a  special  polyhedron)  has  been  derived  in  the  sections  above. 

Thus  the  polygons  which,  can  be  formed  from  the  vertices  and 
edges  of  the  polyhedron  are  denoted  by  symbols  of  the  form 
(zi>  x&  *  *  **  ^)  as  ™  §  ***6,  They  are  all  expressible  as  sums, 
modulo  2,  of  the  boundaries  of  the  faces  together  with  P  —  1  other 
polygons.  The  number  P  is  called  the  connectivity  of  the  polyhedron 
and  is  the  same  no  matter  how  the  polyhedron  is  subdivided  into 
faces,  edges,  and  vertices.  It  is  determined  by  the  following  relation: 


EXERCISES 

1.  Any  polygonal  region  can  be  regarded  as  composed  of  a  finite  set  of 
triangular  regions  together  with  portions  of  their  boundaries,  no  two  of  the 
triangular  regions  having  a  point  in  common. 

2.  If  R  is  a  polygonal  region,  every  broken  line  joining  a  point  of  R  to  a 
point  not  in  R  has  a  point  on  the  boundary. 

3.  For  any  three-dimensional  polyhedral  region  R  there  is  a  finite  set  of 
polyhedral  regions  Rr  R2,  -  •  •,  Rn  such  that  the  set  of  all  points  of  Rp  R2,  •  •  *, 
RR  and  their  boundaries  is  identical  with  R  and  its  boundary.    Rlt  R2,  *  •  «,  Rn 
may  be  so  chosen  as  all  to  be  tetrahedral  regions. 

4.  If  a  polyhedron  is  the  boundary  of  a  convex  region,  each  edge  of  the 
polyhedron  is  on  the  boundaries  of  two  and  only  two  of  its  faces* 

189,  Subdivision  of  space  by  planes.  The  theorems  of  §  185 
generalize  at  once  into  the  following.  The  proofs  (with  one  excep- 
tion) are  left  to  the  reader. 

THEOREM  82.  The  points  of  space  which  are  not  upon  any  one  of  a 
finite  set  of  planes  wlf  ?r2,  •  •  •,  7rnfall  into  a  finite  number  «3  of  convex 
regions  such  that  any  segment  joining  two  points  of  different  regions 
contains  at  least  one  point  of  TT^  7r2>  •  •  •,  7rn,  The  number  #8  satisfies 

*i     •          !•*       ^      ^n(n  —  l)(n  —  2)  , 
the  inequality  n^cc^  =  —  -  -  ~  -  L  +  n. 

As  in  §  185,  we  indicate  the  a0  points  of  intersection  of  n  planes 


or  any  one  of  them  by  &°;  the  a1  linear  convex  regions  determined 
by  these  points  upon  the  lines  of  intersection,  by 
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or  any  one  of  them  by  a1 ;  the  az  planar  convex  regions  determined 
by  the  lines  of  intersection  upon  the  planes,  by 


or  any  one  of  them  by  a*;  and  the  az  spatial  convex  regions  deter- 
mined by  the  planes,  by    a*  a*  . . .  &* 

or  any  one  of  them  by  a\ 

THEOREM  83.  If  the  planes  ir^  7T2,  •  •  -,  irn  are  not  all  coaxial,  the 
boundary  of  each  cf  is  composed  of  a  finite  number  of  a*s  and  of 
those  al's  and  aQ's  which  bound  the  a?'s  in  question.  Each  a2  is  upon 
the  boundary  of  two  and  only  two  a*'s. 

COROLLARY  1.  If  the  planes  TT^  TTS,  -  •  -,  ?rtt  are  coaxial,  a0~  0,  ^=0, 
and  the  boundary  of  each  a*  is  composed  of  two  a*s  together  with  the 
common  line  of  the  planes. 

COROLLARY  2.  If  the  planes  are  not  all  concurrent,  any  line  through 
a  point  I  of  one  of  the  regions  a8  meets  the  boundary  in  two  points 
P,  Q.  TJie  segment  PIQ  consists  entirely  of  points  of  the  a*,  and  the 
complementary  segment  entirely  of  points  not  in  the  a\ 

THEOREM  84.  If  an  a1  is  on  the  boundary  of  an  a*>  it  is  on  the 
boundaries  of  two  and  only  two  az's  of  the  boundary  of  the  a?.  Any 
plane  section  of  an  a3  is  a  two-dimensional  convex  region  bounded  by 
«  simple  polygon  which  is  a  plane  section  of  the  boundary  of  the  a*. 

COROLLARY.  The  boundary  of  each  as  is  a  polyhedron. 

THEOREM  85.  The  numbers  aQ,  al9  #2,  aB  are  subject  to  the  relation 


Proof.  The  proof  is  made  by  induction.  In  the  case  of  two  planes, 
a  =  0,  a  =s  0,  cc  =  2,  #3  =  2.  Assuming  that  the  theorem  is  true 
for  n  planes,  let  us  see  what  is  the  effect  of  introducing  a  plane 
7rn  r  This  plane  is  divided  by  the  other  planes  into  a  number  of 
convex  two-dimensional  regions  equal  to  the  number  of  &8>s  in 
which  it  has  points ;  but  it  divides  each  of  these  as's  into  two  a**s. 
Hence  the  adjunction  of  these  new  a^s  and  a^s  increases  a^  and  #3 
by  equal  amounts.  The  plane  7rn+1,  according  to  Theorem  8,  Cor.  1, 
divides  in  two  each  a2  which  it  meets ;  but  it  has  a  new  a1  in  com- 
mon with  each  such  region.  Here,  therefore,  #2  and  a±  are  increased 
by  equal  amounts.  The  plane  TTW+I  divides  in  two  each  a1  which  it 
meets ;  but  it  has  a  point  in  common  with  each  such  region.  Hence, 
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in  this  case,  a1  and  aQ  are  increased  by  equal  amounts.     Hence,  if 
the  formula  is  true  for  n  planes,  it  is  true  for  n  +  1. 

CoKOLLAJtY.  The  number  of  al's  for  TT^  7T2,  *  •  -,  TTW  which  are  not 
on  lines  of  intersection  of  pairs  of  the  planes  TT^  7r2,  -  -  .,  ffn^l  is  the 
number  In/  which  a^  —  a^for  the  planes  TTI}  TTS,  •  •  •,  TTW  exceeds  al  —  aQ 
for  the  planes  TT^  ^"2,  •  •  *,  w,^. 

Proof.  New  alys  are  produced  by  the  introduction  of  TTU  in  two 
ways  :  (1)  TTH  may  meet  an  a1  of  TT^  w3,  •  •  •,  TT,^  in  a  point  ;  if  so,  this 
a1  is  separated  into  two  al9s  and  a  new  #°  is  introduced  ;  (2)  TTW  may 
meet  an  a2  of  w^,  7r2,  *  -  -,  TT,^  in  a  new  a\  The  only  new  a°'s  pro- 
duced by  the  introduction  of  TTW  are  accounted  for  under  (1).  Hence 
(2)  accounts  for  the  increase  of  al  —  a^  as  stated  above. 

190.  The  matrices  Hlf  H2,  and  H3.  The  relations  among  the 
convex  regions  determined  by  n  planes  which  are  not  coaxial  may 
be  described  by  means  of  three  matrices,  which  we  shall  call  H1§  H,,, 
and  Hg.  In  the  first  matrix, 


t  =  l,  2,  •  •  -,  o?0;  y  =  l,  2,  •  •  •,  a^  and  ^  =  1  or  0  according  as  a?  is 
or  is  not  an  end  of  aj.  In  the  second  matrix, 

H2  =  (4), 

i  =  1,  2,  •  •  •,  aj  j  =  1,  2,  •  •  •,  o:2  ;  and  17?.  =  1  or  0  according  as  a]  is 
or  is  not  on  the  boundary  of  aj.  In  the  third  matrix, 

H8  =  (4)> 

i  =  l,  2,  •  •  -,  #2;  /  =  !,  2,  •  •  •,  o:8;  and  i?#  =  l  or  0  according  as  a\  is 
or  is  not  on  the  boundary  of  aj.  Examples  of  these  three  matrices  are 
those  given  in  §  152  to  describe  the  tetrahedron.  It  will  be  noted 
that  Hx  has  two  1's  in  each  column,  and  H8  two  1's  in  each  row. 

Corresponding   to    the   matrix  Hl5  there  is  a  set   of  #0  linear 
equations  (modulo  2)  ^ 


Let  the  symbol  (x^  xlt  •  •  •,  xa^),  where  the  xk's  are  0  or  1,  be  taken 
to  represent  a  set  of  &lJs  containing  a£  if  xk  =  1  and  not  containing 
it  if  a?j.=  0.  Just  as  in  §  186,  this  set  of  alfs  will  be  the  edges  of 
a  polygon  or  set  of  polygons  if  and  only  if  (#0,  %lt  •  •  •,  a^)  is  a 
solution  of  (H^. 

Just  as  in.  §  186,  the  sum  of  two  sets  of  polygons  (modulo  2)  will  be 
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taken  to  be  tlie  set  of  polygons  represented  by  the  sum  of  the  symbols 

(xi>  #*•••>  ^i)  for  tlie  fcwo  sefcs  of  polyg°ns-  Tlie  smn>  modul°  2>  of 
two  sets  of  polygons  pl  and  pt  is  therefore  the  set  of  polygons  whose 
edges  appear  either  in  pl  or  in  _p2  but  not  in  both  pl  and  pz. 

By  the  reasoning  in  §  186,  «0—  1  of  the  equations  (Hx)  are  linearly 
independent,  and  the  other  one  is  linearly  dependent  on  these.  The 
columns  of  H2  are  the  symbols  (a>0,  a?t,  -  •  -,  #tfl)  for  the  boundaries 
of  the  a2's  and  hence  are  solutions  of  (HJ. 

Corresponding  to  the  matrix  H2,  there  is  a  set  of  ^  linear 
equations  (modulo  2) 

(H,) 

Let  the  symbol  (&19  x^  •  -  -,  #tfi),  where  the  #/s  are  0  or  1,  be  taken 
to  represent  a  set  of  a?'s  containing  a\  if  #fc  =  1  and  not  containing 
it  if  xk  =  0.  If  this  symbol  is  a  solution  of  (H2),  it  represents  a 
set  of  #2>s  such  that  each  a1  is  on  the  boundaries  of  an  even  number 
(or  zero)  of  them  ;  Le.  it  represents  the  faces  of  a  polyhedron  or  a 
set  of  polyhedra 

The  columns  of  H3  represent  the  boundaries  of  the  a*'a.  By 
Theorem  84  any  a1  of  the  boundary  of  an  #8  is  on  the  boundaries 
of  two  and  only  two  <22's  of  this  boundary.  Hence  the  columns  of 
Hg  are  solutions  of  (H2). 

Corresponding  to  the  matrix  Hg,  there  is  a  set  of  #2  linear 
equations  (modulo  2) 


Let  the  symbol  (x^  x^*  •  •,  #aa),  where  the  x^s  are  0  or  1,  be  taken 
to  represent  a  set  of  as's  containing  a\  if  xk  =  1  and  not  containing 
it  if  xk  =  0.  If  this  symbol  is  a  solution  of  (Ha),  it  represents  a 
set  of  #8>s  of  which  there  is  an  even  number  on  each  a*.  It  is  easily 
seen  that  the  only  such  set  of  a*'s  is  the  set  of  all  az's  in  space. 
Hence  the  only  solutions  of  (H8)  are  (0,  0,  •  •  •,  0)  and  (1,  !,*••,  1). 
Hence  there  are  #8  —  1  linearly  independent  equations  in  (H8)  on 
which  all  the  rest  are  linearly  dependent. 

Let  the  rauks  *  of  the  matrices  H1,  H2,  H8  be  rx,  r^  r8  respectively. 

*The  rank  of  a  matrix  is  the  number  of  rows  (or  columns)  in  a  set  of  linearly 
independent  rows  (or  columns)  on  which  all  the  other  rows  (or  columns)  are 
linearly  dependent. 
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By  what  has  been  seen  above 


The  discussion  in  the  next  section  will  establish  that 

V=ai-*<T 

191.  The  rank  of  H3.  Let  us  now  suppose  that  77^,  7r2,  •  •  •  ,  irn  are 
not  all  on  the  same  point  and  that  the  notation  is  so  assigned  that 
TT^  7r2,  7r3,  7r4  are  the  faces  of  a  tetrahedron.  By  inspection  of 
the  matrices  given  in  §  152,  it  is  clear  that  for  the  case  n  =  4=, 
#0  =  4,  0^  =  12,  #2  =  16,  #3==8,  and  r2  =  8  (a  set  of  linearly  inde- 
pendent columns  of  H2  upon  which  the  rest  depend  linearly  is  the 
set  of  columns  corresponding  to  TH,  TM,  ru,  TSI,  r22,  r28,  rgl,  and  r32). 
The  number  of  solutions  of  (Hx)  in  a  linearly  independent  set  upon 
which  all  the  other  solutions  depend  is  aI  —  aQ  +  l  =  Q.  Hence  one 
solution  which  does  not  depend  linearly  upon  the  columns  of  H^ 
together  with  a  set  of  eight  linearly  independent  columns  of  H^ 
constitute  a  set  of  linearly  independent  solutions  of  (Ha)  upon  which 
all  the  others  depend  linearly.  Any  solution  representing  a  projective 
line,  e.g.  (1,  1,  0,  0,  0,  0,  0,  0,  0,  0,  0,  0),  will  serve  this  purpose. 

In  case  7i>4,  the  columns  of  H2  fall  into  three  classes  :  (1)  those 
representing  the  boundaries  of  a2's  in  irn  ;  (2)  those  representing 
the  boundaries  of  a23s  which  are  not  in  frrn  but  have  an  a1  in  TTW; 
and  (3)  those  representing  the  boundaries  of  &2Js  which  have  no 
a1  in  7rn. 

Any  column  of  Class  (1)  is  expressible  as  a  sum  of  columns  of 
Classes  (2)  and  (3).  For  the  a2  whose  boundary  it  represents  is  on 
the  boundary  of  an  &8  whose  boundary  has  no  other  &2  in  common 
with  7rn  (cf.  §  150).  Since  each  a1  on  the  boundary  of  an  a?  is 
on  the  boundary  of  two  and  only  two  a2Js  of  the  boundary  of  the 
of  (Theorem  84),  it  follows  that  the  given  column  is  the  sum  of 
the  columns  which  represent  the  boundaries  of  the  other  a2's  on 
the  boundary  of  the  a*.  These  columns  are  ail  of  Classes  (2)  or  (3). 

Each  a1  which  is  not  on  a  line  of  intersection  of  two  of  the  planes 
TTj,  7r2,  -  •  -,  7rn-1  is  the  linear  segment  in  which  one  of  the  a2>s 
determined  by  TT^  7r2,  •  •  •,  7rn_1  is  met  by  irn.  Hence  the  row  of  H2 
corresponding  to  this  a1  contains  just  two  Ts  in  columns  of  Class 
(2),  and  the  sum  of  these  two  columns  of  Class  (2)  is  the  symbol  for 
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the  boundary  of  one  o!  the  a2's  determined  by  TT^  TTS,  *  •  •,  7rn_r 
Moreover,  the  columns  of  H2  of  Class  (2)  form  a  set  of  pairs  of 
this  sort,  since  every  a1  of  irn  is  either  on  a  line  of  intersection  of 
two  of  the  planes  wx,  7r2, .  .  •,  ir^  or  is  an  edge  of  two  and  only 
two  a2's  not  in  TT^ 

No  one  of  such  a  pair  of  columns  of  H2  can  enter  into  a  linear 
relation  among  a  set  of  columns  of  Classes  (2)  and  (3)  unless  the 
other  does.  For  this  column  would  be  the  only  column  of  the  set 
containing  a  1  in  the  row  corresponding  to  the  a1  common  to  the 
boundaries  of  the  &2's  represented  by  the  two  columns,  and  hence 
the  sum  of  columns  could  not  reduce  to  (0,  0,  •  •  *,  0). 

Let  H'  be  the  matrix  consisting  of  the  columns  of  Class  (3)  of 
H  and  the  sums  of  the  pairs  of  columns  of  Class  (2)  discussed  in 
the  last  two  paragraphs.  According  to  the  last  paragraph  the  rank 
of  H;  is  less  than  the  rank  of  H2  by  the  number  of  these  pairs  of 
columns;  and  by  the  corollary  of  Theorem  85  this  number  is  the 
difference  between  the  values  of  a^~-  a^  for  irl9  7r2,  •  •  -,  w»  and  for 

"V  "V '  *  *>  ^-r 

The  columns  of  H£  are  the  symbols  in  terms  of  the  al9s  deter- 
mined by  TT  ,  7T2,  •  •  •,  7rn  for  the  boundaries  of  the  a?'s  determined 
by  TT  ,  IT  ,  *  •  •,  wn_r  Hence  any  two  rows  of  this  matrix  which  cor- 
respond to  a  pair  of  a1' a  into  which  an  a1  determined  by  tr^  ir^ 
•  -  ->  w»_i  is  separated  by  ?rn  must  be  identical;  and  if  one  of  each 
such  pair  of  rows  is  omitted,  H^  reduces  to  the  H2  for  TT^  7T2,  •  •  -, 
w»_r  Hence  H^  has  the  same  rank  as  the  H2  for  TT^  7r2,  •  *  -,  wn_r 

Since  the  difference  in  the  ranks  of  H2  for  TT^  TT^  •  •  •,  irn  and  of 
H^  is  the  same  as  the  difference  between  the  values  of  al  —  aQ  for 
7ra,  7r2,  •  •  •  7rn  and  for  irl9  ir^  *  •  •,  TT^^J,  it  follows  that  the  introduc- 
tion of  7rn  increases  the  rank  of  H2  by  the  same  amount  that  it 
increases  #x  —  aQ.  Since  or1— a:Q  =  ra  for  n  ==  4,  the  same  relation  holds 
for  all  values  of  n.  Hence  we  have 

THEOREM  86.  For  a  set  of  planes  TT^  7r2,  •  •  •,  ?rn  which  are  not  all 
concurrent, 


*i~  ****** 


By  Theorem  85  this  relation  is  equivalent  to 

192.  Polygons  in  space.   THEOKEM  87.  The  symbol  (x^  x^  •  •  •, 
for  a  lim  is  not  linearly  dependent  on  the  columns  of  H^ 
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Proof.  Let  TT  be  any  plane  not  containing  any  of  the  points  a°. 
The  boundary  of  any  a2  is  an  even  polygon  in  the  sense  of  §  187 
aad  is  met  by  TT  in  two  points  or  none,  the  two  points  being  on 
different  edges,  if  existent.  The  sum,  modulo  2,  of  two  sets  of  poly- 
gons pv  p2  each  of  which  is  met  by  ir  in  an  even  number  (regard- 
ing zero  as  even)  of  points  is  a  set  of  polygons  p  met  by  TT  in  an 
even  number  of  points ;  f or  if  TT  meets  p±  in  2  Jc±  points  and  p^  in 
2  &2  points,  and  if  &3  of  these  points  are  on  edges  common  to  p1  and 
p#  7T  must  meet  p  in  2^+2^—2^  points.  Hence  any  polygon 
which  is  a  sum  of  the  boundaries  of  the  #2's  is  met  by  tr  in  an 
even  number  of  points;  la  any  polygon  represented  by  a  symbol 
(a\>  #2,  •  •  -,  0^)  linearly  dependent  on  the  columns  of  H2  is  met  by 
TT  in  an  even  number  of  points.  Since  no  line  is  met  by  TT  in  an 
even  number  of  points,  the  symbol  representing  it  cannot  be  a  sum 
of  any  number  of  columns  of  H2. 

THEOBEM  88.  All  solutions  of  (HJ  are  linearly  dependent  on  a  set 
of  rz  (i.e.  o^  —  <ro)  linearly  independent  columns  of  H2  and  the  symbol 
(x^  a?2,  •  •  •,  a?^)  for  one  line. 

Proof.  It  has  been  shown  thai  the  rank  of  HX  is  «0— 1.  The 
number  of  variables  in  the  equations  (H1)  is  #r  The  number  of 
linearly  independent  solutions  in  a  set  on  which  all  the  rest  are 
linearly  dependent  is  therefore  a^—  #0+1.  Since  the  rank  of  H  is 
ai "~ ao>  an(^  ^ne  columns  of  H2  are  solutions  of  (H1),  there  are  a^—  aQ 
linearly  independent  columns  of  H2  which  are  solutions  of  (H1) ;  and 
since  the  solution  of  (H1)  which  represents  a  line  is  not  linearly 
dependent  on  these,  the  statement  in  the  theorem  follows. 

In  the  proof  of  Theorem  87  it  appeared  that  any  polygon  which 
is  a  sum,  modulo  2,  of  a  set  of  polygons  bounding  &2's  is  met  by  a 
plane  which  contains  none  of  its  vertices  in  an  even  number  of 
points.  Since  a  line  is  met  by  a  plane  not  containing  it  in  one  point, 
an  argument  of  the  same  type  shows  that  any  polygon  which  is  a 
sum,  modulo  2,  of  a  line  and  a  number  of  polygons  bounding  aa's 
is  met  by  a  plane  containing  none  of  its  vertices  in  an  odd  number 
of  points.  Thus  we  have,  taking  Theorem  88  into  account: 

THEOEEM  89.  DEFINITION.  A  polygon  which  is  the  sum,  modulo  $}, 
of  a  number  of  polygons  which  bound  convex  planar  regions  is  met 
by  &ny  plane  not  containing  a  vertex  in  an  emn  numh&r  of  points 
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and  is  called  an  even  polygon.  A  polygon  which  is  the  sum,  modulo  %, 
of  a  line  and  a  number  of  polygons  wh  ich  bound  convex  planar  regions 
is  met  %  any  plane  not  containing  a  vertex  in  an  odd  number  of 
points  and  is  called  an  oA^  polygon.  Any  polygon  is  either  odd  or  even. 

Suppose  a  polygon  p  is  the  sum,  modulo  2,  of  the  boundaries  of 
a  set  of  convex  regions  a?,  •••,<.  The  set  of  points  [P]  in  a*,  •  -  % 
a^  or  on  their  boundaries  is  easily  seen  (by  an  argument  analogous 
to  that  given  in  the  proof  of  Theorem  75)  to  be  a  connected  set 
By  an  extension  of  the  definition  in  §  150  p  may  be  said  to  be  the 
"boundary  of  [P].  From  this  point  of  view  an  even  polygon  is  a 
bounding  polygon  and  an  odd  polygon  is  not. 

193.  Odd  and  even  polyhedra.  It  has  been  seen  in  §  190  that 
the  solutions  of  (H2)  represent  polyhedra  or  sets  of  polyhedra.  The 
converse  is  also  true,  as  is  obvious  on  reference  to  the  definition  of 
a  polyhedron.  The  sum  of  two  symbols  (x^  x^  -  -  *,  o^)  which  repre- 
sent sets  of  polyhedra  is  a  symbol  representing  a  set  of  polyhedra. 
This  is  obvious  either  geometrically  or  from  the  algebraic  considera- 
tion that  the  sum  of  two  solutions  of  (H2)  is  a  solution  of  (H2). 

The  set  of  polyhedra  p  represented  by  the  symbol  which  is  the 
sum  of  the  symbols  for  two  sets  of  polyhedra  pl  and  pz  is  called  the 
sum,  modulo  2,  of  p1  and  p^  As  in  the  analogous  case  of  polygons, 
p  is  a  set  of  polyhedra  whose  faces  are  in  pl  or  in  p2  but  not  in  both 


The  number  of  variables  in  (Ha)  is  #2  and  the  rank  of  H2  is 
a  —a  by  Theorems  86  and  85,  Hence  the  solutions  of  (H2)  are 
linearly  dependent  on  a  set  of  as  linearly  independent  solutions. 
Since  any  as  —  1  of  the  columns  of  H8  are  linearly  independent,  such 
a  set  of  columns,  together  with  one  other  solution  linearly  independent 
of  them,  will  furnish  a  set  of  linearly  independent  solutions  of  (H2). 

The  symbol  for  any  plane  is  a  solution  of  (H2)  linearly  inde- 
pendent of  the  columns  of  H8.  For  let  I  be  any  line  meeting  no  a° 
or  a1.  Any  column  of  H3  represents  the  polyhedron  bounding  an  a*, 
and  such  a  polyhedron  is  met  by  /  in  two  points  or  none.  By 
reasoning  analogous  to  that  used  in  the  proof  of  Theorem  87,  it  fol- 
lows that  I  meets  the  sum,  modulo  2,  of  the  boundaries  of  any  number 
of  o-8's  in  an  even  number  of  points  or  none.  Since  I  meets  each  plane 
w^  in  one  point,  the  symbol  for  ir{  is  not  linearly  dependent  on  the 
columns  of  H8.  By  the  last  paragraph  we  now  have 
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THEOEEM  90.  Any  solution  of  (H^)  is  linearly  dependent  on  #s  —  1 
columns  of  Hg  and  the  symbol  for  any  one  of  the  planes  TT^  TT^  -  •  -»  TTH. 

COEOLLAEY  1.  Any  polyhedron  is  the  mm,  modulo  ®,  of  a  subset 
of  a  set  of  polyhedra  consisting  of  one  plane  and  all  polyhedra  which 
bound  convex  regions. 

Proof.  Let  TT^  ?r2,  •  -  •,  irn  be  a  set  of  planes  containing  all  vertices, 
edges,  and  faces  of  a  given  polyhedron  and  such  that  TT^  7T2, TTZ,  ir4 
are  not  concurrent.  By  the  theorem  the  given  polyhedron  is  eithei 
expressible  as  a  sum  of  the  boundaries  of  some  of  the  &8's  deter-, 
mined  by  ir^  TTS,  - « •,  Trn  or  as  a  sum  of  one  of  these  planes  and 
some  of  the  as's. 

In  the  course  of  the  argument  above  it  was  shown  that  any  poly- 
hedron expressible  in  terms  of  the  boundaries  of  the  &8*s  was  met  in 
an  even  number  of  points  by  any  line  not  meeting  an  a°  or  an  a\ 
One  of  the  planes  TT^  w2,  •  •  -,  irn  is  met  by  such  a  line  in  one  point. 
Hence  any  polyhedron  which  is  the  sum  of  such  a  plane  and  a  number 
of  the  boundaries  of  as's  is  met  by  this  line  in  an  odd  number  of 
points.  Hence 

COROLLARY  2.  DEFINITION.  A  polyhedron  which  is  the  sum, 
modulo  &y  of  a  number  of  boundaries  of  convex  three-dimensional 
regions  is  intt  in  an  even  -number  of  points  by  any  line  not  meeting 
a  vertex  or  an  edge.  Such  a  polyhedron  is  said  to  be  even.  A  poly- 
hedron  which  is  the  sum,  modulo  &,  of  a  plane  and  a  number  of 
boundaries  of  convex  three-dimensional  regions  is  met  in  an  odd 
number  of  points  by  any  line  not  meeting  a  vertex  or  an  edge.  Such 
a  polygon  is  said  to  be  odd. 

EXERCISE 

Let  p  be  a  polygon  and  ?r  a  polyhedron  such  that  ?r  contains  no  vertex  of 
p  and  p  contain$  no  vertex  or  edge  of  TT.  If  p  and  ir  are  both,  odd  they  hare 
an  odd  number  of  points  in  common.  If  one  of  them  is  even  they  have  an 
even  number  (or  zero)  of  points  in  common. 

194.  Regions  bounded  by  a  polyhedron.  An  even  polyhedron  p 
is  the  sum  of  the  boundaries  of  a  set  of  convex  three-dimensional 
polyhedral  regions,  and  we  may  assign  the  notation  so  that  these 
regions  are  denoted  by  #'£  ^  . .  .9  #«. 

The  polyhedron  p  is  also  the  sum  of  the  boundaries  of 
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because  the  sum  of  all  the  columns  of  H3  is  (0,  0,  •  *  -,  0).  There  is 
no  other  linear  expression  for  p  in  terms  of  the  boundaries  of  the 
a3's,  because  there  is  only  one  linear  relation  among  the  columns 
of  H3. 

This  is  all  a  direct  generalization  of  what  is  said  at  the  beginning 
of  §  187.  As  in  §  187,  it  is  easily  seen  that  the  points  of  ai3,  a23,  •  *  -,  a*3, 
together  with  those  points  of  their  boundaries  which  are  not  on  p, 
constitute  a  region  bounded  by  p;  and  that  the  points  of  a*3,  ak+i3, 
•  •  •,  aaz\  together  with  those  points  of  their  boundaries  which  are 
not  on  p,  constitute  a  second  region  bounded  by  p.  With  a  few  addi- 
tional details  (which  are  generalizations  of  those  given  in  the  proof 
of  Theorem  75)  this  constitutes  the  proof  of  the  following  theorem  : 

THEOREM  91.  Any  even  polyhedron  is  the  boundary  of  each  of  two 
and  only  two  regions  which  contain  all  points  of  space  not  on  the 
polyhedron.  These  regions  are  such  that  any  broken  line  joining  a 
point  of  one  region  to  a  point  of  the  other  contains  a  point  of  the 
polyhedron.  Any  two  points  of  the  same  region  can  be  joined  by  a 
broken  line  consisting  entirely  of  points  of  the  region, 

By  a  similar  generalization  of  Theorem  76,  we  obtain 

THEOREM  92.  Any  odd  polyhedron  is  the  boundary  of  a  single 
region  containing  all  points  not  on  the  polyhedron.  Any  two  points 
of  this  region  can  be  joined  by  a  broken  line  not  containing  any  point 
of  the  polyhedron. 

COROLLARY.  Any  point  P  on  a  polyhedron  can  be  joined  to  any 
point  not  on  it  by  a  broken  line  containing  no  point  of  the  polyhedron 
except  P. 

195,  The  matrices  Ei  and  E2  for  the  projective  plane.  DEFINITION. 

A  segment,  interval,  broken  line,  polygon,  two-dimensional  convex 
region,  or  three-dimensional  convex  region  associated  with  a  sense- 
class  among  its  points  is  called  an  oriented  or  directed  segment, 
interval,  broken  line,  polygon,  two-dimensional  convex  region,  or 
three-dimensional  convex  region. 

DEFINITION.  Let  a1  be  any  segment  which,  with  its  ends  A  and  J5, 
is  contained  in  a  segment  $,  and  let  s1  denote  the  oriented  segment 
obtained  by  associating  a1  with  one  of  its  sense-classes.  The  sense- 
class  of  s1  is  contained  in  a  sense-class  of  s  which  is  either  S(AO) 
or  S(OA)  if  0  is  any  point  of  a1.  In  the  first  case  A  is  said  to  be 


§195] 


MATEICES  OF  OBIENTATION 


485 


positively  related  to  s1  and  in  the  second  ease  A  is  said  to  be  nega- 
tively related  to  sl. 

To  aid  the  intuition,  we  may  think  of  an  oriented  segment  as  marked  with 
an  arrow,  the  head  of  which  is  at  the  end  which  is  positively  related  to  the 
oriented  segment. 

Obviously,  if  one  end  of  an  oriented  segment  is  positively  related 
to  it,  the  other  end  is  negatively  related  to  it,  and  vice  versa. 

DEFINITION.  The  sense-class  S(A1AfA^  of  a  polygon^^2  -  -  -  A^ 
and  the  sense-class  S  (AB)  on  the  edge  A^2  are  said  to  agree  in 
case  of  the  order  {A^ABA^  and  to  disagree  in  case  of  the  order 
{AJIAA}. 

Eeturning  to  the  notation  of  §  185,  the  segments  a^  •  •  ;  a*  may 
each  be  associated  with  two  senses.  They  thus  give  rise  to  %al 
directed  segments.  Assigning  an  arbitrary  one  of  the  two  senses  to 
each  a1,  we  have  a1  oriented  segments  to  which  we  may  assign  the 
notation  s},  •  •  -,  s^.  We  shall  denote  the  oriented  segment  obtained 
by  changing  the  sense-class  of  s/  by  —  s?  and  call  it  the  negative  of  s1. 

The  relations  of  the  sv&  to  the  points  a°,  •  •  -,  a°o  may  be  indicated 
by  means  of  a  matrix  which  we  shall  call  Er  In  the  matrix  E1 
the  element  of  the  ith  row  and  /th  column  shall  be  1,  —  1,  or  0, 
according  as  the  point  a?  is  positively  related  to,  negatively  related 
to,  or  not  an  end  of,  the  oriented  segment  s}. 

It  is  clear  that  the  signs  1  and  —  1  are  interchanged  in  the  /th. 
column  of  this  matrix  if  the  sense-class  of  sj-  is  changed.  Since  the 
sense-class  of  each  segment  is  arbitrary,  a  matrix  equivalent  to  Ex 
can  be  obtained  from  the  matrix  Ha,  §  186,  by  arbitrarily  changing 
one  and  only  one  1  in  each  column  to  —  1. 

In  the  case  of  the  triangle,  by  letting  the  segments  a,  a,  &  ft,  7, 7 
give  rise  to  sl9  s2,  •  ;°*,$6  respectively,  we  derive  the  following  matrix 
feam  Hj  of  §151: 


si 

*2 

S3 

*4 

*5 

*• 

A 

0 

0 

1 

1 

1 

1 

B 

1 

1 

0 

0 

-1 

-1 

C 

-1 

-1 

-1 

^ 

0 

0 

The  elements  of  the  matrix  El  may  be  regarded  as  the  coefficients 
of  a  set  of  linear  equations  analogous  to  ttie  equations  (Hj)  of  §186, 
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where,  however,  the  variables  and  coefficients  are  nofc  reduced  with 
respect  to  any  modulus.  These  equations  arise  as  follows  : 

Let  (x^  a?g,  *  -  -,  x^  be  a  symbol  in  which  the  %*&  can  take  on  any 
integral  values,  positive,  negative,  or  zero,  and  let  this  symbol  rep- 
resent a  set  of  oriented  segments  comprising  $/  counted  xi  times  if 
xi  is  positive,  —  s}  counted  —  xi  times  if  xi  is  negative,  and  neither 
si  nor  —  $/  if  xt  is  zero,  i  taking  on  the  values  1,  2,  *  •  -,  #r 

The  sense-class  of  an  oriented  polygon  agrees  with  a  definite  sense- 
class  of  each  of  its  sides  and  thus  determines  a  set  of  oriented  seg- 
ments. The  symbol  (xl9  x^  •  •  -,  x^  for  this  set  of  oriented  segments 
may  also  be  regarded  as  a  symbol  for  the  oriented  polygon.  Each 
vertex  of  the  polygon  is  positively  related  to  one  of  the  oriented 
segments  represented  by  (^  o?a,  •  •  •,  xa)  and  negatively  related  to 
another.  Thus  if  s}  and  sj  meet  at  a  certain  vertex  to  which  they 
are  both  positively  related  according  to  the  matrix  Ex,  we  have 
that  a?£=l  and  a?y=  —  1  or  that  0?,=  —  1  and  %=1  in  the  symbol 
{#,•••,  a?  )  for  any  directed  polygon  containing  the  sides  at  and  ar 
The  x's  corresponding  to  the  segments  not  in  the  polygon  must  of 
course  be  zero.  Hence  the  symbol  (a^,  •  *  •,  x^  must  satisfy  the 
linear  equation  whose  coefficients  are  given  by  the  row  of  Ex  cor- 
responding to  the  vertex  in  question.  If  s*  and  s^  are  oppositely 
related  to  a  vertex  according  to  the  matrix  Ex,  we  must  have  #~1 
and  Xj  =  l  or  x~  —  l  and  #,.=  —  1  in  the  symbol  for  any  directed 
polygon  containing  the  sides  ^  and  af  Hence  in  this  case  also  the 
linear  equation  given  by  the  corresponding  row  of  ^  must  be  satis- 
fied. Finally,  the  equation  given  by  a  row  of  Ex  corresponding  to 
a  point  which  is  not  a  vertex  of  the  polygon  is  satisfied  because 
all  the  aj.'s  corresponding  to  edges  meeting  at  that  point  are  zero. 
Hence  the  symbol  for  a  directed  polygon  must  le  a  solution  of  the 
linear  equations  whose  coefficients  are  the  elements  of  the  rows  of  the 
matrix  Er  These  equations  shall  be  denoted  by  (Ej).  In  the  case  of 
the  triangle  they  are 

(6) 


By  reasoning  entirely  analogous  to  that  of  §  186,  it  follows  that 
any  solution  of  (Ex)  in  integers  represents  one  or  more  directed 
simple  polygons.  The  situation  here  differs  from  that  described  in 
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the  modulo  2  case,  in  that  the  same  side  may  enter  into  more  than 
one  polygon  and  the  same  polygon  may  be  counted  any  number  of 
times  in  a  set  of  polygons. 

Since  each  column  of  the  matrix  Ex  contains  just  one  1  and 
one  —  1,  the  sum  of  the  left-hand  members  of  the  equations  (Ex) 
vanishes  identically.  There  can  be  no  other  linear  homogeneous 
relation  among  the  equations  (E^,  because  the  matrix  Ex  and  the 
equations  (E^  when  reduced  modulo  2  are  the  same  as  Hj  and 
(HJ,  and  so  any  linear  relation  among  the  equations  (Ea)  would 
imply  one  among  (HJ.*  Hence  the  number  of  linearly  independent 
equations  of  (E^  is  aQ— 1.  The  number  of  variables  being  al9  the 
number  of  linearly  independent  solutions  is  a^  —  #0~f-L  In  view  of 
Theorem  74,  this  number  is  equal  to  a^. 

It  will  be  recalled  that  in  the  modulo  2  case  one  class  of  solu- 
tions of  Equations  (H1)  is  given  by  the  columns  of  the  matrix  H2. 
These  columns  are  the  notation  for  the  polygons  bounding  the  con- 
vex regions  a},  •  •  -,  a^.  If  each  of  these  polygons  be  replaced  by 
one  of  the  two  corresponding  directed  polygons,  a  set  of  solutions  is 
determined  for  the  equations  (EJ.  These  solutions  are  obtained 
directly  from  the  matrix  H2  by  introducing  minus  signs  so  that  the 
columns  become  solutions  of  (Ex).  This  is  possible  in  just  two  ways 
for  each  column,  because  each  polygon  bounding  an  a2  has  two  and 
only  two  sense-classes.  A  matrix  so  obtained  shall  be  denoted  by 
E2.  In  the  case  of  the  triangle  such  a  matrix  is 


/     0 

—  1 

0 

1' 

1 

0 

-1 

0 

0 

1 

1 

0 

_  1 

0 

0 

-1 

0 

0 

1 

-1 

1 

-1 

0 

o 

It  is  evident  on  inspection  that  the  rank  of  this  matrix  is  equal 
to  the  number  of  columns.  That  is  to  say,  unlike  those  of  H2,  the 

*  The  coefficients  of  any  linear  homogeneous  relation  among  the  rows  of  Ej^  may 
be  taken  as  integers  having  no  common  factor.  Hence  on  reducing  modulo  2  it 
would  yield  a  linear  relation  among  the  rows  of  H1.  But  as  the  only  linear  relation 
among  the  rows  of  Hj  is  that  the  sum  of  all  the  rows  is  zero,  there  is  no  linear  rela- 
tion among  the  rows  of  Ex  not  involving  all  the  rows.  There  could  not  be  two  spch 
relations  among  all  the  rows  of  Bt,  because  by  combining  them  we  could  derive  a 
relation  involving  a  subset  of  the  rows. 


488  THEOREMS  ON  SENSE  AND  SEPARATION  [CHAP.  IX 

columns  of  E2  are  linearly  independent  The  same  proposition  holds 
good  for  the  matrix  E2  in  the  general  case.  This  can  be  proved  as 
follows : 

By  the  reasoning  used  above  for  the  rows  of  Ex  and  H1?  it  fol- 
lows that  any  linear  relation  among  the  columns  of  E2  implies  one 
among  the  columns  of  H2.  Since  the  only  such  relation  among  the 
columns  of  H2  involves  all  the  columns,  we  need  only  investigate 
linear  homogeneous  relations  among  the  columns  of  E2  in  which  all 
the  coefficients  are  different  from  zero.  If  such  a  relation  existed, 
two  columns  of  E2  corresponding  to  regions  having  an  edge  in 
common  would  have  numerically  equal  multipliers  in  the  relation, 
else  the  elements  corresponding  to  the  common  edge  would  not 
cancel.  But  since  any  two  of  the  convex  regions  a*  can  be  joined 
by  a  broken  line  consisting  only  of  points  of  these  regions  and  of 
the  edges  of  their  bounding  polygons,  it  follows  that  all  the  coeffi- 
cients in  the  relation  would  be  numerically  equal,  te.  they  could  all 
be  taken  as  -h  1  or  —  L 

Now  the  n  lines  l^  -  • «,  ln  containing  all  the  points  and  segments 
of  our  figure  are  not  all  concurrent ;  three  of  them,  say  l^  ?2,  /3,  form 
a  triangle.  Let  us  add  together  all  the  terms  of  the  supposed  rela- 
tion corresponding  to  regions  a2  in  one  of  the  four  triangular  regions 
determined  by  /x,  /3,  l^.  The  elements  corresponding  to  edges  interior 
to  this  triangular  region  must  all  cancel,  because  they  cannot  cancel 
against  terms  corresponding  to  regions  &2  exterior  to  the  triangular 
region.  The  sum  must  represent  an  oriented  polygon  of  which  the 
edges  are  all  on  the  boundary  of  the  triangular  region.  This  oriented 
polygon,  by  §  183,  must  be  identical  with  the  boundary  of  the  tri- 
angular regions  associated  with  one  of  its  two  sense-classes.  If  we 
operate  similarly  with  the  other  three  triangular  regions  determined 
by  119  Ip  l^  we  obtain  three  other  oriented  polygons.  But  since  the 
linear  combination  of  the  columns  of  E2  is  supposed  to  vanish,  each 
edge  of  the  four  triangular  regions  should  appear  once  with  one 
sense  and  once  with  the  opposite  sense,  and  this  would  imply  that 
in  the  case  of  a  triangle  there  would  exist  a  linear  homogeneous 
relation  among  the  columns  of  E2,  contrary  to  the  observation  above. 
Hence  in  every  case  the  a^  columns  of  E2  are  linearly  independent. 

Since  there  are  only  an  linearly  independent  solutions  of  the  Equa- 
tions (EJ,  it  follows  that  all  the  solutions  of  (E^)  are  linearly 
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dependent  on  the  columns  of  Eg.    This  is  in  sharp  contrast  with  the 
property  of  the  equations  (H^  stated  at  the  end  of  §  186. 

196.  Odd  and  even  polygons  in  the  protective  plane.  Let  us  apply 
the  results  of  the  section  above  to  the  theory  of  odd  and  even  poly- 
gons. Since  any  polygon  is  expressible  in  terms  of  the  columns  of 
E2,  an  odd  polygon  must  be  so  expressible.  Let  us  write  this  expres- 
sion in  the  form  £ 


where  sft  ••-,«£  represent  the  columns  of  E2,  p  is  the  symbol  for 
the  given  oriented  polygon,  and  p  and  yl9  •  •  •,  y^  are  integers  which 
may  be  taken  so  as  not  to  have  a  common  factor. 

Since  the  coefficients  do  not  have  2  as  a  common  factor,  (7)  does 
not  vanish  entirely  when  reduced  modulo  2.  But  since  an  odd  polygon 
is  not  expressible  in  terms  of  the  columns  of  H2,  p  must  contain  the 
factor  2,  and  (7)  must  reduce,  modulo  2,  to  an  identity  among  the 
columns  of  Hfi.  The  only  such  identity  is  the  one  involving  all 
the  columns  of  H2.  Hence  the  y/s  are  all  odd.  But  in  order  that 
the  edges  not  on  the  odd  polygon  p  shall  vanish,  the  y's  correspond- 
ing to  s2's  having  an  edge  in  common  must  be  equal.  Since  any  two 
points  not  on  p  can  be  joined  by  a  broken  line  not  meeting  p 
(Theorem  76),  it  follows  that  all  the  y'a  are  equal  If  they  are  all 
taken  equal  to  ±  Jc,  it  is  obvious  that  p  =  2Jc.  Hence  we  have  the 
theorem : 

THEOREM  93.  The  symbol  p  for  any  odd  polygon  is  expressible  in 
the  form  ^ 

(8)  2p=JeA?, 

f=l 

where  each  e{  is  +1  or  -—  1. 

This  theorem  may  be  verified  in  a  special  case  by  adding  the  columns  of 
the  matrix  E2  given  above  for  a  triangle.  The  sum  is  (0,  0,  2,  —  2,  0,  0),  which 
represents  a  line  counted  twice.  The  number  2  is  called  the  coefficient  of  torsion 
of  the  two-sided  polygon  (cf .  Poincare*,  Proceedings  of  the  London  Mathematical 
Society,  Vol.  XXXII  (1900),  p.  277.  The  systematic  use  of  the  matrices  EI}  B3, 
etc.  is  due  to  Poincare). 

Another  form  of  statement  for  Theorem  93  is  the  following :  If  the 
region  bounded  by  an  odd  polygon  p  be  decomposed  into  convex  regions 
each  bounded  by  an  even  polygon,  each  edge  of  p  is  on  th&  boundary  of 
two  of  these  convex  regions. 
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An  even  polygon  p  Is  also  expressible  in  the  form  (7).  Aside 
from  a  common  factor  of  all  the  coefficients,  there  is  only  one  ex- 
pression for  p  of  the  form  (7),  for  if  not,  by  eliminating  p  we  could 
obtain  a  linear  homogeneous  relation  among  the  columns  of  Eg. 

Let  R  be  one  of  the  two  regions  bounded  (Theorem  75)  by  p9 
which  contains  one  of  the  convex  regions  a\  for  which  the  corre- 
sponding yi  in  (7)  is  not  zero.  Any  two  s2's  corresponding  to  a?s 
having  an  edge  in  common  must  be  multiplied  by  numerically 
equal  y's  in  (7)  in  order  that  the  symbol  for  the  common  edge 
shall  not  appear  in  p.  Since  any  two  points  of  R  can  be  joined  by 
a  broken  line  consisting  entirely  of  points  of  R,  this  implies  that 
tiie  coefficients  yi  corresponding  to  the  a*'$  in  R  are  all  numerically 
equal  to  an  integer  ft.  From  this  it  follows  that  the  sum  of  the 
terms  in  the  right-hand  member  of  (7)  which  correspond  to  a?*s  in 
R  is  equal  to  p,  because  each  edge  of  p  is  an  edge  of  one  and  only 
one  of  the  &2>s  in  R.  Since  the  equality  just  found  is  of  the  form 
(7),  and  (7)  is  unique,  we  have  that  p  and  yx,  •  •  -,  y*s  are  all  numeri- 
cally equal  to  ft.  Obviously  the  factor  ft  can  be  divided  out  of  (7). 
Hence  we  have 

THEOREM  94  The  symbol  p  for  an  even  polygon  is  expressible  in 
the  form 

(9)  P 


where  et  is  0  or  4-  1  or  —  1.  The  af's  such  that  the  e{'s  with  the  same 
subscripts  are  not  zero  are  the  a?'s  in  one  of  the  regions  R  referred  to 
in  Theorem  75. 

DEFINITION.  By  the  interior  (or  inside)  of  an  even  polygon  is  meant 
that  one  of  the  two  regions  determined  according  to  Theorem  94 
which  contains  the  aj's  having  the  same  subscripts  as  the  non-zero 
e/s  in  (9).  The  other  region  is  called  the  exterior  of  the  polygon. 

EXERCISE 

Identify  the  interior  of  a  two-sided  polygon  as  defined  above  with  the 
interior  as  defined  in  §  187. 

197.    One-  and  two-sided  polygonal  regions.    Let  Ar  A#  •  •  -,  An 

be  a  polygon  which  is  the  boundary  of  a  convex  region  R  for  which 
there  is  a  convex  region  R'  containing  R  and  its  boundary.  If  0  and 
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Ol  are  any  two  points  of  R,  then  S^A^A^S^A^)  (cf.  §  161)  with 
respect  to  R'  because  0  and  O1  are  on  the  same  side  of  the  mte  A^  in 
R'.  Agaui, 


because  Al  and  AB  are  on  opposite  sides  of  the  line  OA^  A^  and  A± 
are  on  opposite  sides  of  the  line  OAS,  etc. 

A  sense-class  in  R,  which  we  shall  call  positive,  determines  a 
positive  sense-class  in  any  convex  region  R'  containing  R,  i.e.  the 
sense-class  containing  the  given  sense-class  of  R.  This,  in  view  of 
the  paragraph  above,  determines  a  unique  sense-class  on  the  poly- 
gon bounding  R,  by  the  rule  that  if  8(0  A^A^  is  positive,  where  0 
is  in  R,  then  S(AlAyA^  is  positive  on  the  boundary  of  R;  and  if 
S(OAtAJ  is  positive,  then  S(A2A1An)  is  positive  on  the  boundary  of  R. 
From  §  161  it  follows  without  difficulty  that  this  determination  is 
independent  of  the  choice  of  the  convex  region  R'. 

Conversely,  it  is  obvious  that  by  this  rule  a  sense-class  on  the 
boundary  of  R  determines  a  definite  sense-class  in  R. 

DEFINITION.  Let  a2  be  any  planar  convex  region  which,  with  its 
boundary,  is  contained  in  a  convex  planar  region  R,  and  let  a1  be 
any  segment  on  the  boundary  of  a2.  Let  s1  denote  the  oriented 
segment  obtained  by  associating  a1  with  one  of  its  sense-classes, 
and  s2  denote  the  oriented  region  obtained  by  associating  &2  with 
one  of  its  sense-classes.  The  sense-class  of  s2  is  contained  in  a 
certain  sense-class  of  R  which  may  be  denoted  by  S(OAB),  where 
0  is  in  a2  and  A  and  B  are  on  a\  If  S(AB)  is  the  sense-class  of 
$\  then  sl  and  s2  are  said  to  be  positively  related  ;  and  if  S(AB)  is  not 
the  sense-class  of  s\  they  are  said  to  be  negatively  related. 

As  pointed  out  above,  this  definition  is  independent  of  the  choice 
of  R.  Let  RI  and  R2  be  two  convex  regions  having  no  point  in  com- 
mon and  bounded  by  two  polygons  A:A2A&  •  -  •  Am  and  A^AJft^  •  -  -  Bm 
respectively  which  have  in  common  only  the  vertices  Al  and  A^  and 
the  points  of  the  e(lge  AtA2.  Suppose,  also,  that  Rx,  R2  and  their 
boundaries  are  contained  in  a  convex  region  R.  These  conditions  are 
satisfied  if  R1  and  R2  are  #2's,  and  A^A^  is  an  a1,  determined  by  a  set 
of  lines  four  of  which  are  such  that  no  three  are  concurrent. 

The  rule  given  above  for  determining  positive  sense  on  the 
boundaries  of  Rt  and  R2  requires  that  if  S,(OA  A^  is  positive  for 
0  a  point  of  R,,  then  S  (A^dA2)  must  be  positive  on  tlie  boundary 
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of  Rt,  where  A  is  a  point  of  the  edge  A^  If  #  is  any  point  of  R2, 
it  is  on  the  opposite  side  of  the  line  A^  from  0  in  R.  Hence 
S(C?A,A£  is  positive,  and  hence  S(AXAA1)  must  be  the  positive  sense- 
class  on  the  boundary  of  R. 

Let  R  and  R0  be  two  of  the  a2's  determined  by  a  set  of  lines 
I9b-  •  'ik  *et  ^e  boundary  of  R1  associated  with  the  positive 
sense-class  as  determined  in  the  last  paragraph  be  denoted  by 
(x ,  x«,  •••>%«)  according  to  the  notation  of  §195;  and  let  the 
boundary  of  Rg  associated  with  the  positive  sense-class  determined 
at  the  same  time  be  (y1?  y2,  -  -  •,  y^  The  notation  may  be  assigned 
so  that  xI  and  yl  refer  to  the  edge  A^  common  to  the  boundaries 
of  Rx  and  R2.  In  this  case,  if  ^=1,  ^=  —  1,  and  if  ^=-1,  yx=  +  l; 
for  the  positive  sense  for  the  boundary  of  R1  is  S  (A:AA2)  and  for 
the  boundary  of  R2  is  S  (A^AA^.  Hence  the  sum  of  the  two  sym- 
bols (xiy  a?9,  •  • .,  xa)  and  (y1?  ya,  -  -  -,  ytfj)  is  the  symbol  for  the  bound- 
ary of  the  region  R'  composed  of  Rx,  R2  and  the  common  edge  A^A^ 
this  boundary  being  associated  with  a  sense-class  Sr  which  agrees 
with  the  positive  sense-class  on  any  edge  of  the  boundary  of  RX  or 
R  which  is  an  edge  of  the  boundary  of  R'. 

By  repeated  use  of  these  considerations  it  follows  that  if  a  set  of 
a?'s  with  their  boundaries  constitute  a  convex  region  R  and  its 
boundary,  the  symbol  (x^  #a,  •  -  -,  x^  for  the  boundary  of  R  asso- 
ciated with  a  sense-class  which  is  designated  as  positive,  is  the  sum 
of  the  symbols  for  the  boundaries  of  the  #3's,  each  associated  with 
its  positive  sense-class.  In  other  words,  the  symbol  for  the  boundary 
of  R  associated  with  its  positive  sense-class  is  the  sum  of  a  set  of 
columns  of  H2,  each  multiplied  by  -f- 1  or  —  1  so  that  it  shall  be  the 
symbol  for  the  boundary  of  the  corresponding  a?  associated  with  the 
sense-class  which  is  positive  relatively  to  the  positive  sense-class 
of  R.  By  comparison  with  Theorem  94,  it  follows  (as  is  obvious 
from  other  considerations  also)  that  any  polygon  which  is  the 
boundary  of  a  convex  region  is  even. 

The  argument  in  the  paragraph  above  applies  without  essential 
modification  to  any  region  bounded  by  a  polygon  and  having  a 
unique  determination  of  sense  according  to  §  168.  Hence  any  poly- 
gon bounding  a  two-sided  region  is  even. 

Moreover  the  steps  of  the  argument  may  be  reversed  as  follows : 
If  the  symbol  for  any  oriented  polygon  p  be  expressible  in  terms 
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of  the  columns  of  H2,  in  the  form  (7),  where  the  non-zero  coefficients 
are  eiiy  e^,  •  •  •,  e^,  p  is  the  boundary  of  the  region  R  consisting  of 
an2;  a*22>  "  "  •>  ^*2  &&&  those  points  of  their  boundaries  which  are  not 
on  p.  If  R'  is  a  convex  region  contained  in  R,  and  its  positive 
sense-class  be  determined  as  agreeing  with  the  positive  sense-class  of 
one  of  the  regions  a^2,  at-/,  -  •  -,  aijfc2,  it  must  agree  with  that  of  every 
a2  with  which  it  has  a  point  in  common  ;  for  otherwise  the  symbols 
for  the  common  edges  of  two  of  the  a2's  would  not  cancel  in  (7). 
If  R7'  is  any  other  convex  region  contained  in  R,  and  its  positive 
sense-class  is  also  determined  by  this  rule,  the  positive  sense-classes 
of  R'  and  R"  must,  by  definition,  agree  in  any  region  common  to 
R7  and  R".  Hence  R  is  two-sided  according  to  §  168.  Thus  we 
have  by  comparison  with  §  196 

THEOREM  95.    The  interior  of  an  even  polygon  is  a  two-sided  region. 

198.  One-  and  two-sided  polyhedra.  Let  the  vertices  of  a  poly- 
hedron be  denoted  by  ai°,  a2°,  -  •  •,  aao°,  the  edges  by  ai1,  a*1,  -  -  -,  a^1 
and  the  faces  by  ai2,  a22,  •  •  *,  a«22.  Assigning  an  arbitrary  one  of  its 
sense-classes  to  each  edge,  there  is  determined  a  set  of  oriented 
segments  Si1,  s*1,  •  •  •,  $<*/  and  a  matrix 

Ei  =(€,,!), 

in  which  i  =  1,  2,  *  •  •,  a0;  j  =  1,  2,  *  -  -,  ai  ;  and  e^1  is  +  1,  —  1,  or 
0,  according  as  a*0  is  positively  related  to,  negatively  related  to,  or 
not  an  end  of  s,1. 

Assigning  an  arbitrary  one  of  its  sense-classes  to  each  face,  there 
is  determined  a  set  of  oriented  planar  convex  regions  Si2,  s<f,  -  «  -,  saaa 
and  a  matrix  ™ 


in  which  i  =  1,  2,  *  •  •,  0:1  ;  j  =  1,  2,  •  •  -,  a?2  ;  and  ei32  is  +  1,  —  1,  or  0, 
according  as  s*1  is  positively  related  to  (cf.  §  197),  negatively  related 
to,  or  not  on  the  boundary  of  s32.  By  the  last  section  each  column 
of  E2  is  the  symbol  (xi,  x%,  •  •  -,  xai),  in  the  sense  explained  in  §  195, 
for  an  oriented  polygon  obtained  by  associating  the  polygon  bound- 
ing one  of  the  a^s  with  one  of  its  sense-classes.  Changing  the  sense- 
class  assigned  to  any  a2  to  determine  the  corresponding  s2  amounts  to 
multiplying  all  elements  of  the  corresponding  column  of  E2  by  —  1. 
For  simplicity  let  us  at  first  restrict  attention  to  polyhedra  in 
which  each  edge  is  on  the  boundaries  of  two  ancl  only  two  faces. 


494  THEOREMS  OiT  SENSE  AjtfD  SEFAEATION    [CHAP.  IX 

In  this  case  there  are  just  two  non-zero  elements  in  each  row  of  E2. 
Hence  the  sum  of  the  columns  of  E2  will  reduce  to  (0,  0,  •  •  •,  0)  if 
and  only  if  the  sense-classes  have  been  assigned  to  the  faces  of  the 
polyhedron  in  such  a  way  that  one  of  these  elements  is  4- 1  and 
the'  other  —  1  in  each  row.  This  means  that  each  s1  is  positively 
related  to  one  of  the  r's  on  whose  boundary  it  is  and  negatively 
related  to  the  other.  Thus  the  faces  are  related  as  are  the  a?'s 
which  constitute  a  two-sided  region  bounded  by  an  even  polygon 
in  the  plane  (§  197). 

DEFINITION.  A  polyhedron  for  which  the  sense-classes  can  be 
assigned  to  the  edges  and  faces  in  such  a  way  that  each  edge  is 
positively  related  to  one  of  the  faces  on  whose  boundary  it  is  and 
negatively  related  to  the  other,  is  said  to  be  two-sided,  or  bilateral ; 
and  one  for  which  this  assignment  of  sense-classes  is  not  possible  is 
said  to  be  one-sided,  or  unilateral. 

Changing  the  assignment  of  sense-classes  on  an  edge  amounts 
merely  to  multiplying  the  corresponding  column  of  Ex  and  row  of 
E  by  —  1,  and  changing  the  assignment  of  sense-classes  on  a  face 
amounts  to  the  same  operation  on  a  column  of  E2.  Consequently 
the  polyhedron  is  two-sided  if  there  is  a  linear  relation  whose  coeffi- 
cients are  1's  and  —  1's  among  all  the  columns  of  Ea,  and  it  is  one- 
sided if  there  is  no  such  relation.  It  is  also  obvious  from  these 
considerations  that  if  a  polyhedron  satisfies  the  definition  of  two- 
sidedness  (or  of  one-sidedness)  for  one  assignment  of  sense-classes  to 
its  edges,  it  does  so  for  all  assignments.  We  therefore  infer  at  once : 

THEOREM  96.  A  polyhedron  is  one-  or  two-sided  according  as  the 
rank  of  E2  is  a2  or  a2—  1. 

By  reference  to  §  195  we  find 

COROLLARY.   The  protective  plane  is  a  one-sided  polyhedron. 

In  tlie  case  of  any  polyhedron  in  which  each  edge  is  on  the  boundary  of 
only  two  faces,  it  is  seen  that  the  only  possible  linear  relation  among  the 
columns  of  Eg  reduces  to  one  in  which  each  coefficient  is  + 1  or  —  1,  for  any 
other  relation  would  imply  that  a  subset  of  the  faces  determines  a  polyhedron. 

THEOREM  97.  A  polyhedron  bounding  a  convex  region  R  which  is 
contained  with  its  boundary  in  a  convex  region  R;,  is  two-sided. 

Proof.  Let  sense-classes  be  assigned  to  the  edges  in  an  arbitrary 
way,  but  let  sense-classes  be  assigned  to  the  faces  according  to  the 
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following  rule:  Let  a  given  sense-class  S(PQET)  in  R'  be  desig- 
nated as  positive.  Let  O  be  any  point  of  R  and  A,  B,  (7,  three  non- 
collinear  points  of  a  face  of  the  polyhedron.  The  sense-class  S(ABC) 
is  assigned  to  this  face  if  and  only  if  S(OABC)  is  positive. 

There  is  no  difficulty  in  proving  that  if  C  and  D  are  two  points 
of  an  edge  s/  of  the  polyhedron  bounding  R,  and  E  and  S1  points 
of  the  two  faces  having  this  edge  on  their  boundaries,  then  E  and 
Ef  are  on  opposite  sides  of  the  plane  OCD.  Hence 

S(OCDE)  ¥=  S(OCDEf). 

Hence  the  sense-classes  are  assigned  according  to  the  rule  above  to 
the  two  faces  having  the  edge  si  on  their  boundaries  in  such  a  way 
that  si  is  positively  related  to  one  and  negatively  related  to  the  other, 

DEFINITION.  By  an  oriented  polyhedron  is  meant  the  set  of  oriented 
two-dimensional  convex  regions  [s2]  obtained  by  associating  each  face 
of  a  two-sided  polyhedron  with  a  sense-class  in  such  a  way  that  if 
sense-classes  are  assigned  arbitrarily  to  the  edges  to  determine  directed 
segments,  each  of  these  directed  segments  is  positively  related  to  one 
of  the  oriented  two-dimensional  convex  regions  on  whose  boundary 
it  is  and  negatively  related  to  the  other.  The  $2's  are  called  the 
oriented  faces  of  the  oriented  polyhedron,  and  the  s**&  its  oriented 
edges. 

OOEOLLAKY.  A  given  two-sided  polyhedron  determines  two  and  only 
two  oriented  polyhedra  according  to  the  definition  above. 

DEFINITION.  Let  cf  be  a  three-dimensional  convex  region  which 
is  contained  with  its  boundary  in  a  convex  region  R,  and  az  a  two- 
dimensional  convex  region  on  the  boundary  of  a\  Let  s8  denote  a* 
associated  with  one  of  its  sense-classes,  and  let  s*  denote  a*  associated 
with  one  of  its  sense-classes.  The  sense-class  of  s*  is  contained  in 
one  of  the  sense-classes,  say  S,  of  R.  Let  0  be  a  point  of  o>8,  and 
A,  B,  C  three  points  of  &2,  such  that  S(OABC)  is  S.  Then  if  S(A£C) 
is  the  sense-class  associated  with  a2  to  form  s\  s2  and  £  are  said  to 
be  positively  related.  Otherwise  they  are  said  to  be  negatively  related. 

By  §  161  this  definition  is  independent  of  any  particular  choice 
of  the  convex  region  R  containing  a3  and  its  boundary.  From  what 
has  been  proved  above  it  follows  that  if  each  a2  on  the  boundary 
of  an  aB  is  associated  with,  a  sease-class  in  such  a  way  as  to  be  posi- 
tively related  to  the  oriented  region  determined  by  a*  and  one  of  its 
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sense-classes,  this  set  of  oriented  two-dimensional  convex  regions  is 
an  oriented  polyhedron. 

The  definitions  made  in  this  section  are  extended  to  polyhedra 
in  which  each  edge  is  on  an  even  number  of  faces  (instead  of  only 
two,  as  we  have  been  supposing)  as  follows  : 

DJBFINITIOK.  A  polyhedron  is  said  to  be  two-sided  if  sense-classes 
can  be  assigned  to  the  edges  and  faces  in  such  a  way  that  each 
resulting  oriented  edge  is  positively  related  and  negatively  related  to 
equal  numbers  of  the  resulting  oriented  faces. 

EXERCISES 

1.  An  odd  polyhedron  is  one-sided  and  an  even  polyhedron  is  two-sided. 

2.  Make  a  discussion  of  one-  and  'two-sided  polyhedral  regions  in  space 
analogous  to  the  discussion  for  the  two-dimensional  case  in  §  197. 

199.  Orientation  of  space.  The  matrices  of  §  195  can  be  general- 
ized to  the  three-dimensional  case.  Let  $*,  $1,  -  •  -,  sli9  be  the  oriented 
segments  obtained  by  associating  each  of  the  segments  a}9  &l  ,  •  •  •,  a^ 
with  an  arbitrary  one  of  its  sense-classes.  In  the  first  matrix, 


t  =1,  2,  .  •  •,  #0;  /=!,  2,  *  •  -,  aj  and  ejL  is  +1,  —  1,  or  0  according 
as  a%  is  positively  related  to,  .negatively  related  to,  or  not  an  end 
ol  $/.  Ej  can  be  formed  from  Ha  by  changing  one  1  to  a  —1  in 
each  column.  The  choice  of  the  —  1  in  the  /th  column  amounts  to 
the  choice  of  the  sense-class  on  a}  which  determines  $?.  As  an 
exercise,  the  reader  should  form  Et  from,  the  Ht  given  for  a  tetra- 
hedron in  §  152. 

Sets  of  oriented  segments  s1  are  represented  as  in  §  195  by  sym- 
bols of  the  form  (x^  #3,  •  •  •,  xa^y  where  the  x's  are  positive  or 
negative  integers.  By  the  same  argument  as  in  §  195,  if  this  symbol 
represents  a  set  of  oriented  segments  each  of  which  is  an  edge  of  a 
polygon  associated  with  that  one  of  its  sense-classes  which  agrees  with 
a  fixed  sense-class  of  the  polygon,  it  is  a  solution  of  the  equations, 


(Ea) 

and,  conversely,  any  solution  of  these  equations  is  the  symbol  for  one 
or  more  such  sets  of  oriented  segments.    Thus  any  solution  of 
may  be  regarded  as  representing  one  or  more  oriented  polygons. 
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Let  sf,  sj,  •  -  -,  s'^  be  the  oriented  two-dimensional  convex  regions 
obtained  by  associating  each  a2  with  an  arbitrary  one  of  its  sense- 
classes.  The  oriented  two-dimensional  regions  obtained  by  associating 
the  $2's  with  the  opposite  sense-classes  may  be  denoted  by  —  $*, 
—  s22  ,  •  *  •>  —  s«8  respectively.  In  the  second  matrix, 


i  =  1,  2,  -  -  -,  al  ;  j  =  1,  2,  -  -  -,  «g  ;  and  e|  is  1,  —  1,  or  0  according  as  s] 
is  positively  related  to,  negatively  related  to,  or  not  on  the  boundary 
of  sf.  E2  can  be  formed  from  H2  by  changing  some  of  the  1's  in 
each  column  of  H2  to  —  1's  in  such  a  way  that  each  column  shall 
be  a  symbol  (xl9  x^  •  •  -,  xa^  for  a  set  of  s1Js  whose  sense-classes  all 
agree  with  that  of  the  oriented  polygon  determined  by  associating 
the  boundary  of  s2  with  one  of  its  sense-classes.  This  is  possible 
by  the  argument  at  the  beginning  of  §  197,  since  each  column 
of  Hg  is  the  symbol  for  the  boundary  of  one  and  only  one  #2.  As  an 
exercise,  the  reader  should  form  E2  from  the  H2  given  for  a  tetra- 
hedron in  §  152. 

A  symbol  of  the  form  (osl9  a?2,  •  •  •,  xa)  in  which  each  x  is  a  posi- 
tive or  negative  integer  or  zero  may  be  taken  to  represent  a  set  of 
oriented  two-dimensional  convex  regions  which  includes  sf  counted 
Xf  times  if  x{  is  positive,  —  sf  counted  —  x.  times  if  xt  is  negative, 
and  does  not  include  sf  if  xi  is  zero.  If  this  symbol  represents  an 
oriented  polyhedron  (§  197),  it  is  a  solution  of  the  equations 


For  consider  the  i*th  of  these  equations: 


If  an  oriented  face  of  the  oriented  polyhedron  is  positively  related 
to  s],  it  contributes  a  term  -f  1  to  the  left-hand  member  of  this 
equation  ;  for  if  s%  is  this  oriented  face,  xk=  1  and  4.=  1  ;  and  if  —  s% 
is  this  oriented  face,  ^=  —  1  and  e^.=  —  .1.  An  oriented  face  which 
is  negatively  related  to  s]  contributes  a  term  —  1  to  the  left-hand 
member  of  this  equation  ;  for  if  s|  is  this  oriented  face,  %=  1  and 
6^=—  1  ;  and  if  —  s%  is  this  oriented  face,  #*.=  —  1  and  etll=  1.  Hence 
there  are  as  many  terms  equal  to  +  1  as  there  are  oriented  £  aices 
positr^y  related  to  sj,  and  as  many  terms  equal  to  —  1  as  there  are 


198  THEOREMS  OX  SEltfSE  AKD  SEPARATION   [CHAP.  DC 

oriented  faces  negatively  related  to  4  If  neither  s£  nor  —  s£  is  in 
the  oriented  polyhedron,  or  if  %2  does  not  have  sj  on  its  boundary, 
the  Mi  term  of  this  equation  is  zero,  for  in  the  first  case  ^=0  and 
in  the  second  case  <4=  0.  Hence  by  the  definition  of  an  oriented 
polyhedron,  each  of  the  equations  (E2)  is  satisfied  if  (x^  x#"'>  X<K) 
represents  an  oriented  polyhedron.  In  particular  (Theorem  97)  the 
symbol  for  either  oriented  polyhedron  determined  by  the  boundary 
of  an  a8  is  a  solution  of  (E2). 

One-sided  polyhedra  do  not  give  rise  to  solutions  of  (E2). 

Let  s*  and  -*«,  s*  and  -*£••-,  <  and  -~4  be  the  pairs  of 
oriented  three-dimensional  convex  regions  determined  by  a*,  #*,•  *  •,  #|s 
respectively  according  to  the  definition  in  §  197.  In  the  third  matrix, 

E8=(4)> 

«'  =  1,  2,  -  -  •,  <*2;  /=*!,  2,  •  •  -,  #3;  and  4  is  +1,  - 1,  or  0  according 
as  S*  is  positively  related  to,  negatively  related  to,  or  not  on  the 
boundary  of  */.  The  matrix  E8  can  be  formed  from  Hs  by  changing 
1's  to  —  1's  in  the  columns  of  H8  in  such  a  way  that  the  resulting 
columns  are  the  symbols  for  oriented  polyhedra  and  therefore  solu- 
tions of  (E0).  This  is  possible  by  Theorem  96.  As  an  exercise,  the 
reader  should  form  Ea  from  the  H0  given  for  a  tetrahedron  in  §  152. 

So*-* 

The  sum  of  the  columns  of  \  is  (0,  0,  •  • «,  0)  because  each  row 
of  E  contains  one  + 1  and  one  —  1.  There  can  be  no  other  linear 
relation  among  the  columns  of  Ex,  because  this  would  imply,  on 
reducing  modulo  2,  more  than  one  linear  relation  among  the  columns 
of  Hr  Hence  the  rank  of  Ex  is  #0— 1,  and  the  number  of  solu- 
tions of  E1  in  a  linearly  independent  set  on  which  all  the  solutions 
are  linearly  dependent  is  a^— #0+1. 

Since  the  rank  of  H2  is  a^  —  #0,  and  since  every  homogeneous  linear 
relation  among  the  columns  of  E2  implies  one  among  the  columns 
of  H2,  the  rank  of  E2  is  at  least  o^  —  #a.  It  is,  in  fact,  at  least 
a^  —  00  +  1  because,  by  Theorem  93,  the  symbols  for  a  set  of  columns 
ci>  C2>"  *  '>  ck  whick  represent  oriented  polygons  bounding  all  the  s2'a 
of  a  projective  plane  satisfy  a  relation  of  the  form 

(10)  e^  +  e^ \-ekck  —  21, 

where  I  is  the  symbol  for  a  line  in  this  plane  and  elt  02,  •  •  *,  en  are 
-1-1  or  —  I.  Reducing  modulo  2,  this  gives  rise  to  a  homogeneous 
linear  relation  among  the  columns  of  H2  which  is  not  one  of  those 
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obtained  by  reducing  the  homogeneous  linear  relations  among  the 
columns  of  E2. 

Thus  there  are  at  least  a^  —  aQ  +  1  linearly  independent  columns 
of  Ea.  These  are  all  .solutions  of  (E^,  and  as  there  are  not  more  than 
«!  —  #0  +  1  linearly  independent  solutions  of  (E.J,  there  are  not  more 
than  al  —  aQ  +  1  linearly  independent  columns  of  E2.  Hence  the 
rank  of  E0  is  fl^  —  #0+1,  which  by  Theorem  85  is  the  same  as 
«,-*,  +  L 

In  consequence,  the  symbol  (xiy  x^  •  •  *,  xa^)  for  any  oriented  poly- 
gon is  linearly  expressible  in  terms  of  the  symbols  for  oriented  poly- 
gons which  bound  convex  planar  regions.  It  can  easily  be  proved 
that  in  case  of  an  odd  polygon  this  expression  takes  the  form  (10) 
where,  however,  the  polygons  denoted  by  cl9  c2,  -  •  -,  ck  are  not  neces- 
sarily all  in  the  same  plane. 

Since  the  number  of  variables  in  the  equations  (E2)  is  az  and  the 
rank  of  E2  is  «2  —  a3  +  1,  the  number  of  solutions  in  a  linearly  inde- 
pendent set  on  which  all  solutions  are  linearly  dependent  is  a&  —  1. 
The  columns  of  E3  are  all  solutions  of  (E2).  Hence  the  rank  of  Eg 
cannot  be  greater  than  a^  —  1.  It  cannot  be  less  than  #8  —  1,  because, 
on  reducing  modulo  2,  this  would  imply  that  the  rank  of  Hg  was 
less  than  as  —  1.  Hence  the  rank  of  E8  is  a3  —  1.  Since  the  symbol 
for  any  oriented  polyhedron  whose  oriented  faces  are  s*s  or  —  $2's  is 
a  solution  of  (E2),  it  follows  that  it  is  expressible  linearly  in  terms 
of  the  symbols  for  oriented  polyhedra  which,  bound  convex  three- 
dimensional  regions. 

Since  the  rank  of  E8  is  as  —  1,  the  set  of  equations 


(E8) 


must  have  one  solution  distinct  from  (0,  0,  •  •  •,  0).  When  reduced 
modulo  (2)  this  solution  must  satisfy  (Hg)  and  therefore,  by  §  190, 
reduce  to  (1,  !,•••,  1).  Since  each  equation  in  the  set  (Eg)  has 
only  two  coefficients  different  from  zero,  and  these  coefficients  are 
±  1,  it  follows  that  all  the  &'s  are  numerically  equal  in  a  solution 
(ojj,  022,  •  *  »,  a^8)  of  (E8).  Since  the  equations  are  homogeneous,  all 
the  #'s  may  be  taken  to  be  +1  or  —1. 
The  ith  of  these  equations  is  of  the  form 
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e|t  being  +1  or  —  1  according  as  sf  is  positively  or  negatively 
related  to  s£,  and  c|s  being  +1  or  —  1  according  as  sf  is  positively 
or  negatively  related  to  «£  Hence,  if  the  set  of  regions  represented 
by  a  solution  in  which  the  #'s  are  ±  1  includes  that  one  of  s£  and 
—  s?  to  which  af  is  positively  related,  it  also  includes  that  one  of 
s*  an(i  —  sf9  to  which  sf  is  negatively  related ;  and  if  it  includes  that 
one  of  «*  and  -  «£  to  which  s<a  is  negatively  related,  it  also  includes 
that  one  of  s?  and  —  $fa  to  which  sf  is  positively  related. 

Hence  the  existence  of  a  solution  of  (E^  other  than  (0,  0,  -  -  -,  0) 
implies  the  existence  of  a  set  of  sa's  and  —  $8s  such  that  each  s2  is 
positively  related  to  one  of  them  and  negatively  related  to  another. 
Since  the  notation  sf  and  —  sf  may  be  interchanged  by  multiplying 
the  jth  column  of  Eg  by  —  1,  the  notation  may  be  so  arranged  that 
(1,  1,  •  *  •,  1)  is  a  solution  of  Eg.  With  the  notation  so  arranged, 
each  s2  is  positively  related  to  one  /  and  negatively  related  to  another. 
We  thus  have 

THEOREM  98.  If  each  of  the  a*s  determined  ly  a  set  of  planes 
tr  >  ^o*  •  *  •>  ^n  ™  a  projectile  space  is  arbitrarily  associated  with  one 
of  its  sense-classes  to  determine  an  oriented  planar  convex  region  s2, 
each  of  the  a®s  can  be  associated  with  one  of  its  sense-classes  to  deter- 
mine a  three-dimensional  convex  region  s9  in  such  a  way  that  each  s3 
is  positively  related  to  one  s8  and  negatively  related  to  another. 

The  set  of  s*'a  described  in  this  theorem  is  a  generalization  of  an 
oriented  polyhedron  as  defined  in  §  198.  If  the  definition  of  uni- 
lateral and  bilateral  polyhedra  be  generalized  to  any  number  of 
dimensions,  it  is  a  consequence  of  this  theorem  that  the  three- 
dimensional  space  is  a  bilateral  polyhedron.  In  general,  it  can  easily 
be  verified,  by  generalizing  the  matrices  Ex,  E2,  E8  etc.,  that  projec- 
tive  spaces  of  even  dimensionality  are  unilateral  polyhedra  and 
projective  spaces  of  odd  dimensionality  are  bilateral  polyhedra. 

EXERCISE 

An  odd  two-dimensional  polyhedron  in  a  three-dimensional  space  is  one-sided 
and  an  even  one  is  two-sided. 
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About,  159 

Absolute  conic,  350,  371 

Absolute  Involutions,  119 

Absolute  polar  systems,  293,  373 

Absolute  quadric,  369,  373 

Addition  of  vectors,  84 

Affine  classification  of  conies,  186 

Affine  collineation,  72,  287 

Affine  geometry,  72,  147,  287 

Affine  groups,  71,  72, 287, 305 ;  subgroups 

of  the,  116 

Agree  (sense-classes),  485 
Alexander,  J".  W.,  iii,  405 
Algebra  of  matrices,  333 
Algebraic  cut,  15 
Alignment,  assumptions  of,  2 
Analysis,  plane  of,  268 
Angle,  139,  231,  429,  432 
Angles,   equal,    165 ;    numbered,    154 ; 

of  rotation,  325,  327 ;    sum  of  two, 

154 
Angular  measure,  151,  153,  163,  165, 

231,  311,  313,  362,  365 
Anomaly,  eccentric,  198 
Antiprojectivities,  250,  251,  253 
Apollonius,  235 
Arc,  differential  of,  366 
Area,   96,  149,  150,  157,  311,  312;   of 

ellipse,  150 

Assumption,  Archimedean,  146 
Assumption  A,  2 
Assumption  C,  16 
Assumption  E,  2 
Assumption  H,  11 
Assumption  H0,  2 
Assumption  H,  33 
Assumption  I,  30 
Assumption  J,  7 
Assumption  K,  3 
Assumption  P,  2 ;  commutative  law  of 

multiplication  equivalent  to,  8 
Assumption  Q,  16 
Assumption  R,  23 
Assumption  5,  29 
Assumption  S,  32 
Assumptions,  of  alignment,  2  ;  cate- 

goricalness  of,  23 ;  consistency  of,  23 ; 

of  continuity,  16 ;  for  Euclidean  geom- 
etry, 59,  144,  302 ;    of  extension,  2 ; 

independence  of,  23;    of  order,  32; 

of  projectivity,  2 


Asymptotes  of  a  conic,  73 

Axis,  of  a  circle,  354 ;  of  a  conic,  191 ; 

of  a  line  reflection,  258 ;  of  a  parabola, 

193  ;  of  a  quadric,  316  ;  radical,  159  ; 

of  a  rotation,  299;  of  a  translation, 

317;  of  a  twist,  320 

Backward,  303 

Barycentric  calculus,  40,  104,  292,  293 

Bary centric  coordinates,  106,  108,  292 

Base  circle,  254 

Base  points  of  a  pencil,  242 

Beltrami,  E.,  B61 

Bennett,  A.  A.,  iii 

Between,  15,  47, 48, 60, 350, 387, 430, 433 

Bilateral  polyhedron,  494 

Bilinear  curve,  269 

Biquaternions,  347,  379,  382 

Bisector,  exterior,  179 ;  interior,  179 ; 
perpendicular,  123 

B6cher,  M.,  256,  271 

Boger,  E.,  168 

Bolyai,  J.,  361 

Bonola,  B.,  59,  362,  363,  371,  375 

Borel,  E.,  60 

Boundary,  392,  474,  482 

Bounding  polygons,  470,  482 

Broken  lines,  454 ;  directed,  484 ;  ori- 
ented, 484 

Bundle,  of  circles,  256  ;  center  of,  435  ; 
of  directions,  436;  of  projectivities, 
342 ;  of  rays,  435 ;  of  segments,  436 

Burnside,  W.,  41 

Calculus,  barycentric,  40,  104,  292,  293 

Carnot,  L.  N.  MM  90 

Carslaw,  H,  S.,  362 

Cartan,  E.,  341 

Casey,  J.,  168 

Categoricalness  of  assumptions,  23 

Cayley,  A.,  163,  335,  341,  361 

Cells,  404;  oriented,  452,  453 

Center,  of  a  bundle  of  rays,  435 ;  of  a 
circle,  131,  394;  of  a  conic,  73;  of 
curvature,  201 ;  of  gravity,  94 ;  of  a 
pencil,  429,  433;  of  a  rotation,  122; 
of  similitude,  162,  163 ;  of  a  sphere, 
315 

Center  circle,  281 

Centers,  line  of,  169 

Ceva,  89 
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Chain,  17,  21,  222,  229,  250 ;  conjugate 
points  with  respect  to,  243;  funda- 
mental  theorem  for,  22 ;  n-dimen- 
sional,  250  ;  three-,  284 

Circle,  120,  131,  142,  145,  148,  157,  269, 
354,  394 ;  axis  of,  354 ;  base,  254  ; 
bundle  of,  256;  center,  231;  center 
of,  131,  394 ;  circumference  of,  148 ; 
of  curvature,  201 ;  degenerate,  253, 
266  ;  director,  200  ;  directrix  of,  192  ; 
Feuerbach,  169,  233  ;  focus  of,  192  ; 
fundamental,  254 ;  imaginary,  187, 
229 ;  at  infinity,  293  ;  interseetionai 
properties  of,  142 ;  length  of,  148 ; 
limiting  points  of  pencils  of,  159 ; 
linearly  dependent,  256;  nine-point, 
169,  233  ;  orthogonal,  161 ;  pencils  of, 
157,  159,  242 ;  power  of  a  point  with 
respect  to,  162 ;  sides  of,  245 

Circular  cone,  317 

Circular  points,  120,  155 

Circular  transformations,  225 ;  direct, 
225,  452  ;  types  of  direct,  246,  248 

Clehsch,  A.,  366,  368,  369,  377 

Clifford,  W.  K.,  293,  347,  361,  374 

Clifford  parallel,  374,  375,  377,  444 

Clockwise  sense,  40 

Closed  curve,  401 

Closed  cut,  14 

Coble,  A.  B.,  iii 

Coefficient  of  torsion,  489 

Cole,  F.  K,  222 

Collinear  vectors,  84 ;  ratio  of,  85 

Collineations,  affine,  72,  287 ;  direct,  61, 
64,  65,  107,  438,  451 ;  direct,  of  a 
quadric,  260;  equiaffine,  105;  focal 
properties  of,  201 ;  involutoric,  257 ; 
opposite,  61,  438,  451 ;  in  real  projec- 
tive  space,  252 

Commutative  law  of  multiplication 
equivalent  to  Assumption  P,  3 

Complementary  segments  or  intervals,  46 

Complex  elements,  156 

Complex  function  plane,  268 

Complex  geometry,  6,  29 

Complex  inversion  plane,  264,  265 

Complex  line,  8 ;  order  relations  on,  437 ; 
and  real  Euclidean  plane,  correspond- 
ence between,  222 

H  unplex  plane,  154 ;  inversions  in,  235 

nnplex  point,  8,  156 
'one,  circular,  317 

Confocal  conies,  192 

Conf  ocai  system  of  quadrics,  348 

Congruence  of  lines,  275,  283 ;  elliptic, 
443;  right-handed  and  left-handed 
elliptic,  444 

Congruent  figures,  79, 80, 94, 124, 134, 139, 
144,  297,  303,  352,  369,  373,  375,  394 

Conic,  82,  158,  199 ;  absolute,  350,  371  ; 
asymptotes  of,  73  ;  axis  of,  191 ;  center 
of,  73;  central,  73;  confoca,!,  192; 


diameter  of,  73 ;  directrix  of,  191 ; 
eccentricity  of,  396 ;  eleven-point,  82 ; 
equation  of,  202,  208  ;  exterior  of,  171, 
174,  176;  focus  of,  191;  interior  of, 
171, 174, 176 ;  invariants  of,  207 ;  latus 
rectum  of,  198 ;  metric  properties  of, 
81  ;  nine-point,  82  ;  normal  to,  1 73  ; 
ordinal  and  metric  properties  of,  170 ; 
outside  of,  171;    parameter  of,  198; 
protective,  affine.  and  Euclidean  clas- 
sification of,  186,  210,  212  ;  a  simple 
closed  curve,  402  ;  vertex  of,  191 
Conjugacy  under  a  group.  39 
Conjugate  imaginary  elements,  182 
Conjugate  imaginary  lines,  281,  282,  444 
Conjugate  points  with  respect  to  a  chain, 

243 

Connected  set,  404 ;  of  sets  of  points,  405 
Connectivity  of  a  polyhedron,  475 
Constructions,  ruler  and  compass,  180 
Continuity,  assumptions  of,  16 
Continuous,  404 
Continuous  curve,  401 
Continuous  deformation,  406,  407,  410, 

452 

Continuous  family  of  points,  404 
Continuous  family  of  sets  of  points,  405 
Continuous  family  of  transformations, 

406 

Continuous  group,  406 
Continuum,  404 

Convex  regions,  385-394 ;  linear,  47 ; 
sense  in  overlapping,  424;  oriented 
or  directed  three-dimensional,  484; 
oriented  or  directed  two-dimensional, 
484 

Coolidge,  J.  L.,  229,  360,  362 
Co5rdinate  system,  positive,  407,  408, 

416 ;  right-handed,  408,  416 
Coordinates,  barycentric,  106, 108,  292  ; 
polar,  249  ;  rectangular,  311 ;    tetra- 
cyclic,  253,  254,  255 

Correspondence,  between  the  complex 
line  and  the  real  Euclidean  plane, 
222 ;    between   the    real    Euclidean 
plane  and  a  complex  pencil  of  lines, 
238 ;  between  the  rotations  and  the 
points   of   space,    328 ;    perspective, 
271 ;  protective,  272 
Cosines,  direction,  314 
Cremona,  L.,  168,  251,  348 
Criteria,  of  sense,  49  ;  of  separation,  55 
Crossings  of  pairs  of  lines,  276 
Cross  ratio,  equianharmonic,  259  ;    of 

points  in  space,  55 

Curvature,  center  of,  201 ;  circle  of,  201 
Curve,  401 ;  bilinear,  269  ;  closed,  401  ; 
a  conic  a  simple  closed,  402 ;  equi- 
distantial,  356 ;  normal,  286 ;  path, 
249,  356,  406 ;  positively  or  nega- 
tivelv  oriented,  452  j  rational,  286; 
simple,  401 
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Cut-point,  14,  21 

Cuts,  open  and  closed,  14 ;  algebraic,  35 

Cyclic  projectivity,  268 

Darboux,  G.,  251,  324 

Dedekind,  R.,60 

Deformation,  continuous,  406,  407,  410, 
452 

Degenerate  circle,  253,  266 

Degenerate  sphere,  315 

Deim,  M.,  290 

De  Paolis,  R.,  362 

Describe,  401 

Diagonals  of  a  quadrangle,  72 

Diameter,  of  a  conic,  73  j  end  of,  151 ; 
of  a  quadrilateral,  81 

Dickson,  L.E.,  35,  339,  341 

Differential  of  arc,  366 

Dilation,  95,  348 

Direct  collineation,  61,  64,  65,  107,  438, 
451  ;  of  a  quadric,  200 

Direct  pro  jectivi  ties,  37,  38,  407 

Direct  similarity  transformations,  135 

Direct  transformations,  225,  452 

Directed,  oppositely,  433  ;  similarly,  433 

Directed  broken  line,  484 

Directed  interval,  484 

Directed  polygon,  484 

Directed  segment,  484 

Directed  tnree-dimensional  convex  re- 
gion, 484 

Directed  two-dimensional  convex  re- 
gion, 484 

Direction-class,  433 

Direction  cosines,  314 

Directions,  bundle  of,  436  ;  pencil  of,  433 

Director  circle,  200 

Directrices  of  a  skew  involution  or  line 
reflection,  258 

Directrix,  of  a  circle,  192;  of  a  conic, 
191 ;  of  a  parabola,  193 

Disagree  (sense-classes),  485 

Displacement,  123,  129,  138,  143,  297, 
317, 325,  352,  369, 373 ;  parameter  rep- 
resentation of,  344  ;  parameter  repre- 
sentation of  elliptic,  377 ;  parameter 
representation  of  hyperbolic,  380 ; 
types  of  hyperbolic,  355 

Distance,  147,  157,  311,  364,  373  ;  alge- 
braic formulas  for,  365 ;  of  transla- 
tion, 325,  327 ;  unit  of,  147 

Doehlemann,  K.,  229,  230 

Double  elliptic  plane,  375 

Double  elliptic  plane  geometry,  375 

Double  points  of  proj  activities,  5, 114, 177 

Doubly  oriented  line,  440, 442, 445,  447, 
449 

Doubly  perspective,  448 

Down,  303 

Eccentric  anomaly,  198 
Eccentricity  of  a  conic,  196 


Edges,  of  a  broken  line,  454 ;  of  a  poly- 
hedron, oriented,  495 

Eisenhart,  L.  P.,  368 

Elementary  transformations,  409,  41 1-' 
414,  418,  419,  421,  423,  430,  431,  434- 
437,  447,  455,  456;  restricted,  410, 
414,  420,  430 

Elements,  complex,  156;  imaginary,  7, 
156, 182  ;  ideal,  71, 287  ;  improper,  71 

Eleven-point  conic,  82 

Ellipse,  73,  140 ;  area  of,  150  ;  foci  of, 
189 ;  imaginary,  187 

Elliptic  congruence,  443 

Elliptic  displacements,  parameter  rep- 
resentation of,  377 

Elliptic  geometry,  double,  375 

Elliptic  geometry  of  three  dimensions, 
373 

Elliptic  pencils  of  circles,  242 

Elliptic  plane,  371 ;  double,  375  ;  single, 
371,  375 

Elliptic  plane  geometry,  371 

Elliptic  points,  373 

Elliptic  polar  systems,  218 

Elliptic  project! vity,  5,  171 

Elliptic  transformations,  direct  circular, 
248 

Emch,  A.,  230 

End  of  a  diameter,  151 

Ends  of  a  segment  or  interval,  45,  427 

Enriques,  F.,  302 

Envelope  of  lines,  406 

Equation  of  a  conic,  202,  208 

Equations  of  the  affine  and  Euclidean 
groups,  130,  135,  305;  linearly  inde- 
pendent, 466  j  and  matrices,  modular. 
464 

Equiaffme  collineations,  105 

Equiaffine  group,  105,  291 

Equianharmonic  cross  ratio  or  set  of 
points,  259 

Equidistantial  curves,  356 

Equilateral  hyperbola,  169 

Equivalence,  of  ordered  point  triads, 
96,  288,  290  ;  of  ordered  tetrads,  290; 
with  respect  to  a  group,  39 

Euclid,  360 

Euclidean  classification  of  conies,  186, 
210 

Euclidean  geometry,  117,  118,  119, 135, 
144,  287,  300,  302  ;  assumptions  for, 
59,  144,  302 ;  as  a  limiting  case  of 
non-Euclidean,  375 

Euclidean  group,  117,  118,  135,  144; 
equations  of,  116,  135,  305 

Euclidean  line,  58 

Euclidean  plane,  58, 60-63, 71 ;  and  com- 
plex line,  correspondence  between, 
222,  238 ;  inversion  group  in  the  real, 
235  j  sense  in,  61 

Euclidean,  spaces,  58^  $87 ;  sense  i%  63 

Euler,  £.,  332,  83T 
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Even  polygons,  470,  482,  439 ;  in  the 
protective  plane,  489 

Even  polyhedra,  482,  483 

Expansion,  348 

Extension,  assumptions  of,  2 

Exterior,  of  an  angle,  432 ;  of  a  conic, 
171, 174, 176 ;  of  a  polygon,  472 ;  of  an 
even  polygon,  490 ;  of  a  quadric,  344 

Exterior  bisector,  179 

Faces  of  a  polyhedron,  474  ;  oriented, 

495 

Family  of  points,  continuous,  404 
Family  of  sets  of  points,  continuous,  405 
Family  of  transformations,  continuous, 

400 

Fano,  G.,  11,  285,  286 
Feuerbach,  169,  233 
Field,  Galois,  35 
Fine,  H.B.,  3,  18 
Finzel,  A.,  369 
Focal  involution,  195 
Focal  properties  of  collineations,  201 
Foci  of  an  ellipse  or  hyperbola,  189 
Focus,  of  a  circle,  192  ;  of  a  conic,  191 ; 

of  a  parabola,  193 
Follow,  13,  37,  47,  48 
Ebrward,  303 
Foundations,  of  complex  geometry,  29 ; 

of  general  projective  geometry,  1 
Fubini,  G.,  362 
Function  plane,  268 
Functions,  trigonometric,  154 
Fundamental  circles,  254 
Fundamental  theorem  of  projectivity 

for  a  chain,  22 

Galois  field,  35 

Gauss,  C.F.,  40,  361 

Generalization,  by  inversion,  231 ;  by 
projection,  167,  231 

Geometrical  order,  46 

Geometries,  projective,  36 

Geometry,  affine,  72, 147,  287 :  assump- 
tions for  Euclidean,  59, 144,  302 ;  com- 
plex, 6, 29 ;  corresponding  to  a  group, 
70,  71,  78,  199,  285,  302  ;  double  ellip- 
tic, 375;  elliptic,  371;  Euclidean,  117, 
118,  119,  135,  144,  287,  300,  302; 
Euclidean,  as  a  limiting  case  of  non- 
Euclidean,  375 ;  foundations  of  gen- 
eral projective,  1 ;  generalized,  285  ; 
history  of  non-Euclidean,  360;  hy- 
perbolic plane,  350  ;  inversion,  219  ; 
inversion  plane  and  hyperbolic,  357 ; 
modular,  253  ;  of  nearness,  303 ;  non- 
Euclidean,  350;  parabolic  metric 
group  and,  119,  130,  135,  144,  293; 
real  inversion,  241  ;  of  reals,  140 ; 
three-dimensional  elliptic,  373 ;  three- 
dimensional  hyperbolic,  369 

Grassman.  F    168,  290 


Gravity,  center  of,  94 

Group,  affine,  71,  72,  287,  305;  conju- 
gacy  under,  39;  continuous,  406;  of 
displacements,  129;  equiaffine,  105, 
291 ;  equivalence  with  respect  to,  39 ; 
Euclidean,  116, 117, 118, 135, 144, 305 ; 
geometry  corresponding  to,  70,  71,  78, 
199,  285,  302  ;  homothetic,  95  ;  inver- 
sion, in  the  real  Euclidean  plane,  225, 
226  ;  one-parameter  continuous,  406 ; 
parabolic  metric,  and  geometry,  119, 
130,  135,  144,  293 ;  the  projective,  of 
a  quadric,  259 ;  special  linear,  291 ; 
subgroups  of  the  affine,  116 

Groups,  algebraic  formulas  for  certain 
parabolic  metric,  135  ;  equations  of 
the  affine  and  Euclidean,  116,  135, 
305 

Half  turn,  299,  370 

Half  twist,  324 

Halstead,  G.B.,  361 

Harael,  G.,  28 

Hamilton,  W.R.,  339 

Harmonic  homology,  257 

Harmonic  separation,  45 

Harmonic  sequence,  10,  33,  34 ;  limit 
point  of,  10 

Hatton,  J.  Jj.  S.,  168 

Heath,  T.  L.,  360 

Heine,  E.,  60 

Hermitiaa  forms,  362 

Hesse,  0.,  284 

Hilbert,  D.,  103,  181,  394 

Homology,  harmonic,  257 

Homothetic  group,  95 

Homothetic  transformations,  95 

Horocycle,  356 

Horosphere,  370 

Huntington,  E.  V.,  3,  33 

Hyperbola,  73;  equilateral,  169;  foci 
of,  189 ;  rectangular,  169 

Hyperbolic  direct  circular  transforma- 
tions, 248 

Hyperbolic  displacements,  parameter 
representation  of,  380  ;  types  of,  355 

Hyperbolic  geometry,  of  three  dimen- 
sions, 369  ;  and  inversion  plane,  357 

Hyperbolic  lines,  350 

Hyperbolic  metric  geometry  in  a  plane, 
350 

Hyperbolic  pencils  of  circles,  242 

Hyperbolic  plane,  350 

Hyperbolic  points,  350 

Hyperbolic  projectivity,  6, 171 

Hyperbolic  space,  869 

Ideal  elements,  71,  287 

Ideal  lines,  287,  350 

Ideal  minimal  lines,  266 

Ideal  plane,  287 

Ideal  points,  71,  265,  268,  287,  860 
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'Ideal  space,  58 

Imaginary  circle,  187,  229 

Imaginary  elements,  7,  156,  182 ;  con- 
jugate, 182 

Imaginary  ellipse,  187 

Imaginary  one-dimensional  form,  156 

ImiiLiimi  /  lines,  conjugate,  281, 282, 444 

I  ma   i    aiy  }  oints,  8,  156 

Imaginary  sphere,  rotations  of,  335 

Improper  elements,  71 

Incomplete  symbol,  41 

Independence  of  assumptions,  23;  proofs 
of,  24-29 

Infinity,  circle  at,  293 ;  line  at,  58,  71 ; 
plane  at,  287;  points  at,  71,  241,  208, 
287,  352  ;  space  at,  58 

Inside,  of  a  conic,  171  j  of  a  quadric,  344 

Interior,  of  an  angle,  432 ;  of  a  conic, 
171,  174,  176;  of  an  interval  or  seg- 
ment, 45 ;  of  a  polygon,  472 ;  of  an 
even  polygon,  490 ;  of  a  quadric,  344  ; 
of  a  triangle,  389 

Interior  bisector,  179 

Intermediate  positions,  407 

Interval,  45,  46,  47,  60,  456 ;  directed, 
484  ;  ends  of,  45,  427  ;  oriented,  484 

Intervals,  complementary,  46 

Intuitional  description  of  the  projective 
plane,  67 

Invariant  subgroup,  39,  78,  106,  124 

Invariants  of  a  conic  section,  207 

Inverse  matrix,  308 

Inverse  points,  162 

Inversion,  162,  241,  266  ;  generalization 
by,  231 ;  in  a  complex  plane,  235 

Inversion  geometry,  219 ;  real,  241,  268 

Inversion  group  in  the  real  Euclidean 
plane,  225,  226 

Inversion  plane,  268;  complex,  264,  265; 
hyperbolic  geometry  and,  357;  real,  241 

Inversor,  Peaucellier,  229 

Involution,  absolute,  119 ;  focal,  195  ; 
order  relations  with  respect  to,  45 ; 
orthogonal,  119;  skew,  258;  axes  and 
directrices  of  skew,  258 

Involutoric  collineations,  257 

Involutoric  projectivities,  products  of 
pairs  of,  277 

Involutoric  rotation,  299 

Irrational  points,  17,  21 

Isogonality,  231 

Isomorphic,  3 

Isotropic  lines,  120,  125,  265,  294 

Isotropic  plane,  294 

Isotropic  rotation,  299 

Isotropic  translation,  317 

Jordan,  C.,  453 
Juel,  C.,  250,  251 

Klein,  P.,  71,  249, 278, 284,  285,  361, 362, 
374,  375,  440 


Kline,  J.  E.,  375 
Koenigs,  G.,  324,  339 

Latus  rectum  of  a  conic,  198 
Left-handed  Clifford  parallels,  374,  444 
Left-handed  conjugate  imaginary  lines, 

444 
Left-handed  doubly  oriented  lines,  442, 

445 

Left-handed  elliptic  congruence,  444 
Left-handed  ordered  pentads  of  points, 

442 
Left-handed  ordered  tetrad  of  points, 

442 

Left-handed  regulus,  443 
Left-handed  sense-class,  407,  416 
Left-handed  triad  of  skew  lines,  443,  447 
Left-handed  twist,  417,  443 
Length  of  a  circle,  148 
Lennes,  N.  J.,  18,  457 
Lewis,  G.N.,  96,  138,  362 
Lie,  S.,  341 

Like  sense-classes  of  segments,  436,  437 
Limit  point  of  harmonic  sequence,  10 
Limiting  points  of  pencils  of  circles,  159 
Lindemann,  F.,  366,  368,  369 
Line,    of    centers,    159 ;    complex,   8  ; 
doubly  oriented,  440,  442,  445,  447, 
449  ;  Euclidean,  58,  60 ;   hyperbolic, 
350;  ideal,  287,  350;  imaginary,  156; 
at  infinity,  58,  71 ;  ordinary,  71,  287, 
350;  oriented,  426;  real,  156;  sides 
of,  69,  392 ;  similarly  oriented  with 
respect  to,  426;  translation  parallel 
to,  288 

Line  pairs,  measure  of,  163 
Line  reflections,  109,  115,  258;   direc- 
trices, or  axes  of,  258 ;  orthogonal, 
120,  122,  126,  299,  317,  352,  370 
Linear  convex  regions,  47 
Linear  group,  special,  291 
Linearly  dependent  circles,  256 
Linearly  dependent  solutions  of  Er  488 
Linearly  independent  columns  of  E2, 488 
Linearly  independent  equations  (H^, 

466 

Lines,  broken,  454  ;  congruence  of,  275, 
383 ;  conjugate  imaginary,  281,  282, 
444 ;  crossings  of  pairs  of,  276 ;  en- 
velope of,  406 ;  ideal  minimal,  265 ; 
meetings  of  pairs  of,  276  ;  minimal  or 
isotropic,  120,  125,  265,  294  ;  negative 
pairs  of,  417  ;  ordinary  minimal,  265 ; 
orthogonal,  120,  138,  293,  350,  352; 
pairs  of,  50,  163 ;  parallel,  72,  287, 
351 ;  perpendicular,  120, 138, 293, 369, 
373;  positive  pairs  of,  417;  singular, 
235 ;  elementary  transformations  of 
triads  of  skew,  447;  right-  and  left- 
handed  triads  of  skew,  443  ;  subdi- 
vision of  a  plane  by,  51-53,  460-464 ; 
vanishing,  86 
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Lobachevski,  N.  I.,  361 
Logarithmic  spirals,  249 
Lower  side  of  a  cut,  14 
Loxodromic    direct  circular   transfor- 
mations, 248 
Liiroth,  J.,  9 

MaeGregor,  EL  EL,  250 

Magnitude  of  a  vector,  86,  147 

Malfatti,  G.,  235 

Manning,  H.  P..  362 

Matrices,  algebra  of,  333  ;  modular 
equations  and,  464 ;  sum  of  two,  333 

Matrices  E,  and  E2  for  the  project! ve 
plane,  484 

Matrices  H«  H2,  and  H,,  396,  398-400, 
477 

Matrix,  inverse,  308  ;  orthogonal,  308 ; 
rank  of,  478  ;  scalar,  334 

Measure,  of  angles,  151, 153, 163 ;  angu- 
lar, 163,  165,  231,  311,  313,  362,  365 ; 
of  line  pairs,  163 ;  of  ordered  tetrads, 
290 ;  of  ordered  point  triads,  99,  312  ; 
of  a  simple  n-point,  104 ;  of  triangles, 
99,  149,  312  ;  unit  of,  99,  140,  319 

Median  of  a  triangle,  80 

Meetings  of  pairs  of  lines,  276 

Menelaus,  89 

Metric  group  and  geometry,  parabolic, 
119,  130,  135,  144,  293 

Metric  properties  of  conies,  81 

Mid-point,  80,  125 

Milne,  J.  J.,  168 

Minimal  lines,  120, 125,  265,  294 

Minimal  planes,  294 

Minimal  rotation,  299 

Minimal  translation,  317 

Minkowski,  H.,  394 

Mo'bius,  A.  P.,  40,  67,  104,  229,  252, 
292,  293 

Model  for  projective  plane,  67 

Modular  equations  and  matrices,  464 

Modular  spaces,  33,  35,  36,  253 

Moore,  E.  H.,  24,  35 

Moore,  B.  L.,  69 

Morley,  F.,  222 

Motion,  rigid,  144,  297  ;  screw,  320 

Moved,  406 

^"-dimensional  chain,  250 

JV-dimensional  segment,  401 

^"-dimensional  space,  58 

^-dimensions,  generalization,  to,  304 

Nearness,  geometry  of,  303 

Negative  ordered  pairs  of  lines,  417, 418 

Negative  of  an  oriented  segment  or  re- 
gion, 485 

Negative  points,  17 

Negative  relations  between  points  and 
segments,  485 

Negative  rotations,  417 

Negative  sense-class,  407,  416 


Negative  translation,  418 

Negative  twist,  417 

Negative  of  a  vector,  84 

Negatively  oriented  curve,  452 

Negatively  related  sense-classes,  485, 
491,  495 

Net  of  rationality,  35;  cuts  in,  14; 
order  in,  13 

Neutral  throw,  245 

Nine-point  circle,  169,  233 

Nine-point  conic,  82 

Noncollinear  points,  96 

Nondegenerate  circle,  266 

Nondegenerate  sphere,  315 

Non-Euclidean  geometry,  350 ;  Euclid- 
ean geometry  as  a  limiting  case  of, 
375  ;  history  of,  360 

Nomnodular  spaces,  34 

Normal  to  a  conic,  173 

Normal  curve,  286 

Null  vector,  83 

Numbered  angle,  154 

Numbered  point,  456 

Numbered  ray,  154 

Numbers,  complex,  219 

Odd  polygons,  in  a  plane,  470,  482 ;  in 
the  projective  plane,  489 

Odd  polyhedra,  482,  483 

On,  440 

One-dimensional  form,  imaginary,  156 ; 
order  in,  46  ;  real,  156 

One-dimensional  projectivities,  156, 170- 
173;  and  quaternions,  339;  repre- 
sented by  points,  342 

One-sided  polygonal  regions,  490 

One-sided  polyhedra,  493 

One-sided  region,  437 

Open  cut,  14 

Opposite,  433 

Opposite  collmeations  in  space,  438, 451 

Opposite  projectivities,  37,  38 

Opposite  to  a  ray,  48 

Opposite  sense,  61 

Opposite  transformations,  452 ;  of  a 
2-cell,  452 

Oppositely  directed,  433 

Oppositely  oriented,  448,  450 

Oppositely  sensed,  245 

Order,  40 ;  assumptions  of,  32 ;  geo- 
metrical, 46;  in  a  linear  convex  re- 
gion, 47 ;  in  a  net  of  rationality,  13  ; 
in  any  one-dimensional  form,  46 ;  on 
a  polygon,  456 ;  of  a  set  of  rays,  432 

Order  relations,  on  complex  lines,  437  ; 
in  a  Euclidean  plane,  138 ;  in  the 
real  inversion  plane,  244 ;  with  respect 
to  involutions,  45 

Ordered  pair,  of  points,  268,  271 ;  of 
rays,  139 

Ordered  protective  spaces,  32 

Ordinary  lines,  71,  287,  350 
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Ordinary  minimal  lines,  265 

Ordinary  planes,  287 

Ordinary  points,  71, 265,  268,  287,  350 

Ordinary  space,  58 

Orientation  of  space,  496 

Oriented,  oppositely,  448, 450 ;  similarly, 
448 ;  similarly,  with  respect  to  a  line, 
426 

Oriented  broken  line,  484 

Oriented  2-cell,  452 

Oriented  3-cell,  453 

Oriented  curve,  452 

Oriented  edges  of  a  polyhedron,  495 

Oriented  faces  of  a  polyhedron,  495 

Oriented  interval,  484 

Oriented  line,  426 ;  doubly,  440, 442, 445, 
447,  449 

Oriented  points,  426  ;  segments  of,  426 

Oriented  polygon,  484 

Oriented  polyhedron,  495 

Oriented  projective  space,  453 

Oriented  segment,  484 

Oriented  segment  or  region,  negative  of, 
485 

Oriented  simple  surface,  453 

Oriented  three-dimensional  convex  re- 
gion, 484 

Oriented  two-dimensional  convex  re- 
gion, 484 

Origin  of  a  ray,  48 

Orthogonal  circles,  161 

Orthogonal  involutions,  119 

Orthogonal  line  reflections,  120,  122, 
126,  299,  317,  352,  370;  center  of, 
122 ;  pairs  of,  126 

Orthogonal  lines,  120,  138,  293,  350, 
352 

Orthogonal  matrix,  308 

Orthogonal  plane  reflections,  295 

Orthogonal  planes,  293 

Orthogonal  points,  352 

Orthogonal  polar  system,  293 

Orthogonal  projection,  313 

Orthogonal  transformations,  308 

Outside  of  a  conic,  171 

Outside  of  a  quadric,  344 

Owens,  F.W.,  59,  371 

Padoa,  A.,  44 

Pairs  of  lines,  50,  163 ;  crossing  of,  276 ; 

measure  of,  163 ;  meetings  of,  276 ; 

negative,  417  ;  negative  ordered,  418  ; 

positive,  417  ;  positive  ordered,  417 ; 

separation  of  plane  by,  60 
Pairs,  of  orthogonal  line  reflections,  126 ; 

of  planes,  50 ;  of  points,  ordered,  268, 

271 ;  of  points,  unordered,  271 
Paolis,  R.  De,  362 
Pappus,  5,  103,  118 
Parabola,  73 ;  axis  of,  193 ;  directrix 

of,  193  j  focus  of,  193 ;  Steiner,  196  j 

vertex  of,  193 


Parabolic  metric  group  and  geometry. 
119,  130,  135,  144,  293 

Parabolic  pencils  of  circles,  242 

Parabolic  project! vities,  5,  171 

Parabolic  direct  circular  transforma- 
tions, 248 

Parallel  to  a  line,  translation,  288 

Parallel  lines,  72,  287,  351 

Parallel  planes,  287 

Parallelogram,  72 

Parallels,  Clifford,  374,  375,  377,  444 

Parameter  of  a  conic,  198 ;  continuous 
one-parameter  family  of  sets  of  points, 
405;  continuous  one-parameter  family 
of  transformations,  406;  continuous 
one-parameter  group,  406 

Parameter  representation,  344 ;  of  ellip- 
tic displacements,  377 ;  of  hyperbolic 
displacements,  380 ;  of  parabolic  dis- 
placements, 344 

Paratactic,  374 

Pascal,  E.,  186,  235,  279,  280 

Path  curve,  249,  356,  406 

Peaucellier  inversor,  229 

Peirce,  B.,  341 

Pencil,  base  point  of,  242;  center  of, 
429,  433 ;  of  directions,  433  ;  of  lines, 
correspondence  between  the  real 
Euclidean  plane  and  a  complex,  238 ; 
of  rays,  429 ;  of  segments,  433 

Pencils  of  circles,  157, 159, 242 ;  limiting 
points  of,  159 

Pencils  of  projectivities,  343 

Pentads  of  noncollinear  points,  right, 
and  left-handed,  442 

Permutations,  even  and  odd,  41 

Perpendicular  bisector,  123 ;  foot  of  a 
perpendicular,  123 

Perpendicular  lines,  120,  138,  293,  369, 
373 

Perpendicular  planes,  293,  369,  373 

Perpendicular  points,  352,  369,  373 

Perspective,  doubly,  448 

Perspective  correspondence,  271 

Pieri,  M.,  244 

Pierpont,  J.,  3 

Planar  convex  regions,  386 

Planar  region,  404 

Plane,  of  analysis,  268 ;  complex,  154 ; 
complex  inversion,  264-268 ;  corre- 
spondence between  a  complex  line 
and  the  real  Euclidean,  222,  238; 
double  elliptic,  375  j  elliptic,  371; 
Euclidean,  58-63,  71 ;  function,  268  ; 
hyperbolic,  350;  hyperbolic  geometry 
and  inversion,  357  ;  ideal,  287  ^  at 
infinity,  287;  intuitional  descripSon 
of  the  projective,  67 ;  inversion,  268 ; 
inversion  group  in  the  complex  Eu- 
clidean, 235 ;  inversion  group  in 
the  real  Euclidean,  225,  236  j  iso- 
tropic,  294 ;  minimai,  294 ;  mocLel  for 
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protective,  67 ;  order  relations  in  a 
Euclidean,  138 ;  order  relations  in  the 
real  inversion,  244 ;  ordinary,  287 ; 
orthogonal,  293 ;  projectile,  268  j  real, 
140,  156;  real  inversion,  241,  268; 
reflections,  orthogonal,  295  ;  sense  in 
a  Euclidean,  61 ;  sides  of,  59,  392 ; 
single  elliptic,  371,  375;  subdivision 
of  a  plane  by  lines,  51,  53,  460-464 ; 
of  symmetry,  295 

Planes,  pairs  of,  50  ;  parallel,  287 ;  per- 
pendicular, 293, 369, 373 ;  subdivision 
of  space  by,  50,  54,  475-477;  vanish- 
ing, 348 

Pliicker,  J.,  292,  326 

Poincare',  EL,  341,  362,  489 

Point  pairs,  congruence  of  parallel,  80  ; 
mid-point  of,  80 ;  separation  of,  44-47 

Point-plane  reflection,  257 

Point  reflection,  92,  122,  300,  352,  414 

Point  triads,  measure  of  ordered,  99; 
equivalence  of  ordered,  96,  288,  290 ; 
sum  of  ordered,  96 

Points,  complex,  8,  156 ;  circular,  120, 
155 ;  double,  of  a  projectivity,  5, 114, 
177 ;  elliptic,  373  ;  equianharmonic 
set  of,  259 ;  hyperbolic,  350 ;  ideal, 
71,  265,  268,  287,  350 ;  imaginary,  8, 
156;  at  infinity,  71,  241,  268,  287, 
352 ;  inverse,  162 ;  irrational,  17,  21 ; 
negative,  17 ;  noncollinear,  96 ;  num- 
bered, 456 ;  one-dimensional  projec- 
tivities  represented  by,  342  ;  ordered 
pairs  of,  268,  271 ;  ordinary,  71,  265, 
268,  287, 350  ;  oriented,  426  ;  orthogo- 
nal, 352;  of  a  pencil,  base,  242;  of 
pencils  of  circles,  limiting,  159 ;  per- 
pendicular, 352, 369, 373 ;  positive,  17  ; 
projection  of  a  set  of,  291;  rational, 
17;  real,  8, 156;  rotations  represented 
by,  342,  343 ;  segments  of  oriented, 
426;  singular,  235;  in  space,  corre- 
spondence between  the  rotations  and 
the,  328 ;  In  space,  cross  ratios  of,  55 ; 
ultra-infinite,  352 ;  unordered  pairs 
of,  271 ;  vanishing,  86 

Polar  coordinates,  249 

Polar  system,  215;  absolute,  293,  373; 
elliptic,  218 ;  orthogonal,  293 

Polygon,  454-459,  480,  481 ;  bounding, 
470,  482;  directed,  484;  even,  470, 
482,  489 ;  interior  and  exterior  of, 
472,  490;  odd,  470,  482,  489;  order 
on,  456 ;  oriented,  484 ;  regions  deter- 
mined by,  467 ;  sum  modulo  2  of,  481 ; 
unicursal,  470 

Polygonal  regions,  473 ;  one-  and  two- 
sided,  490 

Polyhedra,  odd  and  even,  482, 483 ;  one- 
and  two-sided,  493  ;  oriented,  495  ; 
oriented  edges  of,  495 ;  oriented  faces 
of,  495 ;  sum  modulo  2  of,  482 


Polyhedral  regions,  473 

Polyhedron,  474;  bilateral,  494;  con- 
nectivity of,  475;  edges  of,  474;  faces 
of,  474;  one-sided,  494;  oriented  edges 
and  faces  of,  495 ;  two-sided,  494, 496 ; 
unilateral,  494 ;  vertices  of,  474 

Positions,  intermediate,  407 

Positive  coordinate  system,  407,  408, 
416 

Positive  ordered  pairs  of  lines,  417 

Positive  pairs  of  lines,  417 

Positive  points,  17 

Positive  relation  between  points  and 
oriented  segments,  485 

Positive  rotation,  417 

Positive  sense-class,  40,  407,  416,  491 

Positive  translation,  416 

Positive  twist,  417 

Positively  oriented  curve,  452 

Positively  related  sense-classes,  485, 491, 
495 

Power,  of  a  point  with  respect  to  a  circle, 
162  ;  of  a  transformation,  87,  230 

Precede,  13,  15,  37,  47,  48,  350,  387 

Product,  of  pairs  of  involutoric  projec- 
tivities,  277  ;  of  two  vectors,  220 

Projection,  generalization  by,  167,  231 ; 
orthogonal,  313;  of  a  set  of  points, 
291 

Projective  classification  of  conies,  186 

Projective  correspondence,  272 

Projective  geometry,  36;  foundations 
of  general,  1 

Projective  group  of  a  quadric,  259 

Projective  plane,  268;  intuitional  de- 
scription of,  67;  matrices  Ej  and  E2 
for,  484 

Projective  space,  eollineations  in  a  real, 
252  ;  sense  in,  64 

Projective  spaces,  ordered,  32 ;  sense- 
classes  in,  418 

Pro jectivi ties,  bundle  of,  342;  cyclic, 
258 ;  direct,  37, 38,  407 ;  double  points 
of,  5, 114, 177;  elliptic,  5, 171;  hyper- 
bolic, 5,  171;  one-dimensional,  170, 
171 ;  opposite,  37,  38 ;  parabolic,  5, 
171 ;  pencil  of,  343 ;  powers  of,  87 ; 
products  of  pairs  of  involutoric,  277  ; 
of  a  quadric,  273;  real,  156,  170- 
173;  representation  by  points  of  one- 
dimensional,  342;  representation  by 
quaternions  of  one-dimensional,  339 

Projectivity,  assumption  of,  2 

Prolongation  of  a  segment,  48 

Proofs,  independence,  24-29 

Quadrangle,  diagonals  of,  72 

Quadrics,  absolute,  369,  373 ;  axes  of, 
316 ;  conf ocal  system  of,  348 ;  direct 
eollineations  of,  260;  interior  and 
exterior  of,  344 ;  protective  group  of. 
259;  projectivities  of,  273;  real,  262; 
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ruled,  259 ;  sides  of,  344 ;  sphere  and 
other,  315 ;  unruled,  259 
Quadrilateral,  diameter  of,  81 
Quaternions,  337-341,  378  ;  and  the  one- 
dimensional  projective  group,  339 

Radical  axis,  159 

Radii,  transformation  "by  reciprocal, 
162 

Bank,  of  H2,  479  ;  of  a  matrix,  478 

Rational  curve,  286 

Rational  modular  space,  35,  36 

Rational  points,  17 

Rationality,  net  of,  35 ;  order  in  a  net 
of,  13 

Ratios  of  collinear  vectors,  85 

Rays,  48,  60,  143,  350,  372,  387,  429; 
bundle  of,  435 ;  numbered,  154 ;  oppo- 
site, 48 ;  order  of  a  set  of,  432 ; 
uidered  pair  of,  139 ;  origin  of,  48 

Real  and  imaginary  elements  and  trans- 
formations, 156 

Real  inversion  geometry,  241 

Real  inversion  plane,  241,  268;  order 
relations  in,  244 

Real  line,  156 

Real  one-dimensional  form,  156 

Real  plane,  140,  156 

Real  points,  8,  156 

Real  projective  transformations,  156 

Real  quadries,  262 

Reals,  geometry  of,  140 

Reciprocal  radii,  transformation  by,  162 

Rectangle,  123 

Rectangular  coordinates,  311 

Rectangular  hyperbola,  169 

Reflections,  axes  of  line,  258 ;  center  of 
orthogonal  line,  122 ;  directrices  of 
line,  258 ;  line,  109, 115, 258 ;  orthogo- 
nal line,  120,  122,  126,  299,  317,  352, 
370 ;  orthogonal  plane,  295 ;  pairs  of 
orthogonal  line,  126 ;  point,  92,  122, 
300,  352,  414 ;  point-plane,  257  ;  in  a 
three-chain,  284 

Region,  convex,  385-294 ;  negative  of 
an  oriented  segment  or,  485 ;  one- 
sided, 437 ;  order  in  a  linear  convex, 
47;  planar,  404;  polygonal,  473; 
polyhedral,  473 ;  sense  in  overlapping 
convex,  424 ;  simply  connected  three- 
dimensional,  404;  tetrahedral,  54, 
398, 399 ;  three-dimensional,  404 ;  tri- 
angular, 53,  389,  395  ;  trihedral,  307 ; 
two-sided  region,  437;  vertices  of  a 
triangular,  53 

Regions,  bounded  by  a  polyhedron,  483  ; 
determined  by  a  polygon,  467 

Regulus,  right-  and  left-handed,  443 

Restricted  elementary  transformations, 
410,  414,  420,  480 

Reye,  T.,  168 

Rhombus,  125 


Ricordi,  EM  360 

Riemann,  B.,  361 

Right  angles,  153 

Bight-handed  Clifford  parallels,  374,  444 

Right-handed  conjugate  imaginary  lines, 
444 

Right-handed  coSrdinate  system,408,416 

Right-handed  doubly  oriented  lines,  442, 
445 

Right-handed  elliptic  congruence,  444 

Right-handed  ordered  pentad  of  points, 
442 

Bight-handed  ordered  tetrad  of  points, 
442 

Bight-handed -regulus,  443 

Right-handed  sense-class,  40,  407,  416, 
442 

Right-handed  triad  of  skew  lines,  443, 
447 

Right-handed  twist,  417,  443 

Rigid  motion,  144,  297 

Rodrigues,  O.,  330 

Rotation,  angle  of,  325,  327;  axis  of, 
299 ;  center  of  a,  ,122 ;  involutoric,  299 ; 
isotropic,  299 ;  minimal,  299 ;  nega- 
tive, 417;  positive,  417;  sense  of,  142 

Rotations,  122,  128,  141,  299,  321,  328- 
337;  correspondence  between  the 
points  of  space  and,  328  ;  of  an  imag- 
inary sphere,  335;  represented  by 
points,  342,  343 

Ruled  quadric,  259 

Ruler-and-compass  constructions,  180 

Russell,  B.,  41 

Russell,  J.  W.,  168,  201 

Saecheri,  GL,  361 

Same  sense,  61 

Scalar  matrix,  334 

Schilling,  M.,  67 

Schweitzer,  A.  R.,  32,  415 

Screw  motion,  320 

Segment,  45,  46,  47,  60,  350 ;  or  inter- 
val, complementary,  46 ;  directed, 
484;  ends  of,  45,  427;  interior  of 
interval  or,  45  ;  n-dimensional,  401 ; 
oriented,  484  ;  prolongation  of,  248 

Segments,  bundle  of,  436 ;  of  oriented 
points,  426;  pencil  of,  433;  sense- 
classes  of,  436,  437 

Segre,  C.,  9,  250,  251 

Self-conjugate  subgroup,  39,  78, 106, 124 

Sense,  32,  41,  61,  387,  413 ;  clockwise, 
40 ;  criteria  for,  49  ;  in  a  Euclidean 
plane,  61 ;  in  Euclidean  spaces,  63 ; 
in  a  linear  region,  47 ;  more  general 
theory  of,  451 ;  in  a  one-dimensional 
form,  40,  43 ;  opposite,  61 ;  in  over- 
lapping convex  regions,  424 ;  positive, 
40,  407,  416 ;  in  a  projective  space, 
64;  right-handed,  40,  407r  416,  442; 
of  rotation,  143  ;  same,  61 
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